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Abstract

In this work, we deal with the system of Kirchhoff-type equations
with variable exponents. Under suitable conditions on variable ex-
ponents, we prove the nonexistence of solutions with negative initial

energy.

1 Introduction

1.1 Setting of the problem:

In this work, we consider the following system of Kirchhoff-type equations
with variable exponents

Keywords and phrases: Nonexistence, Kirchhoff-type equation, Variable expo-

nents.
2020 AMS Subject Classification: 35B44, 35L57.

*Corresponding Author



104 Erhan Pigkin and Nebi Yilmaz

( ugg — M (HVuHQ) Au + \ut]m(x)_l ur = f1 (u,v), in Q, t>0,
vy — M <||Vv\|2> Av + "Dy = fo (u,v), in Q, t>0,
u(z,t) =v(z,t) =0, on 0, t >0,

u(z,0) = ug (x),v(z,0) = vy (x), in Q
ug (2,0) = uq (), v (x,0) = v1 () ’

(1.1)

where 2 be a bounded and regular domain of R", n > 1, with a smooth
boundary 052, and
M(s)=1+s" (y>1).

The source terms f; (u,v) and fs (u,v) as follows

{ f1(u,v) =alu+ U\2(p(')+1) (u+v)+b |u]p(') U \v|1"(')’L2 , (1.2)

fo (u,0) = afu+ vPPOD (ut0) b uP O PO,
with a, b positive constans; and m (), r(-), p () are given continuous func-

tions on () satisfying some conditions to be specified later and the log-Holder
continuity condition given for any function p () by

< ————— forall z,y € Q, with |z —y| <4, (1.3)
log |z — y|

where 0 < 0 < 1 and A > 0. By the definition of f; (u,v) and fs (u,v), one

can easily verify that

ufy (u,v) +vfo (u,v) =2(p(x) +2) F (u,v), ¥V (u,v) € R, (1.4)

where
1
2(p(x) +2)
The exponents m (-),r (-) and p () are measurable functions on (2 satis-
fiying

F(u,v) = alu+ v|2(p(z)+2) +2b ‘uvyp(x)w '

2<m <m(z) <mp <mt,
2<m<r(z)<rp<r,
2<pi <p(x)<ps<p",
where
my = essinfyeqm (x), mo = esssup,eqm (x),
r1 = essinfyeqr(x), 1o = esssup,eqr (),
p1 = essinfycqp (), p2 = esssup,cqp (),
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and
2<m*,ri,pf<oo if n <2,
2<m*rtpt < s if n> 2.

2
n—

1.2 Literature overview:

Pigkin [14] considered the single Kirchhoff-type equation with variable ex-
ponents

w + M (I1Vul?) A+ P = [ul® .

He proved the blow up of solutions.

In [9], Messaoudi and Talahmeh studied the following system of nonlinear

wave equations with variable exponents

uge + Au A+ |ug ™y = fi (u,v),

vt 4 Av 4 v D oy = fy (u,0).
They obtained the blow up of solutions with negative initial energy. Also,
Messaoudi et al. [11] proved the existence and stability of solutions the same
system.

Recently, problems with variable exponents have been handled carefully
in several papers, some results relating the local existence, global existence,
blow up and stability have been found ( [2,3,6,12,13,17]). The problems
with variable exponents arise in many branches of sciences such as image
processing, electrorheological fluids and nonlinear elasticity theory [7,8,16].

In this paper, we prove the blow up of the solutions (1.1). To the best
of our knowledge, there is no result the blow up of the fourth order system
with variable exponents. The rest of our work is organized as follows: In

section 2, we give some lemmas, definition and theorem. In section 3, we
state and prove our main result.

2 Preliminaries

In this part, we state some results about the variable exponents Lebesgue
space and Sobolev space LP(®) (Q) and WP (Q) | (see [5,8,15]).

Let p: Q — [1, 00] be a measurable function, where 2 is a domain of R".
We define the variable exponent Lebesgue space by

LP®) (Q) = {u:Q— R; u measurable in Q : g,y (M) < oo, for some A >0},
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where

Qp( / "U, ‘p

is a modular. Equipped with the following Luxembourg-type norm

_ p(x)
Jull ) = inf J A >0 /Q dr <1,

LP0) (Q) is a Banach space.
We also define the variable-exponent Sobolev space W14() (Q) as

ulz)
A

what) () = {u e L) (Q) such that Vu exists and |Vu| € L) (Q)} .

