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Abstract

In this note, we find all positive integer solutions of the Diophantine equa-
tion L — L; = 2* and L,, — L,;, = 2% 4 292 + 29 where (L, ),>0 is the
Lucas sequence. The tools used to solve our main theorem are linear forms
in logarithms, properties of continued fractions, and a version of the Baker-
Davenport reduction method in diophantine approximation.

1 Introduction

There is a vast literature on solving Diophantine equations involving the sequence
{Ln},,>( of Lucas numbers, the sequence {L;’“) } of k-generalized Lucas num-
= n>0

bers or other recurrence sequences. The Lucas sequence (Lj)x>o is a linear recur-
ring sequence given by Lo = 2, L; = 1 and

Liyo = L1 + Lg.
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It follows the same recursive definition as the Fibonacci sequence (F})x>0 given
by Fp =0,F; =1and

Frio=Fpy1 + Fy, fork >2,

whose numbers are found everywhere in nature. The Fibonacci numbers are fa-
mous for possessing wonderful and amazing properties.
In 2014, Bravo and Luca [[7] studied the Diophantine equation

L+ L =2

in positive integers k, [ and t. Specifically, they proved the following theorems.

Theorem 1.1. The only solutions (k,[,t) of the Diophantine equation Ly+L; = 2¢
in positive integers k,l,t and with k > [ are

(0,0,2);(1,1,1);(3,3,3);(2,1,2); (4,1, 3);(7,2,5).

In 2020 [4] and 2021 [5]], our work focused on the Diophantine equations Ly, +
L+ L, =2%n non-negative integers k, [, t, d; and Ly — 3! = m, where m is a
fixed integer and k, [ are positive variable integers. We provided all the solutions
to these equations.

Similar equations involving Fibonacci and Padovan sequences are solved in
[LL14L[16L17].

The most general result is due to Chim, Pink and Ziegler [11]] who considered
the case, where U,, and V,,, are the n — th and m — th numbers in linear recurrence
sequences {Up, }n>0 and {V;,, }mm>0 respectively and found effective upper bounds
for |c| such that the Diophantine equation

U,—V,=c

In this paper, we extend this strategy and study the two Diophantine equations.
We prove the following result.

Theorem 1.2. All solutions (n,m, by, by, b3) of the Diophantine equation
L, — L, =2 + 2b2 4 9bs (1.1)

in non negative integers n, m, by, ba and bs, are
(4,1,1,1,1), (5,1,1,2,2), (5,2,1,1,2), (6,0,2,2,3), (6,3,1,2,3), (7, 1,2, 3,4),
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7,2,1,3,4),
8,5,1,1,5), (8,5,2,4,4), (8,7,1,3,3), (9,0,1,3,6), (9,3,2,2,6), (9,3,3,5,5),
10,5,4,5,6), (10,8,2,3,6), (11,2,2,6,7), (11,4,5,5,7), (11,4,6,6,6),

( 7,4,1,2,4), (7,5,1,3,3), (8,2,2,3,5), (8,4,2,2,5), (8,4,3,4,4),
(
(
(11,8,3,4,7), (11,10,2,3,6), (12,0,5,5,8), (12,0,6,7,7), (12,6,4,5,8),
(
(
(

) (
13,1,2,2,9), (13,1,3,8,8), (13,2,1,2,9), (13,4,1,8,8), (13,11, 1,6, 8),
14,5,6,8,9), (14,11,2,7,9), (14,13,1,6,8), (15,9,3,8,10), (15,12,1,4,10),
16,7,1,7,11), (16,10,2,5,11).

Theorem 1.3. All solutions (k,1,t) of the Diophantine equation
Ly— L =2 (1.2)

in non negative integers k,l and t, are

(0,1,0);(2,0,0);(3,2,0); (2,1,1);(3,0,1); (4,2,2); (5,4,2); (5,2, 3); (6,0,4).

Our method of proof is similiar to the method described in [/7].

2 Preliminaries

Before proceeding further, we recall the Binet formula for the Lucas numbers

(Lk)k>0
Ly =a* 4k, for k>0,

where
1+V5 1-V5
o= and (=
2 2
are the roots of the characteristic equation 2> — z — 1 = 0. In particular, the
inequality

"< Ly < oFY 2.1

holds for all k¥ > 0.

To prove Theorem [1.3] using a result on linear forms in two logarithms, we
require some notations. Let ¢ be an algebraic number of degree d with minimal
polynomial
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d
aozr? + a1z N+ 4 ag = ag H(X - 5@))

=1

where the a;’s are relatively prime integers with ag > 0 and the 6() denotes the
conjugates of §. Then

d
h(8) = L(ogan + 3 log(max{|6], 1)

i=1
is called the logarithmic height of ¢. In particular, if 6 = p/q is a rational number
with ged(p, ¢) = 1 and g > 0, then

h(9) = log max{|pl, ¢}

The following properties of the logarithmic height, will be used in the next
section. Let §, v be algebraic numbers and r € Z. Then

* h(0 £v) < h(d) + h(v) +log2,
o h(ovtl) < h(8) + h(v),
* W(d") = |r|h(d).

