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Abstract

In this paper we have established some unique common fixed point the-
orems on b, (s)- metric spaces which are the extensions of theorems given
in [11] and [4]. Some basic definitions, properties and lemmas are given in
the introduction and preliminaries part. Some corollaries are also given on
the basis of the result.

1 Introduction

After the famous Banach Contraction Principle (BCP), fixed point theorems have
been developing and establishing in various metric spaces under different type of
contractive conditions. In 1993, Czerwik [9]] introduced the concept of b-metric
space. In 2015, Jleli and Samet [14] gave a generalization on generalized metric
spaces, which covers usual metric space, b-metric space and some other metric
spaces also and then they established some fixed point results on that spaces. In
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2017, Mitrovic and Radenovic [[16] gave more generalizations on rectangular b-
metric spaces and introduced b, (s)- metric space is as follows:

Definition 1.1. { [/1|], [16|]}. Let X be a non-empty set, s > 1 be a real number,
veENandd: X x X — [0,00) be a function. Then d is said to be a b,(s)- metric
on X if forall x,y,z € X and for all distinct points y1,y2, ...,y» € X, each of
them different from x and z such that the following conditions hold:

1. d(x,y) = 0ifand only if x = y;

2. d(z,y) = d(y, z);

3. d(z,z) < sld(z,y1) + d(y1,y2) + ... +d(yo, 2)]-
The pair (X, d) is called b, (s)-metric space.

Example 1.1. [719]. Consider X = {%\ p € Nyp > 2}. Defined : X x X —
[0, 00) by
gl L[ lp—d, if lp—q#1
(7’ 7) - 1 . o
P'q » i lp—d=1L
Then (X, d)- is a b3(3)-metric space.

2 Preliminaries

Definition 2.1. [16]. Let (X,d)-be a b,(s)-metric space with {x,} C X be a
sequence and x € X. Then

1. The sequence {xy,} is said to be convergent to x if for each € > 0 there exists
No € N such that d(z,,x) < € foralln > Nj.

2. The sequence {xy} is said to be Cauchy sequence in (X, d) if for every ¢ > 0
there exists N (€) € N such that d(x,,, x,) < € forall n,m > N(e).

3. (X,d) is said to be complete b,(s)-metric space if for every Cauchy se-
quence in X converges to some x € X.

Definition 2.2. [2]. Let f and g be two self maps on a set X (i.e, f,g: X — X).
If w= fx = gx for some x € X, then x is called a coincidence point of f and g,

and w is called a point of coincidence of f and g.
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Definition 2.3. [2|]. A pair of self maps {f, g} defined on X is called weakly

compatible if they commute at coincidence points.

Definition 2.4. [2]. Let f and g be mappings from a b, (s) metric space (X, d) into
itself. Then f and g are said to be compatible mappings on X if hI_I)l d(fgzn, gfxn)
m,n— 00

= 0, whenever {x,,} is a sequence in X such that lim fx, = lim gz, =t for
n—oo n—oo

some pointt € X.

Definition 2.5. [4|]. Let X be a non-empty setandT : X — X and o : X x X —
[0, 00) be two mappings. The mapping T is said to be a-admissible if a(x,y) >
1= a(Tz,Ty) > 1, Va,ye X.

Definition 2.6. [/0]. Let X be anon-empty setandT : X — X anda : X x X —
[0, 00) be two mappings.The mapping T is said to be triangular a-admissible if

L. a(z,y) > 1= a(Tz,Ty) > 1, Va,y € X.

2. a(z,z) > Lalz,y) > 1= ax,y) > 1, Va,y,z € X.
The following classes of functions are given in [11, 14].

Definition 2.7. { [11|], [4]}. T's be the class of functions defined by

Ly = {€:[0,00) — [0,1)| (i) lim &(t,) = 1 whenever lim t, = 0, holds for
n—oo n—oo

some s > 1}.

If s = 1, we obtain the well-known class I" of all Geragthy type contractive map-

pings given in [|13]].

Definition 2.8. { [11]], [4]}. U be the class of functions defined by
U= {1 :[0,00) — [0,00)| (i) continuous, (ii) non-decreasing and (iii) ILm Y™ ()
= 0forallt > 0, where Y™ denotes the n-th iteration of \}.

Note: If ¢ € U, then (i) ¥ (t) < ¢t forall ¢ > 0, (ii) ¥(0) = 0.

In 2016, Roshan et al. [20] proved fixed point results in b-metric spaces by
using Geraghty-weak contractions and later in 2021, Asim et al. [[6] proved fixed
point results for Geraghty-weak contractions in ordered partial rectangular b-metric
spaces.

Inspiring and motivating the results of Roshan et al. [20], Asim et al. [6],
Dosenovic et al. [11] and Arshad et al. [S] we have established the following the-
orems on b, (s)- metric spaces which are the extensions of theorems given in [11]
and [4].



18 Mithun Paul, Krishnadhan Sarkar and Kalishankar Tiwary

3 Main results

Lemma 3.1. Let (X, d)-be a b,(s)-metric space and d,, := d(zpn,xn_1). If the
sequence {d,} is monotonic decreasing such that d,, < %dn—l with s > 1 and

lim d,, =0, then {x,} is a Cauchy sequence in X.
n—oo

Proof: We have to prove that lim d(zp,2,) = 0.
n,Mm—00

Now for any n, m € N with m > n and ng € N, then we have
d(l'na xm)
<s |:d(xn7 $n+1) + d(wn—l-l, xn+2) + ...+ d(xn+v—37 $n+v—2) + d($n+v—2a xn—&—ng)

+ d(l'nJrno, $m+n0> + d($m+n0a :Em):|

1 1 1 1 1
<s [( + TS +..+ W)d(xo,xl) + S—nd(ajv_g,xno) + STOd(a:n,a:m)

S’I’L

1
+ S—md(xno, xo)}

1 1 [1- 55 1
or, [1 - Sn0_1:|d(xnaxm) <1 [181] d(zo, 21) + ——5d(zv-2, Tn, )

1
+ Fd(xo, xno)

m

3.1

Taking limit as n, m — oo on both sides of (3.1) we have, lim  d(zp,zm) =
n,M—00
0.

