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Abstract

In this work, we deal with the system of Kirchhoff-type equations

with variable exponents. Under suitable conditions on variable ex-

ponents, we prove the nonexistence of solutions with negative initial

energy.

1 Introduction

1.1 Setting of the problem:

In this work, we consider the following system of Kirchhoff-type equations
with variable exponents
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utt −M
(
∥∇u∥2

)
∆u+ |ut|m(x)−1 ut = f1 (u, v) , in Ω, t > 0,

vtt −M
(
∥∇v∥2

)
∆v + |vt|r(x)−1 vt = f2 (u, v) , in Ω, t > 0,

u (x, t) = v (x, t) = 0, on ∂Ω, t ≥ 0,
u (x, 0) = u0 (x) , v (x, 0) = v0 (x) ,
ut (x, 0) = u1 (x) , vt (x, 0) = v1 (x)

in Ω,

(1.1)
where Ω be a bounded and regular domain of Rn, n ≥ 1, with a smooth
boundary ∂Ω, and

M (s) = 1 + sγ (γ ≥ 1).

The source terms f1 (u, v) and f2 (u, v) as follows{
f1 (u, v) = a |u+ v|2(p(·)+1) (u+ v) + b |u|p(·) u |v|p(·)+2 ,

f2 (u, v) = a |u+ v|2(p(·)+1) (u+ v) + b |u|p(·)+2 |v|p(·) v,
(1.2)

with a, b positive constans; and m (·) , r (·) , p (·) are given continuous func-
tions on Ω satisfying some conditions to be specified later and the log-Hölder
continuity condition given for any function p (·) by

|p (x)− p (y)| ≤ − A

log |x− y|
, for all x, y ∈ Ω, with |x− y| < δ, (1.3)

where 0 < δ < 1 and A > 0. By the definition of f1 (u, v) and f2 (u, v) , one
can easily verify that

uf1 (u, v) + vf2 (u, v) = 2 (p (x) + 2)F (u, v) , ∀ (u, v) ∈ R2, (1.4)

where

F (u, v) =
1

2 (p (x) + 2)

[
a |u+ v|2(p(x)+2) + 2b |uv|p(x)+2

]
.

The exponents m (·) , r (·) and p (·) are measurable functions on Ω satis-
fiying 

2 ≤ m1 ≤ m (x) ≤ m2 ≤ m∗,
2 ≤ r1 ≤ r (x) ≤ r2 ≤ r∗,
2 ≤ p1 ≤ p (x) ≤ p2 ≤ p∗,

where 
m1 = ess infx∈Ωm (x) , m2 = ess supx∈Ωm (x) ,
r1 = ess infx∈Ω r (x) , r2 = ess supx∈Ω r (x) ,
p1 = ess infx∈Ω p (x) , p2 = ess supx∈Ω p (x) ,
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and {
2 < m∗, r∗, p∗ <∞ if n ≤ 2,
2 < m∗, r∗, p∗ < 2n

n−2 if n > 2.

1.2 Literature overview:

Pişkin [14] considered the single Kirchhoff-type equation with variable ex-
ponents

utt +M
(
∥∇u∥2

)
∆u+ |ut|p(x)−2 ut = |u|q(x)−2 u.

He proved the blow up of solutions.
In [9], Messaoudi and Talahmeh studied the following system of nonlinear

wave equations with variable exponents{
utt +∆u+ |ut|m(x)−1 ut = f1 (u, v) ,

vtt +∆v + |vt|r(x)−1 vt = f2 (u, v) .

They obtained the blow up of solutions with negative initial energy. Also,
Messaoudi et al. [11] proved the existence and stability of solutions the same
system.

Recently, problems with variable exponents have been handled carefully
in several papers, some results relating the local existence, global existence,
blow up and stability have been found ( [2, 3, 6, 12, 13, 17]). The problems
with variable exponents arise in many branches of sciences such as image
processing, electrorheological fluids and nonlinear elasticity theory [7,8,16].