Using the above notation, we restate Laurent, Mignotte, and Nesterenko’s result
[15, Cor. 1].

Theorem 2.1. Let 01,62 be two non-zero algebraic numbers, and let log 61 and
log 62 be any determinations of their logarithms. Set

D =[Q(é1,02) : Q]/[R(d1,02) : R]

and

.= bg log (52 — bl log51,

where by and by are positive integers. Further, let A1, As > 1 be real numbers
such that

log A; > max{h(J;),
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Then, assuming that §1 and 6o are multiplicatively independent, we have

log |T'| > —30.9 - D*(max {log ¥/, %, %})2 log A log As,
where
b b2
N DlogA2 * DlogAl'
We also need the following general lower bound for linear forms in logarithms
due to Matveev [[18]].

b/

Theorem 2.2. Assume that 61, . . ., 6; are positive real algebraic numbers in a real
algebraic number field K of degree D. Let by, . .., b, be rational integers, and

A=gbr ot —1
be not zero. Then
|A| > exp (—1.4-30"3 . t45. D?(1 +log D)(1 + log B)A; - - - Ay),

where
B > max {|b1],..., b},

and
A; > max {Dh(0;),|logd;|,0.16}, forall i=1,... t.
Finally, we present a version of the reduction method based on the Baker-

Davenport Lemma [2], from Dujella and Pethé [[12]]. This will be one of the key
tools used to reduce the upper bounds on the variables of the equation (1.2).

Lemma 2.1. Let N be a positive integer, let p/q be a convergent of the irrational
number ~y such that ¢ > 6N, and let A, B, u be real numbers with A > 0 and
B > 1. Define

&= [lngll = Nlivall,
where || - || denotes the distance to the nearest integer. If §& > 0, then there is no
solution to the inequality
O<uy—v+u<AB™Y,

log (Ag/€)

in positive integers u, v, and w, with u < N and w > Tog B
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3 The Proof of Theorem 1.2

Let us now get a relation between n and a;. Combining (I.1)) with the right in-
equality of (2.1), one gets that:

201 < Q0 4 902 4 9038 — [ [ < "t _gml gl

which leads to
log

ay < (n—{—l)log2.

When n < 400, we have a; < 278. Then a brute force search with Sagemath
in the range 0 < m < n < 400 and a3z < az < a; < 278 gives the solutions in

(TI).

Thus, for the rest of our work, we assume that n > 400.

3.1 bounding n
Step 1. Show that
min{(a1 — az + 2)1log2, (m —n+ 1) loga} < 239 - (log2n)? or
min{(a; — az + 2)log2, (m —n+ 1)loga} < 2.63 - 10%.
Equation (1.1I) can be rewritten as

" + 8" — Ly, = 2% 4292 429,

In the first step we consider n and a; to be large and by collecting “large” terms to
the left hand side of the equation, we obtain

o = 291] = |29 4 9% 4 L, — "]
<272 429 4 " 41
< max{2%272 4. o™},

Dividing by 2% we get

a”"2% — 1] < max{2027"2 227" o)

< max{2? . 20271 272 gmAlY
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Hence we obtain the inequality

a "2 — 1| < max{2%2791F2 oMY (3.1

In Step 1 we consider the linear form
A = ajlog2 — nloga.

Further, we put
F=e'—1=a"2"" —1.

In order to apply Theorem [2.1] we take §; := «, §2 := 2, by := n and by := ay.
Since n > a1 we have B = n.
Note further that 4(d1) = (log «)/2 and h(d2) = log 2. Thus, we can choose
log Ay := log « and log As := log 2.
Finally, by recalling that a; < n, we get

;o n + al
- 2log2  2loga

Since « and 2 are multiplicatively independent, we have, by Theorem [2.1] that,

< 2n.

logT' > —30.9 - 2* - (max{log (2n),21/2,1/2})? - log a - log 2.

Thus
logT' > —165 - (max{log (2n),21/2,1/2})? (3.2)

and together with inequality [3.1] we have
min{(a; — az + 2)log2, (m —n+ 1)loga} < 239 - (log2n)* or

min{(a; —az +2)log2, (m —n+ 1)loga} < 2.63 - 10%.

Thus we have proved so far:

Lemma 3.1. Assume that (n, m, a1, as, a3) is a solution to equation (I.1))
withn > m > 0and a1 > as > agz > 0. Then we have

min{(a; — az + 2)log2, (m — n + 1) loga} < 239 - (log2n)? or

min{ (a1 — az +2)1og2, (m —n+ 1) loga} < 2.63 - 10%.
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Now we have to distinguish between

Case 1: min{(a;1 —az2+2)log2,(m—n+1)loga} = (a1 —az2+2)log2,
and

Case 2: min{(a1 —az+2)log2,(m—n+1)loga} = (m—n-+1)loga.

We will deal with these two cases in the following steps.