Therefore, {x,,} is a Cauchy sequence in X.

Theorem 3.1. Let (X, d) be a complete b,(s)- metric space with a constant s > 1.
Suppose that f,g,S and T are self maps on (X,d) with f(X) C T(X),g(X) C
S(X) such that for £ € T's,4) € U, the following conditions hold:

sd(fr,gy) < E(Myi(z,y)p{M(z,y)} + LMa(x,y), Vz,yeX; (3.2)

where,
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d(fz, Ty)d(Sz, gy)
_ > 1 .
Mg max{d(Sx,Ty), o+ d(Sz.Ty) ,where, a>1; 3.5)
M = aMy + BMs + v Ms; (3.6)

with, a++~v+sL<1,a>0,8>0,v>0,L>0;

and either

1. {f, S} is compatible, either f or S is continuous and {g, T} is weakly com-
patible;

or,

2. {g, T} is compatible, either g or T is continuous and { f, S} is weakly com-
patible;

or,

3. The pairs {f,S} and {g, T} are weakly compatible and one of the ranges of
f(X),9(X),S(X) and T(X) is closed.

Then f,g,S and T have a unique common fixed point in X.

Proof: Let x(y be an arbitrary point in X.We choose a point z; € X such that
Yo = fxo = T'x1. This can be done, since the range of 7" contains the range of f.
Similarly, a point 2 € X can be chosen such that y; = gx; = Szo. Continuing
these process, we can obtain a sequence {y,, } in X such that

Yon = fron = TTont1 and yopt1 = gTany1 = STanyo.

First, we show that {y,, } is a Cauchy sequence in X.
We consider two cases:
Case-I: Assume for some n € N, y, = yp+1 implies y,4+1 = yYn42. If not then,

d(ynJrla yn+2) > 0.
Now for nisoddi.e., forn = 2m — 1, m € N, we have,

Yom—1 = Yom 3.7)
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Now from (3:3)),(3.4),(3.3) and (3.6) we have

Mi(22m, 2m+1)
= max{d(fxam, STom), d(STom, TTom+1), d(gT2m+1, TTom+1)}

(3.8)
= max{d(me, y2m71)7 d(mefla y2m); d(y2m+1> y2m)}
= d(y2m+1a yzm)
M (22m, am+1)
= min{d(f2om, Sxom), d(Som, TT2m+1), d(gTom+1, TTomi1)} (3.9)
= min{d(y2m, Y2m—1), d(Y2m—1, Y2m), d(Y2m+1, Y2m) } '
=0
M3(x2m, T2m+1)
d mo T m d m ) m
= maX{d(Sl'Qm: Tzomt1), (2m, T oame1)dgT2m 41, S72m) }
a + d(T1'2m+1, S.%'Qm) (3 10)
d(Yoms Yom)A(Y2m+1, Y2m—1) } '
= maxq d(Y2m—1,Y2m),
{ (Y21, 2m) a~+ d(Yam, Yom—1)
=0
Therefore, M (xom, Tam+1) = ad(Yom+1, Y2m) (3.11)
Now from (3-2)) we have

sd(Yoms Yom+1) < E{M1(T2m, Toam+1) }P{M (T2m, Tom1)

1
LM (xom, Tom1) < gad(y2m+l’ Y2m,)

2
sf—a L -
or, < >d(y2m+1,y2m) <0, which is a contradiction.

s

(3.12)

Hence, Yom—1 = Yom 1mplies Yo, = Yom+1 (3.13)
Similarly, for n is even i.e., for n = 2m, m € N, we can prove that

Y2m = Y2m+1 1Mplies Yo i1 = Yomi2 (3.14)

Therefore, from (3.13) and (3:14)) we have

Yn = Yn+1 Implies yp 11 = yn2, Vn € N. (3.15)
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Continuing in this manner we can show that y,, = y,41 implies ¥, = yYp1k, VEk =
1,2,3,...

Therefore {y,, } becomes a constant sequence and a Cauchy one.

Case-II: Assume y,, # yntr1, Vn €N,

For nis odd. Letn = 2m — 1, m € Z*, From (3.3), (3.4), (3.5) and (3.6) we

have

M (22m, am+1)
= max{d(fom, STom), d(ST2m, TTom+1), d(gT2m+1, Txoms1)}  (3.16)
= maX{d(me, y2m71)7 d(meflv y2m)7 d(y2m+17 me)}

M (22m, Tam41)
= min{d(fzom, Sxom), d(Sxom, Txom+1), d(9Z2m+1, TTom+1)}  (3.17)
= min{d(Y2m, Y2m—1), AY2m—1, Y2m ), d(Y2m+1, Y2m) }

M3 (22m, Tam41)

= max{d(Swzm, TT2m1),

d(fram, TTom+1)d(9T2m+1, STam)
a—+ d(Tx2m+1, S.’L’Qm) (3.18)
d(Y2m, Y2m)d(Yom+1, Y2m—1) }
a+ d(Yom, Yom—1)

= max{d(wml, Yom),
If d(y2m+1, y2m) = d(Y2m, Y2m—1), then
M (22m; Tom+1) < ad(Y2mt1, Yom) + Bd(yam, Yom—1) + Yd(y2m—1, y2m)-
Therefore, from (3.2)) we have

1
3d(y2m7 y2m+1) < g[ad(y2m+17 y2m) + (ﬁ + V)d(mea me—l)] + Ld(me, me—l)

« +~+sL
or, (s— g)d(y2m7y2m+1) < (677

B+ +sL
52 _

S )d(mea yZm—l)

or, d(yZm)me—H) < ( )d(92m7y2m—1)7

which is a contradiction.