In this paper, we prove the blow up of the solutions (1.1). To the best
of our knowledge, there is no result the blow up of the fourth order system
with variable exponents. The rest of our work is organized as follows: In
section 2, we give some lemmas, definition and theorem. In section 3, we
state and prove our main result.

2 Preliminaries

In this part, we state some results about the variable exponents Lebesgue
space and Sobolev space Lp(x) (Ω) and W 1,p(x) (Ω) , (see [5, 8, 15]).

Let p : Ω → [1,∞] be a measurable function, where Ω is a domain of Rn.
We define the variable exponent Lebesgue space by

Lp(x) (Ω) =
{
u : Ω → R; u measurable in Ω : ϱp(·) (λu) <∞, for some λ > 0

}
,
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where

ϱp(·) (u) =

∫
Ω
|u (x)|p(x) dx

is a modular. Equipped with the following Luxembourg-type norm

∥u∥p(·) = inf

{
λ > 0 :

∫
Ω

∣∣∣∣u (x)λ

∣∣∣∣p(x) dx ≤ 1

}
,

Lp(·) (Ω) is a Banach space.

We also define the variable-exponent Sobolev space W 1,q(·) (Ω) as

W 1,q(·) (Ω) =
{
u ∈ Lq(·) (Ω) such that ∇u exists and |∇u| ∈ Lq(·) (Ω)

}
.

Lemma 2.1. [8] (Poincarě Inequality). Let Ω be a bounded domain of Rn

and q (·) satisfies (1.3), and 1 ≤ q1 ≤ q (x) ≤ q2 <∞, where

q1 = ess inf
x∈Ω

q (x) , q2 = ess sup
x∈Ω

q (x) .

Then

∥u∥q(·) ≤ C ∥∇u∥q(·) , for all u ∈W
1,q(·)
0 (Ω) ,

where the positive constant C depending on q1, q2 and Ω only.

Lemma 2.2. [8]. If 1 < q1 ≤ q (x) ≤ q2 <∞ holds, then

min
{
∥w∥q1q(·) , ∥w∥

q2
q(·)

}
≤ ϱq(·) (w) ≤ max

{
∥w∥q1q(·) , ∥w∥

q2
q(·)

}
,

for any w ∈ Lq(·) (Ω) .

Lemma 2.3. [9]. There exist two constants c0 and c1 such that
c0

2(p(x)+2)

[
|u|2(p(x)+2) + |v|2(p(x)+2)

]
≤ F (u, v) ≤ c1

2(p(x)+2)[
|u|2(p(x)+2) + |v|2(p(x)+2)

]
.

Corollary 2.1. [9]. There exist two constants c0 and c1 such that

c0
[
ϱp(·) (u) + ϱp(·) (v)

]
≤

∫
Ω
F (u, v) dx ≤ c1

[
ϱp(·) (u) + ϱp(·) (v)

]
. (2.1)
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Definition 2.1. (Weak solution). A pair of functions (u, v) is said to be

weak solution of (1.1) on [0, T ] , T > 0, if

(u, v) ∈ L∞ (
(0, T ) , H1

0 (Ω)
)
,

ut ∈ L∞ (
(0, T ) , L2 (Ω)

)
∩ Lm(·)+1 (Ω× (0, T )) ,

vt ∈ L∞ (
(0, T ) , L2 (Ω)

)
∩ Lr(·)+1 (Ω× (0, T ))

with

u (·, 0) = u0, v (·, 0) = v0, ut (·, 0) = u1, vt (·, 0) = v1

and (u, v) satisfies∫
Ω
utϕ−

∫
Ω
u1ϕ+

∫ t

0

∫
Ω
M

(
∥∇u∥2

)
∇u∇ϕ

+

∫ t

0

∫
Ω
|ut|m(·)−1 utϕ =

∫ t

0

∫
Ω
f1ϕ,∫

Ω
vtψ −

∫
Ω
v1ψ +

∫ t

0

∫
Ω
M

(
∥∇v∥2

)
∇v∇ψ

+

∫ t

0

∫
Ω
|vt|r(·)−1 utψ =

∫ t

0

∫
Ω
f2ψ,

for all ϕ ∈ H1
0 (Ω)∩Lm(·)+1 (Ω) , ψ ∈ H1

0 (Ω)∩Lr(·)+1 (Ω) , and all t ∈ [0, T ] .