Step 2: We consider Case 1 and show that under the assumption that (a1 — ag +
2)log2 < 239 (log2n)? or (a3 —az+2)log?2 < 2.63-10%, we obtain

min{(a; — az)log?2, (n —m)loga} < 1.61-10"(1 + logn)(log(2n))>.
Since we consider Case 1 we assume that
min{(a;—as+2)log2, (m—n+1)loga} = (a1—az+2)log2 < 239-(log 2n)*

or min{(a;—as+2)log2, (m—n+1)loga} = (a1—az+2)log 2 < 2.63-10%.

By collecting “large” terms, i.e. terms involving n, m, a; and as, on the left
hand side, we rewrite equation (I.1)) as

o™ — 291 — 2% =29 — B — ™ 4+ BT <29 4 o™ 4+ 1
and obtain that
la™ =292 (277 +1)| < 2.2 maz{2%,a™}. (3.3)
Dividing by a™, we get by using inequality [3.3]

la72%2(29792 4 1) — 1] < 2- maz{a™" - 2%,a™ "}
<2-mazx{27" o™}

and obtain the inequality
|a7"202(21792 4 1) — 1| < 2- maz{2" ", ™"} (34)

We shall apply Theorem [2.2] to inequality [3.4] Therefore we consider
the following linear form in logarithms:

A1 = —nloga + azlog 2 4 log(241 792 4 1).
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Further, we put

Py =eM —1=a "22(2 2 41)—1
and aim to apply Theorem [2.2] by taking

a1 = a, g = 2, a3 =272 41

b1 = —Nn, bg = ay, bg =1.

Note that since n > a; > as we have B = n. Next, we estimate the height
of a3 by using the properties of heights and Lemma (3.1)):

h(as) < (a1 — a2)h(2) + log 2
< (a1 — az)log2 + log 2
< 166 - (log(2n))* or 1.83-10%

which gives h(az) < 166 - (log(2n))? or h(az) < 1.83 - 10%. As before

we have h(ay) = % and h(ag) = log 2. Now, we are ready to apply Theorem

2.2]and get

log |®1] > C(1.2)-log 2-83-(log(2n))? > —1.61-10'*(1+log n)(log(2n))?,
(3.5)

or

1
log |®1] > C(1.2) -log2- - 1.83 - 10* > —1.14 - 10(1 + log n), (3.6)

with C(1.2) = —1.4-30% - 345 . 22(1 + log 2)(1 + log(n)).
Combining those inequalities with inequality (3.4), we obtain

min{(a; — az)log2, (n —m)loga} < 1.61-10*(1 + logn)(log(2n))?
or

min{(a; — az)log?2, (n —m)loga} < 1.14 - 105(1 + logn).
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Then
min{ (a1 — az)log?2, (n —m)loga} < 1.61 - 10'°(1 + logn)(log(2n))?.

3.7)
At this stage, we have to consider two further subcases.

Case 1A: min{(a; — ag)log2, (n — m)loga} = (a; — az)log 2 and

Case 1B min{(a; — a3)log2,(n —m)loga} = (n —m)loga

Step 3: We consider Case 1A and show that under the assumption that
a1 —ag < 7.22 - 10°(1 + log n) (log(2n))?,
we obtain that
n—m < 7.1-10%(1 + logn)(log(2n))2.
In this step we consider n, a;, az and ag to be large. By collecting “large”
terms on the left hand side we rewrite equation[I.1]as
o™ — 291 — 292 — 29| = |-" —a™ 4+ | <a™ + 1
and obtain that
o™ — 201 (1 + 29279 4 2%792)| < 1.20™.
Dividing by a™ yields the inequality
|20 (1 + 20274 4 293701 — 1] < 1.2/ (3.9)
We want to apply Theorem [2.2]to inequality [3.8]and consider the linear form
Aa = —nloga + ajlog2 + log((1 4 292791 4 293791)),
Further, we put

Py =e —1=q ™29 (12027 4 2%79) ]
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and aim to apply Theorem@ with
a1 = Q, g = 2’ o3 = (1 4 9az2—ai + 2a3—a1)

b1 = —Nn, bg = ay, bg =1.

Similarly as before we get that B = n. Next, let us estimate the height of
a3. Using the properties of heights, Lemma [3.1]and inequality [3.7] we get:

h(as) < (a1 —a2)h(2) + (a1 — a3z)h(2) + log 2
< (a1 —az)log2+ (a1 — az)log2 + log 2
< 165.67 - log(2n) + 5.1 - 1013(1 + log n) (log(2n))?
< 10%(1 + log n)(log(2n))?,

which gives h(az) < 101¢(1+logn)(log(2n))?. As before we have h(ay) =

%, h(ag) =log?2 and ¢4 # 0. An application of Theoremyields

log |[Pa| > Aa <;) (log 2)10'0(1 + log n)(log(2n))?
> —3.37-10%"(1 + log n) (log(2n))?

where A4 = —1.4-30%-3%5.22. (1 4 1og?2).

Combining this inequality with inequality 3.8] we obtain

n—m < 7.1-10%(1 + logn)(log(2n))2. (3.9)

Step 4: We consider Case 1B and show that under the assumption that
n—m < 10.4- 10" (1 + logn)(log(2n))?,
we obtain that
a1 — az < 2.710%(1 + logn)?(log(2n))>.