B+27+5L<
52—«

[As 1].

Hence, d(Y2m+1, Y2m) < A(Y2m, Y2m—1)-
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Now from (3.6) we have

M (29m, Tam+1) = (@ +7)d(Y2m, Y2m—1) + BA(Y2m+1, Yom)

Therefore, from (3.2) we have

1
5d(Y2m» Yom+1) < g(a +7)d(Y2m, yom—1) + gd(y2m+17 Yom) + Ld(yom+1, Y2m)
a -+
or, d(Y2m+1,Y2m) < (m)d(ym,yzm—l)-

B ST

1
Hence, d(y2m+1,y2m) < gd(y2m,y2m—1), as (m S

For nisevenie.,n =2m, m € Z",

Mi(z2m+2, Tom+1)

= max{d(fxam+2, STam+2), d(STom+2, TTom+1),
d(9zom+1, TTom+1)}

= max{d(Y2m+2, Y2m+1), d(Y2m+1, Y2m), A(Y2m-+1, Y2m) }

(3.20)

Ma(T2m+2, Tam+1)

= min{d(fzom+2, STam+2), d(STam+2, TTom+1),
d(gzom+1, TTom+1)}

= min{d(Y2m+2, Y2m+1), d(Y2m+1, Y2m), A(Y2m+1, Y2m) }

(3.21)

M3(x2m2, Tam1)

= max{d(5w2m+2, Txom+1),

d(from+2, TTom+1)d(gTam+1, STom+2) }
a + d(Txgm_H, S:L‘Qm+2)

d(Y2m+2: Y2m)d(Y2m+1, Y2m+1) }

a + d(y2m+1, Y2m)

= max{d(y2m+1, Yam),
(3.22)

If d(y2m+2: Y2m+1) = d(Y2m+1, Y2m ), then from (3.6) we have
M (x2m+2, Tam+1) < ad(Yom+2, Yom+1) + BA(Y2m+1, Yom) + Yd(Y2m+1, Y2m)
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Therefore, from (3.2) we have

1
sd(Y2m+2, Yam41) < ;[Oéd(y2m+2, Yom+1) + BA(Y2m+1, Y2m) + YA(Y2m+1, Y2m)]
+ Ld(Y2m+1, Y2m)

a B+
or, (s — g)d(y2m+27y2m+1) <( 5 fy)d(y2m+17y2m) + Ld(yom+1, Y2m)
L
of, d(Yam+2,Yom+1) < (W)d(ygmﬂ,ygm), which is a contradiction.
2 -«
B+ v+ sL
—) < 1.
as (2 <)
Hence, d(y2m+2, Yom+1) < d(Y2m+1,Y2m)-
Now from (3-2) we have

1
sd(Y2m+2, Yam41) < ;[Oéd(y2m+1, Yom) + BA(Y2m+2, Yom+1) + YA(Y2m+1, Y2m)]

I} o+
+ Ld(y2m+2, Y2m+1)or, (5 — S L)d(yom+2, y2m+1) < ( . V)d(y2m+1ay2m))
o+ 7y
or, d(Yam+2,Y2m+1) < (32 5= SL)d(yzmH,me)
1 o+ 1
d m 9 m *d m ) m)s - 5 5 - 323
(Y2m+2, Y2 +1)<8(yz +1,Y2m), as (82—,8—8L><8 (3.23)
From (3.19) and (3.23) we have
1
A(Yn+1,yn) < gd(ynayn—l)a vV neN (3.24)

Claim: li_}m d(Yn, Yn—1) = 0.
n (e.o]
As {d(yn,yn—1)} is non-negative and monotone decreasing so there exists [ > 0
such that
lim d(yn, yn—1) = [.
n—o0
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Now using (3.2) we have

= lim d(y2n+1,3/2n+2)
n—oo

< lim sd(yan+1,Y2n+2)
n—oo

< 731_{210{5{]\4(3/211’ Yon+1) JU{M (Yon, yont1)} + nh_)ngo LM (yon, y2n+1)

L)l
< (ot B+ 7y +sL) < I, which is a contradiction.
s
Hence, [=0.
Therefore, lim d(yn, yn—1) = 0. (3.25)
n—o0

Since the sequence {d(yn, yn—1)} is monotonic decreasing such that d,, < %dn,l
with s > 1 and lim d(yn,yn—1) = 0, then by Lemma 3.1 we conclude that {y, }
n—oo

is Cauchy in X.

Since (X, d) is complete, so there exists z € X such that lim y, = 2.
n—oo

Condition-A: Assume S is continuous.

Since {f, S} is compatible, we have lim fSzo,4+2 = lim Sfxo, 12 = Sz.
n—o0 n—o0

Claim: Sz = z. If not then, d(Sz, z) > 0.

Now from (3-3)),(3-4) and (3.3)) we have

Mi(Szont2, Ton+1)
= max{d(fSxant2,SSTon+1),d(SSxont2, Txon+1), d(gTon+1, TTon+1)},
M (Swant2, Tan+1)
= min{d(fSxon+2, SST2m+1),d(SSx2m+2, TTon+1), d(9T2n+1, TTon+1)},
M3(Szont2, Ton+1)

= max{d(SSx2n+2, Txon+11),

d(fSzon+2, Tron+1)d(gront1, SSTan12) }
a+ d(Txons1, SST242)

Therefore,
lim M (Sz2n12, Toni1)

n—o0

= nILH;o{OéM1(S$2n+27 Tont1) + BMa(Sxanta, ant1) + YMs(STont2, Tant1)}

or, lim M (Szan42,Tont+1) = (o +v)d(Sz, 2). (3.26)

n—oo
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Now from (3:2)) we have

sd(fSxont2, gxont1) < E{M1(Swant2, Tont1) JY{M (Sxont2, Tant1)}
+ LM5(Szont2, Tont1)-

1
or,  sd(fSzan+t2,9Tant1) < gM(S$2n+27 Ton41) + LMa(S2ny2, Tant1).

