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Abstract

In this study, we have employed Elzaki Adomian Decomposition Method
(EADM) to solve Duffing Equation. This method is depends on Elzaki Trans-
form and Adomian decomposition method. Besides, three examples are rep-
resented to illustrate the validity and accuracy of the proposed method, as
shown in the figures.

1 Introduction

Several natural systems are modeled by nonlinear differential equations which can-
not be easily solved. Therefore, the investigation of solving such equations by
other methods is an important topic of the research. Lots of different methods
have been developed to get exact and approximate solutions to these equations
in recent years. Some of these methods are the Adomian decomposition method,
Differential transformation method, Homotopy perturbation method, Tanh method,
Elzaki Transform, and Variational iteration method [2,4-13]]. Also, these equations
have been solved by Laplace Decomposition Method, and Fourier decomposition
method [/1,3L{14]].
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In this study, approximate solution of Duffing equation has been found by using
Elzaki decomposition method. The Duffing equation is an ordinary differential
equation of second order, that is

'+ ay' + By + vy’ = h(z) (1.1)
y(0) = A,4/(0) = B, (1.2)
where «, 3,7, A, B are real constants.

In this article, three examples that were previously solved by other methods were
solved using EADM. The results have been seen consistent with the literature.

2 Preliminaries

Definition 2.1. The Elzaki transform of h(x) is given by

E(h(z)) = u/e—ii.h(x)dx,x > 0.
0

Theorem 2.1. [4, 13] The Elzaki Transformations of some functions :

h(x) E(h(z))
1 u?
" nlut2
e 13fw

U2
cosax m
sin ax 1_&%

Theorem 2.2. [4, 13]If E(h(x)) = A(u), then

OE [h'(z)] = — uh(0)

iW)E [h"(z)]
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3 EADM for the Solution of Duffing Equation

Consider the Duffing equation (I.1)) with ICs (1.2) and by applying Elzaki trans-
form to Eq (I.1), we get

E(y") + aB(Y) + BE(y) +vE(y’) = E (h(x))
L =10 = /) +a (L —u(0) + 574567 = E(h(2)

= BU@) +5(0) +u/(0) — a5 — uy(0)) — T ~ B (")

T = uw?y(0) + >y (0) — (qu+ Bu®) T +audy(0) —yu? E(y®) +u?E(h(z)) (3.1)
apply the inverse Elzaki transform to Eq (3.1]), we obtain :

E-Y(T)=FE"! [qu(O) +u*y(0) — (au+ Bu?) T
+ au®y(0) — Y’ E(y®) + u*E (h(z))

So we get the following iteration relation.

Yn+1 = Eil [_ (au + Bu2) E (yn)] - 'YEil [U2E(An)] s

where A,;,’s Adomian polynomials

Ao = yi, A1 = 3y1.(0)%, A2 = 3y2.(y0)* + 3yo(11)?
Az = 3ys(y0)* + 6yoy1.y2 + (11)°

and

o = B [u’y(0) + u’y/(0) + au’y(0) + u?E (h(z))]

we can use the taylor expansion of the function h at z = 0, is given by
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than we get approximation solution as

4 Numerical Examples

Example 4.1. [1, 8,10, 11|Consider the following Duffing equation :

Y + 3y — 2y° = cosz.sin 2z 4.1)

with ICs

The exact solution is
y(z) =sinz
723 61a®  547z7  7032”

h = SIn2x ~ 2x — — — .
() = cosw.sin2e & 2w = 5= + == = S0+ 5eg0

yo = E7'[u?+u? (20 — 1405 4 12207 — 1094u”)]

N 7 . N 617 547
r+ — — =T — x
3 60 2520 181440

Q

1 [=3u’E ()] + 2B [u’E(A)]

1
1 =30? (uf 4w (20 — 140° + 12207)) + 2B (uQE(—60x7 + 2% + :c?’))]

E
E
=FE ' [-3u? (u? +u? (2u® — 140° + 12207)) + 2B (u? (—84u” + 120u” + 6u”))]
E~' [-3u® + 6u” + 282u” — 534u']

@3 2 4T . 89

5 720 " 820"  604s0”
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A1 = 3y1.(yo)?

(et et AT g 892N (a7 5 GlaT 5T ?
- 2 20 8400 60480 3600 ' 2520 181440

yp=E! [—SUQE (y1)] + 2F~! [uQE(Al)]
= B! [-3u? (—3u® + 6u” + 282u” — 534u'!)] + 2B [—180u” — 4284u'!]
= B! [9u” — 378u” — 9414u"]

3z 327 523

3927
40

As = 3y2.(y0)* + 3y0 (11)* ~

ys = E1 [—3u2E (yg)] +2E1 [u2E(A2)]
= E'[-27u” + 10962u']

327 L2900
= —— 4+ —2¢
560 960
, 5 —207
Az = 3y3.(y0)” + 6yoy1y2 + (y1)° = 760

Yys = E! [—3u2E(y3)] +2E71 [UQE(Ag)]
-1 11 x? a?
= E7'[Blu''] = 8157 = Tus0°

Thus, the approximate solution with the first five terms is obtained as follows.
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Yy = Yot+yi+y2+ys+ys

B +_4§ 7.5 61z” 54727
B 360" T 2520 181440
x3 z° 47 K 8927

20 ' 840" 60480

3x5 3x7  523z°

0 T 40 20160
3x7 2929
- + -
560 960
2
4480
333 .735 x7 1;9

= §+E—W+ai¢5()

Above equation is first five terms of Maclaurin expansion of sinx which is a
solution to Eq (4.1). by taking elzaki transform of the first five terms, we obtain

Eps(z)] = u® — v’ +u” —u® +u'l.