By collecting large terms to the left hand side, where we consider n, m, a;
and as to be large, we rewrite equation[I.1] as

la™ — Q™ — 2% —292| = |29 — B 4+ M| < 2% + 1
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and obtain that
la™ (@™ — 1) —2%2(29 7% 4 1)| < 1.45 - 2%,
Dividing by 292(2%17%2 4 1) we obtain the inequality

oMo a2 ( a

n—m _ |

20«1_61/2_’_:[_) - 1‘ < 145 N 2(1370,1. (310)

We want to apply Theorem [2.2] to inequality [3.10} Hence we consider the
linear form

an—m_l
A = mloga — azlog?2 + log (WH—l)

Further, we put

n—m _ ]
—_ AB _ 1 — ,mM9o—az - _
bp=e 1=a"2 <2a1_a2+1> 1

and aim to apply Theorem [2.2] by taking

a™m —1
Q] = @, g = 2, aszm
bl = ma bQ - —CLQ, b3 = 1

and get B = n as in the steps before. Let us estimate the height of az. Using
the properties of heights, Lemma [3.1]and inequalities 3.7, we get:

h(as) < (n—m)h(a) +log2 + (a1 — a)h(2) + log 2
= %(n —m)log(a) + (a1 — az)log2 + 2log 2

< 3.5-10%"(1 + logn)(log(2n))? + 239 - (log 2n)*
< 4-10%"(1 + log n)(log(2n))?,

which gives h(a3) < 4 - 10%7(1 + logn)(log(2n))2. A similar deduction as
before yields h(a1) = loga, h(ag) = log2 and @5 # 0. Now, we apply
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Theorem [2.2] and get

log |®g| > Ap -loga-log?2-4-10%"(1 + logn)?(log(2n))?
> —1.3-10%(1 + logn)*(log(2n))?,

where Ap = —1.4-30%-3%5.22. (1 +1og?2).
Combining this inequality with inequality [3.10] we obtain

a; — az < 2.7-10%(1 + log n)?(log(2n))%. (3.11)

Step 5: We consider Case 2 and show that under the assumption that
(n—m+1)loga < 239-(log2n)?> or (n—m+1)loga < 2.63-10%,
we obtain

(a1 — az)log2 < 9.7-10%(1 + log n) (log 2n)*%.
Since we consider Case 2 we assume that
min{(a; —az)log2, (n—m)loga} = (n—m)loga < 3.5-10(log 2n)%.

In this step we consider n, m and a; to be large and by collecting “large”
terms to the left hand side, we rewrite equation [I.1]as

o™ +a"? =27 =292 429 4+ g+ B <2-22 + 1

and obtain that
la™ (@™ 4 1) —2%| <222,

Dividing through 29 we get the inequality
lam27m (@" ™ 4+ 1) — 1| < 2,45 - 2(2270), (3.12)

Similarly as above we shall apply Theorem [2.2]to inequality 3.12] Hence we
consider the linear form

A3 =mloga — aylog?2 + log (a”_m + 1) .
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Further, we put
Py=e"—1=0a"2"" (""" +1) -1

and
o) = a, g = 2, a3 =a" "™+ 1,

b1 = na, by = —ay, bz = 1.

Once again this choice yields B = n. Next, let us estimate the height of az.
Using the properties of heights and Lemma 3.1 we find

h(as) < (n —m)h(a) + log2
< (n —m)log(a) + log 2
< 7.1-10%"(1 + logn)(log 2n)?,
which gives h(az) < 7.1-10%7(1 + log n)(log 2n)?. A similar deduction as
before gives h(a1) = log o, h(az) = log2 and ®5 # 0. Thus by applying
Theorem 2.2] we get

log |®3] > As(log2) - 7.1 - 10%7(1 + log n) (log 2n)?
> —9.7-10%(1 + log n)(log 2n)?.

with Az = —1.4-306.3%5.22. (1 + log2). Combining this inequality
together with inequality 3.12] we obtain

(a1 — az)log2 < 9.7 - 10%%(1 + log n)(log 2n)?. (3.13)

Step 6: We continue to consider Case 2 and show that under the assumption that
(n —m)loga < 2.61-10"logn

and
(a1 — az)log2 < 4.26 - 10%°(log n)?,

we obtain
(a1 — a3)log2 < 6.73 - 10°°(1 + log n)(log 2n)>.

We shall apply once more Theorem to obtain an upper bound for (a; —
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a3)log 2. The derivation is very similar to Case 1B. By collecting “large”
terms on the left hand side, we rewrite equation [I.1]as

o™ + o™ — 2% — 292 = |29 4 " + ™| < 2% 4+ 1.