We state the following theorem which can be obtained by exploiting the
Faedo-Galerkin method and using the similar arguments as in [4, 10,11].

Theorem 2.1. (Local existence). Suppose that p (·) , m (·) , r (·) ∈ C
(
Ω
)
,

satisfy (1.3) and, for all x ∈ Ω,{
p (x) ≥ 0, if n = 1, 2,

p (x) = 0, if n = 3,
(2.2)

{
m (x) ≥ 2, if n = 1, 2,

2 ≤ m (x) ≤ 6, if n = 3,
(2.3)

{
r (x) ≥ 0, if n = 1, 2

2 ≤ r (x) ≤ 6, if n = 3,
(2.4)
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and (u0, u1),(v0, v1) ∈ H1
0 (Ω)× L2 (Ω). Then (1.1) has a unique weak local

solution

(u, v) ∈ L∞ (
(0, T ) , H1

0 (Ω)
)
,

ut ∈ L∞ (
(0, T ) , L2 (Ω)

)
∩ Lm(·)+1 (Ω× (0, T )) ,

vt ∈ L∞ (
(0, T ) , L2 (Ω)

)
∩ Lr(·)+1 (Ω× (0, T )) ,

for T > 0.

3 Nonexistence of global solutions

In this part we state and prove our main result. For this purpose, we define
energy functional of (1.1) as

E (t) =
1

2

[
∥ut∥2 + ∥vt∥2 + ∥∇u∥2 + ∥∇v∥2

]
+

1

2 (γ + 1)

[
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1)

]
−
∫
Ω
F (u, v) dx.(3.1)

Lemma 3.1. E (t) energy functional is nonincreasing function.

Proof. Multiplying the first equation of (1.1) by ut and the second equation

by vt, integrating over Ω, using integration by parts and summing up the

product results, we get

E′ (t) = −
∫
Ω
|ut|m(x)+1 dx−

∫
Ω
|vt|r(x)+1 dx ≤ 0. (3.2)

Lemma 3.2. [9]. Assume that (2.2) holds. Then, we have the following

inequalities:[
ϱp(·) (u) + ϱp(·) (v)

] s
2(p1+2) ≤ C

[
∥∇u∥2 + ∥∇v∥2 + ϱp(·) (u) + ϱp(·) (v)

]
,

(3.3)

∥u∥s2(p1+2) ≤ C
[
∥∇u∥2 + ∥∇v∥2 + ∥ut∥2(p1+2)

2(p1+2) + ∥vt∥2(p1+2)
2(p1+2)

]
, (3.4)

∥v∥s2(p1+2) ≤ C
[
∥∇u∥2 + ∥∇v∥2 + ∥ut∥2(p1+2)

2(p1+2) + ∥vt∥2(p1+2)
2(p1+2)

]
, (3.5)
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∫
Ω
|u|m(x)+1 dx ≤ c1

[(
ϱp(·) (u) + ϱp(·) (v)

) m1+1
2(p1+2) +

(
ϱp(·) (u) + ϱp(·) (v)

) m2+1
2(p1+2)

]
,

(3.6)∫
Ω
|u|r(x)+1 dx ≤ c2

[(
ϱp(·) (u) + ϱp(·) (v)

) r1+1
2(p1+2) +

(
ϱp(·) (u) + ϱp(·) (v)

) r2+1
2(p1+2)

]
,

(3.7)

for any u, v ∈ H1
0 (Ω) and 2 ≤ s ≤ 2 (p1 + 2) . Where C > 1, c1 > 0,c2 > 0

are constants and

H (t) = −E (t) .

Theorem 3.1. Assume that (1.3),(2.2), (2.3) and (2.4) hold. Assume fur-

ther that

2 (p1 + 1) ≥ max {m2 + 1, r2 + 1} (3.8)

and

E (0) < 0.