Lemma 2.1. [8] (Poincaré Inequality). Let Q be a bounded domain of R"
and q (+) satisfies (1.3), and 1 < q1 < q(z) < g2 < oo, where

q1 = essinf q(z), g2 = esssupq ().
e €

Then
lullyy < CIVully, , for allu e Wy ™™ (@),

where the positive constant C' depending on q1,q2 and €2 only.
Lemma 2.2. [8]. If 1 < q < q(x) < g2 < 00 holds, then

min {wll% ), w2 ) b < o) (w) < max { ] Jwll®) },
for any w € LIV) (Q).

Lemma 2.3. [9/ There exist two constants co and ¢y such that

x)+2) x)+2 c

p<x>+z y (PP 4 PO < P u,) < gt
[|’LL‘ x)+2) + |'U| $)+2):| )

Corollary 2.1. [9]. There exist two constants co and c1 such that

co [op() (w) + oy (v)] < /

5 F (u,v) dz < ¢1 [0y (w) + 0py ()] . (2.1)
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Definition 2.1. (Weak solution). A pair of functions (u,v) is said to be
weak solution of (1.1) on [0,T], T >0, if

(u,v) € L*®((0,T),Hj (),
w € L®((0,T),L* (2) NL™OH (Q x (0, 7)),

)
v o€ L®((0,7),L*(Q)) N L'OTHQ x (0,T))

with
u(+,0) =wup, v(-,0) =, u(-,0) =uy, v (-,0) =0

and (u,v) satisfies

[ o= /u1¢+// |Vul?) Vuvo
+//rut\m'—1ut¢://f1¢,
IR /v1w+// I90?) Tovey
+/0 /Qrvt\’”"lutw—/o | 20

forall € HY (Q)NL™OHH(Q), o € HF (QNL™OT(Q), and allt € [0,T).

We state the following theorem which can be obtained by exploiting the
Faedo-Galerkin method and using the similar arguments as in [4, 10, 11].

Theorem 2.1. (Local ezistence). Suppose that p(-), m(-), r(-) € C (Q),
satisfy (1.3) and, for all x € Q,

p(z) >0, ifn=1,2,

{ p(x) =0, ifn=23, (2.2)
m(z) >2, ifn=12,

{2Sm(w>§6, ifn =3, (2.3)

{ r(xz) >0, if?”L.:LQ o
2<r(x) <6, ifn=3,
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and (ug,u1),(vo,v1) € Hg () x L* (). Then (1.1) has a unique weak local
solution

(u,v) € L™ ((O,T) ,H& (Q)) ,
ug € L ((0,7), L% (Q)) N L™+ (Q x (0,T)),
v € L ((0,7),L*(Q)) n L"OF(Q x (0,T)),
for T > 0.

3 Nonexistence of global solutions

In this part we state and prove our main result. For this purpose, we define
energy functional of (1.1) as

1
B(t) = 5 |ludl®+ Il + [ VulP” + Vol

1 2(y+1) 2(v+1) /
+— |||V v + |V v — F (u,v)dz.(3.1

Lemma 3.1. E (t) energy functional is nonincreasing function.

Proof. Multiplying the first equation of (1.1) by u; and the second equation
by v, integrating over {2, using integration by parts and summing up the
product results, we get

E'(t)=— /Q Jug |+ g — /Q vy @+ dz < 0. (3.2)

O]

Lemma 3.2. [9]. Assume that (2.2) holds. Then, we have the following

inequalities:

[gp(.) (u) + 0p( (v)} D < O ”VUH2 + HVUHQ + 0p() (1) + 0p(,) (v)} ,

(3.3)
lullypn ) < C [Vl + 9012 + Juel3233) + s3] (3.4)
[0l360 2 < € [IVll® + V01 + nll3ni3) + lrlzn )| (35)
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|u|m(:):)+1 dr < ¢ ( (U) + (1))) 2?;:;) + ( (U) + (U))QZE-:-;)
; < c1 [ (@p) Op(-) Op(-) Op(-)
(3.6)
|u|r(x)+1 dr < ¢ ( (u) + (v)) 2(211112) + ( (u) + (’U)) 2&21112)
A < c2 | (0p0) Op(-) Op() Op(-) ’
(3.7)

for any u,v € H (Q) and 2 < s <2(p1 +2). Where C > 1, ¢; > 0,0 >0
are constants and
H(t)y=-E(t).