By the same derivation as in Step 4 we obtain inequality (14), i.e.

n—m 1
am2-a2 (M) - 1‘ < 1.3.2%7%, (3.14)

We have the same setting as in Case 1B, except that the estimate for the
height of a3 becomes

h(az) < (n —m)h(a) +log2 + (a1 — a2)h(2) + log2
= (n—m)log(a) + (a1 — az)log2 + 2log2
< 7.1-10%"(1 + logn)(log(2n))? + 9.7 - 10%3(1 + log n) (log 2n)?
< 10%(1 4 log n)(log 2n)?,

which gives h(ag) < 103%(1 +log n)(log 2n)?. Therefore by applying The-
orem [2.2]similarly as before we obtain

(a1 — az)log2 < 6.73 - 10°(1 + logn)(log 2n)>. (3.15)

Lemma 3.2. Assume that (n, m, a1, as, as) is a solution to equation (1.1)
withn > m > 0and a1 > as > ag > 0. Then we have

n—m < 7.1-10%"(1 + logn)(log(2n))% a1 — az < 9.7 - 1038(1 +
logn)(log 2n)? and a; — az < 6.73 - 10°°(1 + log n) (log 2n)?.
Step 7: We assume the bounds given in Lemma [3.2]and show that
n < 9.43 - 10%%(1 + log n)(log 2n)?,

hence n < 4 - 1099,

We have to apply Theorem (2.2)) once more. This time we rewrite equation

[[Tlas

‘an(l +am—n) . 2(11(1 +2a2—a1 +2a3—a1)} — |Bn+ﬁm| < 1.



110

Bilizimbéyé Edjeou and Amadou Tall

Dividing by a™(1 4+ a™~™) we obtain the inequality

1 9a2—a1 Qa3—ai
o 2%t + + -1l <a™. (3.16)
14 am—n

In this final step we consider the linear form

1 9az—a1 9a3—a1
/\4:—nloga—|—allog2—|—log< i i )

1+ am—n

Further, we put

1 9a2—a1 9az—a1
<I>4:eA4—1:a_”2“1< + + >—1.

1+ amn
We take
1 _|_ 2112—@1 _|_ 203—111

bl = —Nn, bQ = —as, b3 =1.

Thus we have B = n. By the results in Lemma[3.2]and similar computations
done before we obtain

h(az) < (a1 — az)h(2) + (a1 — az)h(2) + (n — m)h(a) + 2log 2
< (a1 — ag)log2 + (a1 — az)log2 + (n — m)log(a) + 2log 2
< 6.74-10°°(1 + log n)(log 2n)?,

which gives h(a3) < 6.74 - 10°°(1 + logn)(log 2n)2. As before we have
h(aq) = log a, h(ag) = log 2, and &4 # 0. Now an application of Theorem

(22) yields
log |®4] > Ay(log2) (6.74 - 10°°(1 + logn)(log 2n)?)

with Ay = —1.4-306.3%5.22. (1 4 log 2). Combining this inequality with
inequality we get

n < 9.43 - 10%%(1 + log n)(log 2n)?,
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which yields
n<4-10%,

Lemma 3.3. If (n, m, a1, ag, a3) is a solution to equation (I.1) with n >
m > 0and a1 > ag > asz > 0, then we have

a1<n<4-1069.

3.2 Reduction of the bound

In this section, we will reduce the upper bound on n. Firstly, we determine a
suitable upper bound on n — m, a1 — ag, a1 — a3, and later we use Lemma [2.1]to
conclude that n must be smaller than 400.

Proof of Theorem 1.
Turning back to inequality (3.1)), we obtain

0 < a;log?2 — nloga < max{202~@+2 om—nt2}

Dividing across by log «, we get

0 <ajy —n < max{8.32.29279 545.a™ "} (3.17)
where
__log2
" loga’
Let [ag, a1, a2, as,aq,as,a¢,a7,...] = [1,2,3,1,2,3,2,4...] be the contin-

ued fraction expansion of +y, and let denote p,,/qy, its nth convergent. Recall also
that a; < 4 - 1059, A quick inspection using Sagemath reveals that

qra0 < 4- 109 < gua1.

Furthermore, ay := max{a; : i =0,1,...,44} = agp = 134. So, from the
known properties of continued fractions, we obtain that

1

laiy —n| >
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Comparing estimates (3.18) and (3.17), we get right away that

Q"™ < 5.45-136-a; < 7.42-10"1 or 2979 < 832.136-a; < 11.32-10""
(3.19)
leadington — m < 344 or a; — ag < 247.

Step 1: We show that a; — az < 247 orn — m < 356.
Let us start by considering inequality Then we have the inequality

1 a1 —az
. 0g2_n+log(2 +1)
og log

0 < |az < 4.16 - maz{2%7% ™"}

and we apply the algorithm described in Remark 2 with

log 2 log(271792 + 1)
g 1 s N =
og« log «

, (A,B)=(4.16,2)0r (4.16, ).

Let us be a bit more precise. We note that ~y is irrational since 2 and « are
multiplicatively independent, hence Lemma [2.1] is applicable. With ¢

qua2 > 6M. This yields € > 0.00073 and therefore either a; — az <

log(4.16g/0.00073) log(4.16¢/0.00073)
sl L LS00 < 248 orm — m < PEUARBIOT) 357,

Thus, we have either a1 — ag < 247 or n — m < 356.