(3.27)
Taking limit as n — oo on both sides of (3.27) we have,

. . 1
lim sd(fSzant2, gron+1) < lim —M(Szant2, Tont1)

n—00 n—oo §

+ lim LM3(Sxon42, Tant1)
n—oo

or, sd(Sz,z) < (aTﬂ)d(Sz, o)+ Ld(Sz, 2)
or, (s> —sL —a—v)d(Sz,z) <0, which is a contradiction as

(s> —sL —a—7) > 0.

Hence, Sz = z.
Claim: fz = z. If not then, d(fz, z) > 0.
Now

My (z,22n41) = max{d(fz, Sz),d(Sz, Tran+1), d(gT2n+1, TT2041) }
My(2, xon+1) = min{d(fz, Sz), d(Sz, Txony1), d(g2on+1, TTon11)}

d(fz, Txopi1)d(gxons1, STopn
it ) = {4 o) S e

Also from (3.2)) we have
M (2, 29n41) = aMi(z, 22n41) + BM2(2, 22n+1) + YM3(z, T2n41).  (3.28)
Taking limit as n — oo on both sides of (3.28), we have

lim M(z,2on41) = ad(fz, 2). (3.29)

n—oo

Now from (3.2) we have sd(fz, gran+1) < E{Mi(z, zon+1) }{M (2, z2n+1)} +
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LM>(z, x2p41)

1
or, sd(fz,gxont1) < gM(Z,.fUQn+1) + LMsy(z, x2n41) (3.30)

Taking limit as n — oo on both sides of (3.30) we have
: .1 .
Jim sd(fz, gTony1) < Jim gM(z, Tont1) + Jim. LM>s(z, 22n41).

or, sd(fz,z) < %ad(fz, z), which is a contradiction.

Hence, fz=z

Therefore, fz=8z2==z.

Now since f(X) C T'(X), there exists a point w € X such that fz = T'w.
Claim: gw = Tw. If not then, d(gw, Tw) > 0.

M (z,w) = max{d(fz,Sz),d(Sz,Tw),d(gw, Tw)} = d(gw, Tw);
Ms(z,w) = min{d(fz,Sz),d(Sz,Tw),d(gw, Tw)} = 0;
d(fz, Tw)d(gw, Sz)} _ o
a+d(Tw,Sz) ’
and M(z,w) = aMi(z,w) + BMa(z,w) + yMs(z,w)
= ad(gw, Tw).

Ms5(z,w) = max{d(Sz, Tw),

Now from (3.2)), we have
sd(Tw, gw) = sd(fz, gw) < {Mq(z,w)}W{M(z,w)} + LMs(z,w)
or, sd(Tw,gw) < %M(z,w) + LMy (z,w)}

1
or, sd(Tw,gw) < —ad(gw,Tw), which is a contradiction.
s

Hence, d(Tw, gw) = 0.

Since {g, T} is weakly compatible so, gz = gfz = gTw =Tgw =T fz =T=z.
Hence 2 is a coincidence point of g and 7.

Claim: gz = z. If not then, d(gz, z) > 0.
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Now

Mi(z,2) =0, Ms(z,2) =0, M;s(z,2)=0, and M(z,z) =0.
Then, sd(fz,92) < E{Mi(z,2)}W{M(z,2)} + LMs(z, 2)

< 0, which is a contradiction.

Hence, gz = z.

Therefore, fe=g2=582=Tz =z

Condition-B: The proof is same as in condition-A.

Condition-C: Assuming 7" is closed. Then there exists © € X such that z = T'u.
Claim: gu = z. If not then, d(gu, z) > 0.

Now

M (zop, u) = max{d(fxan, STan),d(Swan, Tu),d(gu, Tu)};
Ms(xop, w) = min{d(fxan, STapn), d(Sxapn, Tu), d(gu, Tu) };

d(fxon, Tu),d(gu, Szay)
a+ d(Tu, Sxay,) '

Ms(xop,u) = max{d(szn, Tu),

M(xon,u) = aMi(xon, u) + LMa(zon, u) + yMs(xon, u) (3.31)

Taking limit as n — oo on both sides of (3.31) we have

lim M (zop,u) = ad(gu, z) (3.32)

n—o0

Now from (3.2)) we have
sd(fxan, gu) < E{M(z2n, u) W{M (z2n,u)} + LM (225, u)

1
or, sd(fran, gu) < =M (z2pn,u) + LMs(x2y,, u) (3.33)
s

Taking limit as n — oo on both sides of (3.33) we have

1
lim sd(fzon,gu) < lim —M(xop,u) + lim LMy(zop,u)
n—00 n—00 § n—00

1
or, sd(z,gu) < gad(gu, z) (3.34)

or, (s> —a)d(z gu) <0, which is a contradiction.

Hence, qu = z.
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Therefore, gu=Tu = z.
Since {g, T} is weakly compatible, then we have gz = gTu =Tgu =Tz
Claim: gz = z. If not then, d(gz, z) > 0.

M (zop, z) = max{d(fxan, Szan), d(Sxon, Tz),d(9z,T2)};
My (zop, z) = min{d(fzay, Sxon), d(Sxon, Tz),d(gz,T2)};

(3.35)
d(fxon, Tz),d(gz, Sxan)
Ms(x2n, 2) = d(STon, Tz), .
3(@20, 2) max{ (S0, T2) a+d(Tz,Szap)
There fore, M (xon, z) = aMi(xon, 2) + BMa(xan, 2) + YMs(zon, 2).
(3.36)
Taking limit as n — oo on both sides of (3.36) we have
1i_>m M (zop, 2) = ad(z,Tz) + vd(z,T'2). (3.37)
Now from (3.2)) we have
sd(fxon, gz) < E{M1(22n, 2) W{M (z2n, 2)} + LM>(2n, 2)
1
or, sd(fxon, gz) < =M (zap, z) + LMa(xaop, 2). (3.38)
s

Taking limit as n — oo on both sides of (3.38) we have

1
lim sd(fxon,gz) < lim =M (xop,2) + lim LMs(xay, 2)

Lot )d(zg2)  [Asgz =T

or, sd(z,92) <
S

2_,4H_
or, <W>d(z,gz) <0, which is a contradiction.
s

Hence, gz = z.