Theorem 3.1. Assume that (1.3),(2.2), (2.3) and (2.4) hold. Assume fur-
ther that

2(p1 +1) > max{mo+1,r2 + 1} (3.8)

and
E(0) <O0.

Then the solution of problem (1.1) blows up in finite time.

Proof. Then E (0) < 0 and (3.2) gives H (t) > H (0) > 0. By the definition
H (t) and (2.1), we get

1
H(t) = =5 [lul?+ ol + [Vul® + Vo))
_; 2(y+1) 2(y+1)
5 (VPO 19200 4 | F (o) de
< /F(u,v)dm
Q
< et [op) (W) + op) (0)] - (3.9)
We define
W (t)=H"™ (t)—|—z—:/ (uug + vvy) do (3.10)
Q

for € small to be chosen later and

p+2 2(p1+2)—(ma+1) 2(p1+2)—(r2+1)}
2(p1+2) 2ma (p1+2) 7 2r2(p1 +2) '

0<a< min{
(3.11)



110 Erhan Pigkin and Nebi Yilmaz

Differentiating W (¢) with respect to t, and using (1.1) and (1.4), we have
W) = (1—a)H @) (t) += (llul3+ o))
—e (Ivull® + 1Vol”) =& (IVull30T)) + IVoli )
+oe /Q (p () +2) F (u,0) dz

—5/ g™ g da — 5/ v | |" O vyd. (3.12)
Q Q

By using the definition of the H (), it follows that

eqr (1 —
e -OH®) = O [ o]
228 hgup? 4 vo?]
eq1 (1 =) 2(y+1 2(y+1
+ S Ivulis0 T + vl

—eq1 (1 — 5)/§2F(u,v) dz,

where 2 < < 2(p1 +2). Adding and subtracting —eq; (1 — &) H (¢) from
the right-hand side of (3.12), we obtain

v 2 - O o +e (14 2072 (juld+ fal3)

ve (27 1) (IvulP + 19olf) +en - 9 1 1)
+e (258 1) 1w ||2113+uv Miiﬂ

+e (2 (p1+2 —q1 (1 -¢)) /F

—5/9 [u g™ gy v oy T vt] dzx. (3.13)
By using (2.1), we have
v (1) > (1= a) H () B (¢) + B [ H (1) + url]3 + Ilorl
19U+ V0l + [Vl + V0205 + o) () + 2y (0) ]

— [, [ g™y 40 || x)_lvt} dx (3.14)
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where

8= min{ q(1-¢),1+ 2079 (ql(l{g) - 1) ’ <q21<(wl+_f)) - 1) ’ } > 0.
(B3+1), co2(p1 +2) —q1 (1= &))

To estimate the last term in (3.14), we use the Young inequality, we have

1 m(z)+1

(3.15)

Similarly, we have

r(x) 1 r(@)+1 | r(e)+1 2 - Cal ]
lvg | |v] dae < s ] dx+ J, |ve| dx,
Q r1+1 Jg r+1Jq
(3.16)

where 01,92 > 0 are constants depending on the time ¢ and specified later.

Let us choose §; and d2 so that
_m(z)+1 _r(z)+1

51 m(z)  _ by H—® (t) and 52 r@)  _ Ko H (t),

for a large constant ki and ks to be specified later, and substituting in (3.15)
and (3.16), respectively, we get

/]ut| m(a) |uydx<

and

—r
/ |Ut’r(gc) |U|d:L‘ < kQ/ |v‘r(ac)+1 Har(a:) (t) dx +
0 1+ 1 0

moky
1+1

H™(t)H' (1),
(3.17)

/l O () dr

2k pea (t)H' ().