From this result we distinguish between

Case 1: a1 — a3z < 247 and
Case 2: n —m < 356.
Step 2: We consider Case 1 and show that under the assumption that a; —as < 247
ora; — ag < 247, we have that n — m < 344.
In this step we consider inequality [3.8] Recall that

Aa = —nloga + ajlog2 + log((1 4 29279 4 293791)),

Then we get

log 2 log((1 + 292701 4 203—a1
Jog2 . log((1+ + )

< 2.5a™7.
log log

0<|aq
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We apply the algorithm explained in Remark 2 again with the same v and M
as in Step 1, but now we choose (A4, B) = (2.5, a) and

_ log((1 4272 42 -0n))
r= log a

for each possible value of a; —az = 0,1, ...,247and a1 —a3 = 0, 1,...,247.
In particular

q = q142
is the largest denominator that appeared in applying our algorithm. Overall,

we obtain n — m < 355. Within Case 1 we have to distinguish between two
further sub-cases:

Case1: a1 —as < 247 and
Case 2: n —m < 355.
Step 3: We consider Case 1A and show that under the assumption that a; — ag <

247 and a1 — a3z < 247, we have that n — m < 356.
In this step we consider inequality [3.10 and assume that n; — ny > 20.

Recall that
an—m _ 1
Ap = mloga — azlog?2 + log (2‘”“2+1>
Then we get
1 log (&)
0<|m- 20 gy — 2L/ <302 2007,

' log 2 B log 2
We proceed as in Remark 2 with the same v and M as in Step 1, but we
use (A, B) = (3.02, 2) nstead. Moreover we consider

n—m__1
_ log (=53h)
p= log 2

for each possible value of a; —ag = 0,1,...,247and n —m = [ =
0,1,...,356. As in the previous step we apply the algorithm Lemme
and start with the 142"¢ convergent of ~ as before and continue with the
algorithm until a positive e. Thus we can compute a new upper bound for
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log(3.02q/¢)

a1 — a3 by the formula a; — az < Tog 2

and e. Overall we obtain that

for the respective choices of ¢

ap —as < 357.

Step 4: We consider Case 1B and show that under the assumption that n — m <
355, we have that a; — ag < 233.

Turning back to inequality
Ao = mloga — aylog2 + log (a"‘m + 1) .

Then we get

Joga 1@ AL o) glee—a),

0
<™ log 2 ! log 2

We apply our algorithm with the same v and M as in the previous steps, but
we use (A, B) = (22,2) and

~log (@™ +1)

log 2
for each possible value of a; —as =k =0,1,...,224and ny —ng =r =
0,1,...,324. We run our algorithm starting with ¢ = q144 and compute the

upper bound for a; — a3 by the formula a; — ay < % for respective

choices of ¢ and ¢, provided the algorithm terminates. For those pairs (k, )
for which the algorithm terminates we obtain

a; — az S 258.

Step 5: We consider Case 2 and show that under the assumption that n —m < 355
we have that a; — as < 224. In this step we consider inequality and
assume that a1 — a9, a1 — ag < 20. Recall that

a4+ 1
2m—az 41

N2 = Ap :mloga—aglogQ—i—log(
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Then we get
os (32221
0< m.loﬂ_a2+w < 1.9.928—a1
log 2 log 2

We apply our algorithm with the same y and M, but we use (A4, B) = (1.9,2)

and
log (5=7a')
= T)
for each possible value of n — m = r = 0,1,...,315. Similar as in Step 4

we obtain a1 — ag < 249.

Step 6: Under the assumption that n—m < 356, a1 —ao < 247 and a1 —az < 249,
we show that n < 400.
For the last step we consider inequality (22). Recall that

1 9az—a1 a3 —a1
Agz—nloga+a110g2+log( + i )

14+ amn

and inequality (22) yields that [A3| < 2.02a~ ™. Then we get

1 m—n
—mny+ o < 2.1a™™.
log log

log (14_2&2*&1 +983—a] >
0 < |ay

We proceed as described in Remark 2 with the same v and M as in the
previous steps, but we use (A, B) = (2.1, «) and

14-92a2—aj y9az—aq
log (M2 )

,LL:

log av ’

for each possible value of @y — a2 = k = 0,1,...,247, a1 —a3 =1 =
0,1,...,249 (with respect to the obvious condition that a; — a2 < a; — as)
andn —m =r = 0,1,...,355. Starting with ¢ = g142 we compute the
upper bound for n by the formula n < % for the respective choices
of g such that € > 0. For all triples (n — m, a1 — a2, a; — as) the algorithm

terminates and yields
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n < 359.

This is false because our assumption is that n > 400. Thus, Theorem [1.2]is
proven.

4 The Proof of Theorem 1.3

If £ < 200, then a brute force search with Sagemath in the range 0 < [ < k£ < 200
and (k,1) = (0, 1) gives the solutions:

(0,1,0),(2,0,0);(3,2,0);(2,1,1);(3,0,1); (4,2,2); (5,4, 2); (5, 2,3); (6,0,4).

Thus, for the rest of the paper we assume that k£ > 200 and & > 0.