Therefore, gz=Tz=z.

Since g(X) C S(X), there exists v € X such that gz = Sv. Then gz = Sv =
Tz = z.

Claim: fv = Swv. If not then, d(fv, Sv) > 0.
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Now

M; (v, z) = max{d(fv, Sv),d(z,Tz),d(gz,Tz)}
M (v, z) = min{d(fv, Sv),d(Sv,T%),d(gz,Tz)}
B (d(fv,Tz)d(gz, Sv))
M3(v, z) = max{d(Sv,Tz), (0 + (T2 50)) }
and M (v,z) = aMi(v,z) + My (v, z) + yMs(v, z)
= ad(fv, z).

Therefore from (3.2)), we have
sd(fv, Sv) = sd(fv,gz) < E{Mi(v,2)}p{M(v,2)} + LMa(v, 2)
or, sd(fv,z) < %M(v,z)

or, sd(fv,z) < éad(fv,z)

82—04

or, ( )d(fv,z) <0, which is a contradiction.

S

Hence, fv=2z= Sv.
Since {f, S} is weakly compatible, so fz = fTz = fSv=Sfv=Sz.
Claim: fz = 2.

Mi(z,z) = max{d(fz,Sz),d(Sz,Tz),d(gz,Tz)} = d(fzz2)
Ms(z,z) = min{d(fz,Sz%),d(Sz,Tz),d(gz,Tz)} =0

i ST

Therefore, M=aM(z,z)=ad(fz,z).
Now

sd(f2,92) = sd(f2,92) < €M1 (2, 2D AM (2, 2)} + LM (2, 2) < M (2
or, sd(fz,z) < éad(fz,z)
2

or, (S @

)d(fz,z) <0, which is a contradiction.

Hence, fz=z
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Therefore, fz=g9g2=82=Tz=z.

Uniqueness: Now we show that z is the unique common fixed point of f, g, s and
T'. If possible let there exists an another u € X such that fu = gu = Su=Tu =
u with u # z.

Now

M, (u, z) = max{d(fu, Su),d(Su,Tz),d(gz,Tz)} = d(u, 2);
Ms(u, z) = min{d(fu, Su),d(Su,Tz),d(gz,Tz)} = 0;
(fu,Tz)d(gz, Su) | '

a+d(Tz,Su) } = d(u, 2);
and M (u,z) = (o +7v)d(u, z).

Ms(u, z) = max{d(Su,Tz), d

Now from (3.2) we have

Sd(u7 Z) = Sd(fua gz) < f{Ml(uﬂ Z)}¢{M(u, z)} + LM?(“? Z)

1
or, sd(u,z) < —-M(u,z)
s

1
or, Sd(u’ Z) < 7(O‘ + ’Y)d(u’ Z)
S
2

54— —
or, <’Y>d(u, z) <0, which is a contradiction.
s

Hence, u==z.
Therefore, z is a unique common fixed point of f, g,.S and 7.

Corollary 3.1. Let (X, d) be a complete b,(s)- metric space with a constant s > 1.
Suppose that f,g,S and T are self maps on (X,d) with f(X) C T(X),g(X) C
S(X) such that for § € T's,1 € U, the following hold:

sd(fx,gy) < E(Mi(z,y)Pp{M(z,y)}, V z,y€ X; (3.39)
where,
My = min{d(fx, Sx),d(Sz, Ty),d(gy, Ty)}; (3.41)

d(fz,Ty)d(Sz, gy)
a+d(Sx,Ty)

M = aM; + BMs + vMs; (3.43)

M3 = max {d(S:L‘,Ty), },where a>1; (3.42)
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with a+p+v<1L,a>0,8>0,7v>0;
Also either

1. {f, S} is compatible, either f or S is continuous and {g,T'} is weakly com-
patible;

or,

2. {g,T} is compatible, either g or T is continuous and { f, S} is weakly com-
patible;

or,

3. The pairs {f, S} and {g, T} are weakly compatible and one of the ranges of
f(X),9(X),S(X) and T(X) is closed.

Then f,g,S and T have a unique common fixed point in X.

Proof: Taking L = 0 and proceeding same as in Theorem 1.1 we can prove the
result.

Theorem 3.2. (X, d) be a complete b,(s)- metric space with constant s > 1 and
f,9: X — X be two mappings on X such that for £ € I's, ) € VU, the following
hold:

sd(fx,gy) < E{M(z,y)}{M(z,y)} + LMy (2,y), VY x,y € X; (3.44)

d(z, fz) + d(y, gy) + Bmax{d(z,y), d(y, gy), d(z, fz)}

where, M (z,y) =«

a+d(z,y)
+ ymin{d(z, gy),d(y, fx)}, where, a > 1;
(3.45)

with0 <a+8+7<1;a>0,86>0,v>0.Then f, g have a unique common
fixed point in X.

Proof: Let z( be an arbitrary point in X. We define a sequence {z,} C X by

Ton+1 = foon and Top42 = gTon 1.