All of the [L/M] pade approximation of E [¢5()], get [L/M] = 5 +u2
By applying inverse Elzaki transform to [L /M|, we obtain :

—WLNW}:E—l{

3
u 3
T uQ} =sinz.

Thus a complete solution is obtained.

Example 4.2. [5, 11] Consider the Duffing’s equation : o« = § =y = 1.

v +y +y+yd=cos®x —sinx “4.2)

y(0) = 1,5'(0) = 0.

The exact solution is y(z) = cos x.

333 1173 7334
hz)=cos®s —sinz~l—o— " 4 4 =
(CC) COos™ o sinx X 9 6 3
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Figure 1: Solution of Equation (#.1)) by EADM.
3x2 3 Tt
Elf(x ~ Fll-z——+ —+
o) Tl

Yo

u? —u® = 3ut + b + 2148

Q

= B [u?y(0) + uPy (0) + au’y(0) + u’E (f(x))]

= Ep! [uQ +ud +ut =’ — 3u6]

7 7 9
Ao = (yo)* ~ §x4 + 51'3 + 5102 +3x+1

E(Ap) = u? + 3u® + 9u® + 214° + 2145
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Y1

Y2

Y3

Y4

Eil [— (U + u2) FE (yo) — ’U,2E(A0)]
E1 [—uS —3ut — U’ — 9u6]

E
E7! [ut + Tu® + 29u)
z? N 7z° N 2924

2 6 @ 24

E7N = (u+u?) E (y2) — v’ E(As)]
E [—u® — 1708 — 147u" — 10094

x3 1724
6 24
E7 [~ (u+u?) B (y3) — u*E(A3)]
E7 [ub + 45u” + 695u°]
564
51

Thus, the approximate solution with the first five terms is obtained as follows.

%

Yo+ Y1+ Y2+ Y3+ ya

2 3 4
= 1+£L'+22—6—8
22 723 29zt
Tyt T
2 172t

6 24
4
iy
2 4
= 1—%4—%:(?5(1').

Above equation is first five terms of Maclaurin expansion of cos x which is a solu-



Elzaki decomposition method for solving duffing equation 53
tion to Eq (4.2). by taking elzaki transform of the first five terms, we obtain
E [p5(2)] = u® — ut + uS.

All of the [L/M] pade approximation of E [¢5(x)], get [L/M] = 11%
By applying the inverse Elzaki transform to [L/M], we obtain
E-'[L/M]=E! [1122} = cosx
Thus a complete solution is obtained.
100} £
0os|

— ylx)
096f ----- o

= Yo(x)+y1(x)
ocal — Yo ()+ys (x)+y2(x)

Yo (X)+ys (x)}+y2(x)+ya(x)
Yo X+ (X}+¥2(0)+¥3 (K14 (x)
092 . . . .
00 0.1 02 0.3 0.4
x
Figure 2: Solution of Equation (4.2) by EADM.
Example 4.3. [5, 11]|Consider the Duffing’s equation : o = 2,3 =1,y = 8.
y// + 2y/ + y + 8y3 — 6—356 (43)
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[ 922 2723
yo = B~ [u?y(0) + uPy (0) + v + u*F (1 — 3z + % - g)]
i [ur 3 2,2 3 4 5
=B S-St (v = 3u® + 9u” — 27u”)
:u2 u3 1z 22 23
:E_l - wo 4_35 _ = i Lo
PG B R R

FE

r 2 3 3 32 3
—E1_—(2u+u2)<u2+u2+u4—3u5>—8u2E<8+8x %—i—%

- 2 3 33 2
= g1 _— (2u+u2) (u2 + % — —3u5) 8u? <—6u5+ % + %)}
_pi|p ot ) 5 1a?

i 2 2 4 12

yo = E7' [ (2u+u?) E (y1) — 8u*E(A4)]

4
-1 [— (2u + u2) <—u3 - 5;) - 8u2E< - I—Z)x?’ - %mj - ia:)]

4 3u5> o < 231u°  39u*  3u?
ys = B [ (2u+u?) (2u* + 120°) — 8u’E(Ay)]

Thus, the approximate solution with the first four terms is obtained as follows.

Yy = Yyo+y1+y2+ys

+x+a:2 3 52 11x3+ 24 948 223

XN -4+ -+ — — x 7= —

2 2 2 2 4 12 3
1 z 22 28

~ -ttt T =)
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Above equation is first five terms of Maclaurin expansion of % which is a solution
to Eq (4.3)), by taking elzaki transform of the first four terms, we obtain :

w2 uwd wt WP

E A
@)= -
All of the [L/M] pade approximation of E [¢4(x)], get [L/M] = 2(%“)
By applying the inverse Elzaki transform to [L/M], we obtain :

_ _ 2 —x
BLM) = B [ ] = &
Thus a complete solution is obtained.

050f <
—_— ¥ix)
----- va(x)
045 — Yolx)}+¥1(x)
— Yolx}+ys (xHy2(x)
Yo (x)+¥1 ()42 (X)+ya(x)
040
035}
0.0 0.1 0.2 0.3 04

X

Figure 3: Solution of Equation (4.3) by EADM.

5 Conclusion

In this paper, a new technique (Elzaki Adomian Decomposition Method ) was cre-
ated to solve Duffing Equation. In addition, we observed that the results obtained
by EADM were very consistent compared with other methods.
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