Let us now get a relation between k and ¢. Combining with the right
inequality of (2.1)), one gets that:

2t S 20ék _ Oél_l < 2k‘+1 _ Oél_l — 2k+1(1 _ 2_(k+1)0él_1) S 2k+1

which leads to ¢ < k.
This estimate is essential for our purpose. On the other hand, we rewrite equa-
tion[L.2] as
af —ot=—pF 41, 4.1

We now take absolute values in the above relation obtaining
E_ ot k 1 !
la”® =2 < |f| +Ll<§+2a. 4.2)

Dividing both sides of the above expression by o* and taking into account that
k > 1, we get

1
I1-2a7 < §oz_k + 207 FH < 37k,

Thus

_ 3
1-2'a7F < . 4.3)

In order to apply Theorem 2.1} we take d1 := «, 02 := 2, by := k and b := ¢.
So, ' := by log d2 — by log 41 , and therefore estimation (4.3)) can be rewritten
as
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3
1—e] < —= (4.4)

The algebraic number field containing d1, d3 is Q(1/5), so we can take D := 2.
By using equation (I.2) and the Binet formula for the Lucas sequence, we have

oF =Ly —pF<Lp+1<Lp+L; =2 (4.5)

Consequently, 1 < 2‘a~* and so I > 0. This, together with ([#4), gives

3
0<T < —— (4.6)
«
where we have also used the fact that log(1 + z) < z forall z € R™.

Hence,
logT < log3 — (k —1)loga. 4.7

Note further that 4(d1) = (log «)/2 and h(d2) = log 2. Thus, we can choose
log Ay := log a and log As := log 2.
Finally, by recalling that t < k, we get

Lk t

= < 2k.
2log2 + 2log a

Since « and 2 are multiplicatively independent, we have, by Theorem 2.2]that,

logT > —30.9 - 2* - (max{log (2k),21/2,1/2})* - log o - log 2.

Thus
logT > —174 - (max{log (2k), 21/2,1/2})*. (4.8)

We now combine and (4.8) to obtain
(k —1)loga < 180 - (max{log(2k), 21/2})2. 4.9)

Let us now get a second linear form in logarithms. To this end, we now rewrite
equation (1.2)) as follows:

af(1—al=M) — 2t = gl(1 — p0). (4.10)

Taking absolute values in the above relation and using the fact that 8 = (1—+/5)/2
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we get
o (1 —al=R)y — 2t = |g!(1 - p*D) < 218! < 2 (4.11)

for all £ > 200 and [ > 0. Dividing both sides of the above inequality by the
first term of the left-hand side, we obtain

2 10

ot —k¢1 _ (—k)\—1 s Y
1—2a""(1—-« ) ’<ak(1—a(l*k)) <ak.

4.12)

We are now ready to apply Matveev’s result in Theorem [2.2] To do this, we
take the parameters n := 3 and

01:=2,09 : =, 03 := (1 — a(l_k)).

We take by :=t, by := —k and b3 := —1. As before, K := Q(+/5) contains
1,02, 03 and has D := [K : Q] = 2. To see why the left-hand side of {.12)) is not
zero, note that otherwise, we would get the relation

of —aol =2, (4.13)
From|[1.2] we get
gk — gl =o. (4.14)
Further, we obtain
pr =g

This is impossible because k # [. Thus,
1—2ta= k(1 — o=t

is not zero. In this application of Matveev’s theorem we take A; := 2log2 and
Ao :=log a. Since t < k; it follows that we can take B := k. Let us now estimate
h(d3). We begin by observing that
63 = (1 —al=")and ;' < 3.
So that
|log ds| < 1. (4.15)

Next, notice that
h(d3) < (k —1)loga + log 2. (4.16)

Hence, we can take

As =2+ (k —1)log a > max{2h(d3),|logd3|,0.16}.
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Now Matveev’s theorem implies that a lower bound on the left-hand side of

@D is

log |A| > —1.4-30%.3%5.22(1+1og 2) (1+log(k))-2log 2-21og a-(2+(k—1) log ).

So, inequality (#.12)) yields

k< 2.8-10%1og(k) - (2+ (k—1)loga)

4.17)

where we used the inequality 1+1log(k) < 2log(k), which holds because k& > 200.
Using now (4.9) in the right-most term of the above inequality and per-

forming the respective calculations, we arrive at
k< 5.1-10" log(k)(max{log(2k), 21/2})%
If max{log(2k),21/2} = 21/2, then it follows from (#.I8) that
k < 5.7-10'%1log(k)
giving
k<2510
If max{log(2k),21/2} = log(2k), then we see from (@.18)) that

k < 5.1-10"log(k)(log(2k))?,

and so
k<5-10'.

In any case, we have that

k<5-10".

We summarize what we have proved so far in the following lemma.

(4.18)

Lemma 4.1. I (k, [, t) is a solution in positive integers of equation (1.2) with k > 1

and k > 200, then inequalities

t <k <510"
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hold.

4.1 The final computations

In this section, we will reduce the upper bound on k. Firstly, we determine a
suitable upper bound on k — [, and later we use Lemma 2.1]to conclude that £ must
be smaller than 200. Turning back to inequality (4.6), we obtain

3
0<tlog2—Fkloga < ——.
o

Dividing across by log «, we get

7
0<ty—k<—=, (4.19)
a
where
_log2
T loga’
Let [ag, a1, a2, as,a4,as,a¢,a7,...] = [1,2,3,1,2,3,2,4...] be the contin-

ued fraction expansion of +y, and let denote p,, /gy, its nth convergent. Recall also
thatt < 5-10'% by Lemma A quick inspection using Sagemath reveals that

12744458107726027589 = qu3 < 5 - 102 < qas = 54475119544877440894.