32 Mithun Paul, Krishnadhan Sarkar and Kalishankar Tiwary

We consider two cases:
Case-I: Assume for somen € N, =z, = x,41 implies Z,41 = Tp4o.
If x;, = 41, then for n is even i.e., for n = 2m, m € N we have

Tom = T2m+1- (3.47)

If Zom11 # Tame1 - then d(Tom41, Tam2) > 0,
Now

M($2m7$2m+1)
d(x2m, from) + d(T2m+1, 9T2m+1)
= d(zom, ma1), A(Xoma1, 9Tomr1),
! a + d(T2m, Tam+1) + fmax{d(zom, from+1), d(T2m+1, 9T2m+1)
d(x2m, from)} + v min {d(x2m, T2m+2), d(T2m+1, Tam+1)}

< (a+ B)d(x2m+1, T2m+2)

(3.48)

Therefore, from (3.44) and using (3.48) we have

d(x2m+1, Tam+2) < sd(fxom, 9Tom+1)
<YM (xom, om+1) JY{M (Xom, Tam+1) } + LM (T2m, T2m+1)

1
< —M(x2m, Tam+1) + LM (x2m, Toam+1)

s
1
< g(a + B)d(x2m41, Tam+2)
or, (W)d(mmﬂ,mmw) <0, which is a contradiction.
Hence, Tom = Tom+1 implies Tomi1 = Tomt2- (3.49)

For n is odd i.e., forn = 2m + 1, m € NU {0}, we can show that
Lo9m+1 = T2m+2 implies To2m+2 = T2m+3- (3.50)

Hence from (3.49) and (3.50) we have, x,, = 2,41 implies zp 41 = Tpy2, Vn €
N.

Proceeding in this manner we have x,, = 41 implies z, = x,4; forall k =
1,2,..

Therefore, {x,} becomes a constant sequence and hence a Cauchy one in X.
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Case-II: Assume x,, # xp+1, YN =1,2,3, ...
Then, for niseveni.e., for n = 2m, where m € N.
Now from (3-43)) we have

M(x2m, xam—1)
d(x2ma fx2m) + d(l'Qm, g.’EQm,l)
=« + Bmax{d(zom, Tom-1), AT29m—1, §T2m—1),
a+ d(zam, Tam—1) pmax{d(zom, tam—1), d(T2m-1, 9T2m-1)
d(x2m7f$2m)} +’Y{d(l‘Qm,J}Qm_l),d(me_l’fx2m>}
d(Tom, froms1) + d(Tam—1, Tam)
- d mo m— 7d m—1 m)s
@ a+ d(zom, Toam—1) + B{d(xom, Tam—-1), d(T2m—1, Tom)
d(-T2m7 -’IJ2m+1)} + ’ymin{d(xzm, $2m)7 d(x2m—17 $2m+1)}

< (a+ B)d(x2m, Tam+1)

(3.51)
Now from (3.44) we have

sd(Tom+1, Tam) = d(fTom, gTam—1)
< M (z2mr2, Tam+1) JP{M (Tamt2, Tamt1) }

1
+ LM (22m+2, Tam+1) < ;{M($2ma Tom—1)} + LM (T2m, T2m—1)

1
< ;(ad(wzm, Tom+1) + Bd(T2m, Tom+1)) + Ld(@2m, Tam1),
(3.52)
which gives
s?—sL—a-p e
( )d(ﬂ?gm,l‘gm+1) <0, which is a contradiction.
s

Hence, d(z2m, Tam+1) < d(T2m, Tam—1)-
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Then for d(z2m,, Tam+1) < d(T2m—1, T2m), from (3.44) we have

sd(Tam+1, Tam) < E{M (zam, Tam—1) }V{M (z2m, Tam—1)} + LMi{xom, Tom—1}

1
or, sd(Tam+1,T2m) < gM($2m,962m—1) + LM M (z2pm, 2m—1)
1
g(ad(lﬁmfla Zom) + Bd(x2m—1,T2m)) + Ld(X2m, Tam+1)
sz —sL o+
or, ( )d($2m+1,3€2m) < < . ﬁ>d($2m—1,$2m)

S

or, Sd($2m+17x2m) <

2 _ gL
or, (sa+sﬁ >d($2m+1,$2m) < d(xam—1,T2m)

o+
or, d(am+1,Tom) < <52 — 5L>d($2m—17562m)
(3.53)
1
Hence, d(l'2m+17 Jjgm) < gd(mea .%’Qm_l) (3.54)
For n is odd i.e., for n = 2m + 1, m € N U {0}, we have established that
1
d(T2m+1, Tam+2) < gd($2m7$2m+1) (3.55)
From (3.54)) and (3.533) we have
1
d(Tny1,Tn) < ;d(xna Tp_1) (3.56)

Claim: lim d(z,,z,-1) = 0.

n—0o0
As {d(xy,x,_1)} is non-negative and monotone decreasing so there exists [ > 0
such that

nlgrolo d(zp, Xn—1) = 1.
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Now using (3.44) we have

I= lm d(zoni1, Tont2) < m sd(fon, g2n+1)
n—00 n—0o0
< lim {&{M (220, Ton+1) 1AM (220, T2n11) }
n—oo
+ lim LM (zan, Tont1)
n—oo

(a4 B+ sL)l
s

< < I, which is a contradiction.

Hence, | = 0. Therefore, lim d(z,,x,—1) = 0.
n—oo

Since {d(z, xn—1)} is monotonic decreasing such that d,, < %dn,1 with s > 1

and lim d(z,,z,—1) = 0, so, by Lemma 3.1 we conclude that {z,,} is a Cauchy
n—oo

sequence in X.

Since X is complete, so there exists z € X such that lim =z, = z.
n—o0

Claim: fz = z. If not then, d(fz,2) > 0.