(3.18)

rr+1
Combining (3.14), (3.17) and (3.18) gives
mgk‘l _ T2k1

v(t) > 1—a)—
) = [( @) 6m1+1 ry+1

+ep [H (6) + lluellz + loellz + [1Val® + Vol

H™(t) H' (t)

2 1) 2 1)
HIVul50 1) + V0l 1) + epey () + ey (v)

6]’{:1_m1 m(z)+1 rram(z)
1, |ul H (t) dx

6’1{:2_7“1 r(x)+1 rrar(z)
“rtily ] H (t) de. (3.19)
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From (3.6), (3.7) and (3.9), we have

[l e 1) da
Q

mq+1 mo+1

=< {(Qp(') (1) + 0p(y ()70 4 (0,0 (1) + gy (v)) P27 T2
(3.20)

We then use lemma 3.2, for

s=(mg+1)+2ams(p1 +2) <2(p1 +2),
and

s=(mi1+1)+2ama(p1 +2) <2(p1 +2),
to do deduce, from (3.20), that

/Q u ") (1) da < O [[Vull® + Vel + gy (1) + 0 ()]
(3.21)
Similarly

/Q o T HE) (1) do < C (| Vul® + [Vl + 050 (1) + gy (v)]
(3.22)
Combining (3.21), (3.22) and (3.19), give

maki roks
() > 1-— — —
) = [( @) 5ml—l-l 67“1—i—1

ve(p- Moo BT
my + 1 o+ 1
X [H (1) + luell3 + llvells + [ Vull® + 1 Vol* + 0p0) () + opy (v) ] -
(3.23)

] H™(t)H'(t)

Let us choose k1, ko large enough so that

—m1 —T2
kl k2

=p - — C>0
1= 1Y T Rt ’
and picking € small enough such that
maky ok

_ >0,
my + 1 €T1+1_

(l1-—a)—c¢
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and

T (0) = H7(0) +s/

9
(uour +vovn) dz + 2 [[Vuoll” + [ Vo] >0
Q

Hence (3.23) takes the form

V() > e [H 0+l + o3+ IVul® + V0l + 00 () + oy (0)]
2 2
> e [H()+||ut||2+||vt\|2+\|vu|| + 1Vl + [lull 573 + o ||2p112§]

(3.24)
Consequently, we get
U (t) > ¥ (0) >0, forallt>0.

On the other hand, thanks to the Holder inequality and the embedding
L2P142) (Q) < L2 (Q), we obtain

‘ / uude
Q

< luelly [fuelly

< Cllullyg, 1) llully

which implies
1

T 1
/Q wuidz| < Ol 7y

Similarly

1

= 1
/Q vuda| < CllIET ) Il

Young’s inequality gives

/uutdx—i-/vvtdx
Q Q

i _0
S [ e s Y] B CED

1

11—«

for %4—% = 1. We take 0 = 2(1 —a),to get £ = 2- < 2(p1 +2), by
(3.20).
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Therefore (3.25), becomes

/uutdx+/vvtdx
Q Q
I

T— 2 2
< O Il + Il + unl + sl

1
-«

where
2

*T1-2a
By using (3.4) and (3.5), we have

/uutdaz—i-/uvtda;
Q Q

< CIH @ + Nl + o3+ IVull® + V0l + 050y () + 2y ()]
(3.26)

<2(p1+2).

et

for all ¢ > 0. Thus,

et

Uite (f) = [Hla(t)ﬂt/

Q

1
Ta
/uutda:+/vvtda:
Q Q

C [H (6) + lluelly + llvells + [Vul® + [1V0l* + gpey () + op() (v)
(3.27)

uu + vvtd:z:]

IN

91w [H (t) +

IN

where (a + b)? < 2P~! (aP + bP) is used. By combining of (3.24) and (3.27),
we arrive

V() > VT (1), (3.28)

where ¢ is a positive constant. A simple integration of (3.28) over (0,t)
yields

o 1
Ui-s (t) > v ;
v 0 -
which implies that the solution blows up in a finite time T, with
e 170
Eoli=2 (0)

This completes the proof of the theorem. O
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