Furthermore, ay := max{a; : 1 =0,1,...,44} = a;7 = 134. So, from the
known properties of continued fractions, we obtain that

1
ty — k| > ——+. 4.20
|ty — K| (aw £ 2)1 (4.20)
Comparing estimates (4.19)and (4.20), we get right away that
bl <7136t < 5-10%2, (4.21)

leading to £ — I < 106.
Let us now go back to (4.12) to determine an improved upper bound on k.

Put
w:=tlog2 — kloga — log(1 — oz_(k_l)). (4.22)
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Therefore, (4.12)) implies that

10
11— e| < —. (4.23)
(6%

Note that w # 0 ; thus, we distinguish the following cases. If w > 0 then, from

#.22)), we obtain

10
O<w<LeY -1« —-
o
Replacing w in the above inequality by its formula (@.22) and dividing both
sides of the resulting inequality by log a, we get

log 2 log(1 — o~ =1 21
0< 0g )k — og(l —a ) 21 (424
log log o ok
We now put
log 2 log(1—a~ (k=1
= o2 = sl ) 4= 21and B = a.

Clearly + is an irrational number. We also put N := 5-10', which is an upper
bound on ¢ by Lemma[2.1] We therefore apply Lemma [2.1]to inequality {.24) for
all choices k — [ € {1,...,106} except when k — [ = 1,2, 3, 6 and get that

log(A
o < 1o8(4d/€)
log B
where ¢ > 6N is a denominator of a convergent of the continued fraction of
such that £ = ||uq|| — N||vg|| > 0. Indeed, using Sagemath, we compute
q = q47 = 323353430155291314826.

We find that if (k,[,t) is a possible solution of equation (I.2) with w > 0 and
k—1+#1,2,3,6,then k < 115, which is a contradiction with & > 200.
When k — [ =1, 2, 3, 6, the parameter p becomes

2 it k—1=1;
- 1 if k—1=2;
F=Y2-y it k—1=3;
3-2y if k—1=6.

In that case, the corresponding value of  from Lemma [2.1]is always negative
and therefore the reduction method is not useful for reducing the bound on & in
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these instances. For this reason we need to use the properties of continued fractions
to treat these cases.

For all that, one can see that if k — [ = 1, 2, 3, 6. Then the resulting inequality
from (4.24) has the shape

21
0<lay—=0bl <—,
«

with v being an irrational number and a, b € Z. So, one can appeal to the
known properties of the convergents of the continued fractions to obtain a nontrivial
lower bound for

lay — b|.

This clearly gives us an upper bound for k. Let us see. When & — [ = 1, from

#.24), we get that

21
O<ty—(k—2)< —. 4.25
v-(k=2) <% (4.25)
Let [ag, a1, a2, a3,a4,a5,a6,a7,...] = [1,2,3,1,2,3,2,4...] be the continued

fraction expansion of ~, and let denote p,,/q,, its nth convergent. Recall also that
t < 5-10' by Lemma4.1]

Furthermore, ay := max{a; : i =0,1,...,44} = a1; = 134. So, from the
known properties of continued fractions, we obtain that

1
ty —(k—=2)] > ————. 4.26
oy = (k= 2)| > (4.26)
Comparing estimates (4.25) and (4.26)), we get right away that
of <21-136-¢<2-10%, (4.27)

leading to k£ < 112.

By the same argument as the one we did before ensures that £ — [ < 106 in
the case when k£ — [ = 2,3,6. We omit the details in order to avoid unneces-
sary repetitions. This completes the analysis of the cases when k — [ = 1,2, 3, 6.
Consequently, k < 119 always holds.

Suppose now that w < 0. First, note that % < % since k£ > 200. Then, from

(#@.22)), we have that

1
1—-e’ < =
-l <,
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thus
1 < <
Z<e e
2
and therefore
el“l < 2.

Since w < 0, we have

20
0<wl < ekl —1=elljemll — 1] = ellje — 1] < =
«

Then we obtain

20

(%

By the same arguments used for proving [#.22)), we obtain

log v log(1 —a~®*=0) 29
0<k -t < —. 4.28
<10g2) + log 2 ak (425)
We now put
1 —a— (k=)
vi= 11?)@3‘, = %, A:=29and B := a.

Indeed, with the help of Sagemath, suppose that
q = q47 = 368940346979638033217.

We find that if (k, [, t) is a possible solution of the equation (I.2)) with w < 0 and
k—1+#1,23,6,then k < 119, which is a contradiction with our assumption.
When k — 1 =1,2,3,6; we have

—2v if k—1=1;

I if k—1=2
H=Y 1-2y if  k-1=3;
2—3v if k—1=6.

In these cases, the resolution is done with the properties of continuous fractions as
previously, and we will see that k& < 119 in each case. Thus Theorem|I.3]is proven.
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