Now from (3-43)) we have

M(z, x2p+1)
d(T2n+1, Tant2) +d(2, f2)
prd d n 7d ) 7d n ) n
! P Fo—— + Bmax{d(z, z2n+1), d(z, f2), d(T2n+1, Tant2) }

+ fymln{d(z, -’L'2n+2)7 d<‘r2n+1a fZ)}

(3.57)

Taking limit as n — oo on both sides of we have
nILH;O M(z,xon+1) = (a+ B)d(fz, 2) (3.58)
and  lim M (2, 29041) = 0. (3.59)

n—oo
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Now from (3.44) and using (3.58) and (3:39) we have
sd(fz, gran+1) < E{M (2, m2n41) J{M (2, 22n41)} + LM (2, 22n41)

1
or, sd(fz,grons1) < ;M(Z,$2n+1) + LM (2, z2n41)

—

1
or, s hm d(fz,gxon+1) < — lim M(z,z9n4+1) + L hm Mi(z, xon+1)

S n—00

or, sd(fz,2) < ~(a+ B)d(z, 2)

or, (5 —a— > (fz,2) <0, which is a contradiction.
(3.60)
Hence, fz=z
Claim: gz = z. If not then d(gz, z) > 0.
M (z2n, 2) :ad(m”’x%ﬂ) +d(z,92) + fmax{d(zan, 2),d(z, 92), d(x2n, Tont+1)}
3 a+ d(l‘gn, Z) ns <) ) ) s L2n4-
+ ’ymin{d($2n7 gz)v d(Z7 fon)}
(3.61)
Taking limit as n — oo on both sides of (3.61) we have
lim M(zap,2) = (a+ [)d(gz, 2) (3.62)
n—oo
and lim M;i(z,z2n41) =0 (3.63)
n—oo

Now from (3.44) and using (3.62)) and (3.63) we have

1
s lim d(fz,gron+1) < — lim M(z,29,41) + L hm My (z, 2n41)

n—o0 S n—00

or, sd(gz,z) < + B)d(z, gz)

—(«
S
or, (s —a— > gz,z) <0, which is a contradiction.

Hence, gz = z.
Hence, fz=gz=z.
Uniqueness: If possible let u,v be two distinct fixed points of f and g. Then
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fu=gu=uwu, fv=gv=wvsuchthatu # v.
Now
d(u, fu) + d(v, gv)
d(u,v)
ymin{d(u, gu)d(v, fu)}
< (8 +7)d(u,v)

M(u,v) =«

+ Bmax{d(u,v), d(v, gv) + d(u, fu)}+

(3.64)
() = min {0, ). 0, 9) + 0 ) 565
From (3.44) and using (3.64) and (3.65) we have
sd(u,v) <~ [Bd(u,v) +d(u,v)]
° (3.66)

2_p3_
or, <W> d(u,v) <0, which is a contradiction.
s

Therefore, u = v. This completes the proof.

The following theorem is on complete partially ordered b, (s)-metric space
which is given below: Let X be a non-empty set and a partial order < is defined
on X asx Xyifandonlyifx —y <0and z < yifand only if x — y < 0.

Theorem 3.3. (X, <, d) be a complete partially ordered b, (s)- metric space with
constant s > 1. Let {T;}5°, be the sequence of triangular o -admissible non-
decreasing self maps with respect to the partial order < on X. Assume that for all
xz,y € X with x = y, the following hold:

a(z,y)d(Tiz, Tjy) < {{M (2, y)}o{M(z,y)} + LN(z,y), £l (3.67)
where, M (x,y)
= ar1d(x,y) + agmax{d(z,y), d(z, T;x), d(y, Tjy) }

1+ max{d(z, Tjy),d(y, T;x)}

+ ag{d(z,y) + d(x, Tx) + d(y, Tjy) };

+as
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and

d(z, Tyy)d(y, Tiz)d(z,y)  d(z, Tiz)d(y, T;y) }
L+ d(Tix, Tiy)d(z,y) 1+ d(z,y) +d(z, Tjy) )’
(3.69)

N (o) = mar{ (o),

with a1+ as+ a3+ 3a4s+sL < 1;a; >0, forall 1 =1,2,3,4;

and

(i) a(x,z) > 1 forall x € X and there exists xo € X such that a(xg, Tyxg) > 1
and xo = Tixo; (ii) T;, ¥V i € N are continuous mapping. Then {T;}°, have

atleast one fixed point u in X.

Also, if v is an another fixed point of {7;}:°; such that u, v are comparable
and for two fixed points u, v of {7;}°, such that a(u,v) > 1, then u = v. i.e.,
{T;}22, have a unique common fixed point in X.

Proof: let zp € X be an arbitrary point such that o(zg, Txg) > 1 and let us define
a sequence {z,} C X by xy,11 = Tjz,, Vi=1,2,3,... and n € N.

We consider two cases:

Case-I: Assume for somen € N, x,, = x,,+1 implies Z,41 = Tp4o2.

As T, = Tpt1, then Tixy, = Tixpyq, which gives 11 = Tpyo.

Proceeding in this manner we can show that if x,, = x,,41, then x, = 2,1y, p =
1,2,3,...

Then {z,,} becomes a constant sequence and hence a Cauchy one in X.

Case-II: Assume =, # =11, Vn € N. Since xg < Tjzg and T; are non-
decreasing mapping, then by induction we have

w0 =X Tywo X Tiwo = .. 2 Tawo ST <.
Since Tj are triangular a-admissible, we have
azg, 1) = a(xg, Tizg) > 1 = a(Tixe, Tix1) = a(xy, z2) > 1.
Continuing this process we get,

a(Tp,Tpy1) > 1, VneN (3.70)

Claim: lim d(x,,x,+1) = 0.
n—oo
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Since x,, < &5+ forall n € N, then by (3.67) and (3.70) we have

d(CCn, xn—i—l) :d(Txn—lv xn)
< a(xn—la xn)d<T$n—l7 xn)
< g{M(an—la xn)}w{M(xn—lu xn)} + LN(CL'n_l, xn) (3.7D)

1
< E{M(l'nfl, xn)} + LN(vInfla mn)a

where,

M(zp—1,2n)
= a1d(@n_1,Ty) + aomax{d(zy—1, ), d(@n—1, Tixn_1), d(@n, Tjzy) }+
min{d(zp—1,Tjxn), d(zn, Tizn—1)}
3 1+ max{d(zn—1, Tjzn), d(xn, Tixn—1)}
+ ag{d(zn—1,2n) + d(xn-1, Tizn—1) + d(zn, Tjzn)}.
= md(zp—1, ) + agmax{d(xp_1, ), d(Xn_1,2n), d(Tn, Tni1)}
min{d(x,_1, Tn+1), d(Tn, Tn)}
47 + max{d(xn—1, Tn+1), d(Tn, Tn)}
+d(zp-1,2n) + d(Tn, Tnt1)}-

+ a4{d($n717 xn)

(3.72)
and
N(xn—lvxn)
_ d(l'n*lyzjn)d(ivmTimnfl)d(l'nfhxn)
= maX{d(fEnla Jjn), 1+ d(ﬂxn—l, j}'l’n)d(xn_l, xn) ;
d(mnfla T‘ixnfl)d(xna T’]xn)
1+ d(xn—1,2n) + d(xpn_1,Tjxn) (3.73)

d($n_1,:Un+1)d(acn,xn)d(xn_1,xn)
= d n—1ly*nj/s
max{ (@n1,2n) L+ d(2n, ¥py1)d(Tn—1,Tn)

d(:Cn*lvmn)d(xnaanrl) }
1+ Cl(CCn_l, xn) + d(xn—h xn+l)

If d(xp, Tpy1) > d(p—1,2y,), then from (3.68)) and (3.69) we have

M (xp—1,2,) < (a1 + a2 + 3a4)d(xp, Tpi1) (3.74)

)
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and
N(l'nfl, xn) < d(l’n, xn+1) (3.75)

Hence from (3.67) and using (3.74), (3-75) we have,

d(Xp, Tpt1) < wd(azn,xnﬂ), which is a contradiction.

Hence, d(xn,Tnt+1) < d(Tp—1,n).
Now for d(zp, Tn+1) < d(zp—1,%r), then from (3.68) and (3.69) we have

M (zp—1,2n) < (a1 + a2 + 3a4)d(Tp—1, xn) (3.76)

and
N(-rn—ly mn) < d(wn—ly xn) 3.77)

Hence, from (3.71) and using (3.76) and (3.77) we have

L
(a1 + a9+ 3a4 + s )d($n_1,1‘n)

) s (3.78)
or, d(Zp, Tnt1) < ;d(a:n,l,xn). [ (a1 + a2 + ag + 3a4) < 1]

d(Xp, Tpt1) <

Therefore, the sequence {d(zy,—1,2,)} is non negative and decreasing and hence
convergent.
Let, lim d(zy,zn4+1) =1, where | > 0.
n—o0
Now we have

1
gl <l= lim d(zy,Zn+1)

n—oo
< lim a(xp—1,z)d(Tizn-1, Tjzy)

n—oo
= lim {{M(xp_1,2n)} lim P{M(xp_1,2,)} + lim LN (xp_1,zy)

ay + az + 3aq + sL)
S

<

l

1
< l—, which is a contraction.
s
(3.79)

Therefore, lim d(xp,2p+1) = 0. (3.80)
n—oo
Since {d(zy,%,—1)} is monotonic decreasing such that d,, < 1d,_; with s > 1

and lim d(zp,zn—1) = 0, so, by Lemma 3.1 we conclude that {z,, } is a Cauchy
n—o0
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sequence in (X, <, d).

Since X is complete, the sequence {x,, } converges to some u € X i.e., lim z, =
n—oo
U.

Since T; are continuous for all ¢ € N, then we have

lim d(zp41,Tju) = lim d(Tiz,, Tju) = d(Tiu, Tju).
n—oo

n—o0

Now we show that u is a fixed point of 7; i.e., d(Tju,u) = 0, foralli =
1,2,3, ...
Now,

d(T:Lua U) < S[d(TzU, xn+1)+d(xn+la mn+2)+---+d(xn+v717 anr'u)"’d(anrva ’LL)]
(3.81)
Taking limit as n — oo on both sides of (87) we get

1
gd(Tiu,u) < lim [d(Tyu, pg1)+d(Tng1, Tnp2)+ o+ d(Tnto—1, Tnto) FA(Tptv, u)]

n—oo

or,

1
and
M (u,u) < (a2 + a3z + 2a4)d(u, Tiu) (3.83)
and
N(u,u) < d(u, Tu) (3.84)

For 1d(Tyu, u) < d(Tyu, Tju), it follows from ov(u, u) > 1 that
1
4T, ) < d(Tu, Ty) < (u,u)d (T, Ty) < €0 ()} (M (o, )
+ LN (u,u)

or, éd(m, w) < E{M (u, u)} M(u, 1) + LN (u, u)

2 L
< <a2+a3+ asg+ s )d(u,TZu)

S

1
< —d(u, Tiu), which is a contradiction.
s
(3.85)

Hence, Tiu=wu, foralli =1,2,3,...
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Uniqueness: Assume that v and v be two distinct comparable fixed points of
T;, foralli =1,2,3,..., thenTju =vand T,v =v, Vi=1,2,3,...

By condition, a(u,v) > 1.Then
M(u,v) < ard(u,v) + agd(u, v) + agd(u,v) + asd(u, v) (3.86)
= (a1 + a2 + az + aq)d(u,v) '
and
N(u,v) < a1d(u,v) (3.87)

d(u, ) <, 0)d(Tiu, Tyo) < E(M (u, 0)}0{M (1, 0)} + LN ()
< <a1+a2+aj+a4+sL

>d(u, v) < d(u,v), which is a contradiction.

Hence, uU=".

Therefore {7;}5°, have a unique common fixed point in X.

Note: If {7;}5°, is a sequence of o -admissible non-decreasing self maps with
respect to the partial order < on X, the result holds also.

4 Conclusion

b, (s)-metric space is the extension of various metric spaces and in this paper we
have established some unique common fixed point theorems on this space. Our
results are extensions of various previous results and give some new ideas in this
literature.

Acknowledgement: The authors are grateful to the learned refree for his careful
reading and useful suggestions on the manuscripts.
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