Then the solution of problem (1.1) blows up in finite time.

Proof. Then E (0) < 0 and (3.2) gives H (t) ≥ H (0) > 0. By the definition

H (t) and (2.1), we get

H (t) = −1

2

[
∥ut∥2 + ∥vt∥2 + ∥∇u∥2 + ∥∇v∥2

]
− 1

2 (γ + 1)

[
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1)

]
+

∫
Ω
F (u, v) dx

≤
∫
Ω
F (u, v) dx

≤ c1
[
ϱp(·) (u) + ϱp(·) (v)

]
. (3.9)

We define

Ψ (t) = H1−α (t) + ε

∫
Ω
(uut + vvt) dx (3.10)

for ε small to be chosen later and

0 < α ≤ min

{
p1 + 2

2 (p1 + 2)
,
2 (p1 + 2)− (m2 + 1)

2m2 (p1 + 2)
,
2 (p1 + 2)− (r2 + 1)

2r2 (p1 + 2)

}
.

(3.11)
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Differentiating Ψ (t) with respect to t, and using (1.1) and (1.4), we have

Ψ′ (t) = (1− α)H−α (t)H ′ (t) + ε
(
∥ut∥22 + ∥vt∥22

)
−ε

(
∥∇u∥2 + ∥∇v∥2

)
− ε

(
∥∇u∥2(γ+1)

2(γ+1) + ∥∇v∥2(γ+1)
2(γ+1)

)
+2ε

∫
Ω
(p (x) + 2)F (u, v) dx

−ε
∫
Ω
u |ut|m(x)−1 utdx− ε

∫
Ω
v |vt|r(x)−1 vtdx. (3.12)

By using the definition of the H (t), it follows that

−εq1 (1− ξ)H (t) =
εq1 (1− ξ)

2

[
∥ut∥2 + ∥vt∥2

]
+
εq1 (1− ξ)

2

[
∥∇u∥2 + ∥∇v∥2

]
+
εq1 (1− ξ)

2

[
∥∇u∥2(γ+1)

2(γ+1) + ∥∇v∥2(γ+1)
2(γ+1)

]
−εq1 (1− ξ)

∫
Ω
F (u, v) dx,

where 2 < η < 2 (p1 + 2) . Adding and subtracting −εq1 (1− ξ)H (t) from

the right-hand side of (3.12), we obtain

Ψ′ (t) ≥ (1− α)H−α (t)H ′ (t) + ε

(
1 +

q1 (1− ξ)

2

)(
∥ut∥22 + ∥vt∥22

)
+ε

(
q1 (1− ξ)

2
− 1

)(
∥∇u∥2 + ∥∇v∥2

)
+ εq1 (1− ξ)H (t)

+ε

(
q1 (1− ξ)

2 (γ + 1)
− 1

)[
∥∇u∥2(γ+1)

2(γ+1) + ∥∇v∥2(γ+1)
2(γ+1)

]
+ε (2 (p1 + 2)− q1 (1− ξ))

∫
Ω
F (u, v) dx

−ε
∫
Ω

[
u |ut|m(x)−1 ut + v |vt|r(x)−1 vt

]
dx. (3.13)

By using (2.1), we have

Ψ′ (t) ≥ (1− α)H−α (t)H ′ (t) + εβ
[
H (t) + ∥ut∥22 + ∥vt∥22

+ ∥∇u∥2 + ∥∇v∥2 + ∥∇u∥2(γ+1)
2(γ+1) + ∥∇v∥2(γ+1)

2(γ+1) + ϱp(·) (u) + ϱp(·) (v)
]

−ε
∫
Ω

[
u |ut|m(x)−1 ut + v |vt|r(x)−1 vt

]
dx (3.14)
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where

β = min

{
q1 (1− ξ) , 1 + q1(1−ξ)

2 ,
(
q1(1−ξ)

2 − 1
)
,
(
q1(1−ξ)
2(γ+1) − 1

)
,(η

2 + 1
)
, c0 (2 (p1 + 2)− q1 (1− ξ))

}
> 0.

To estimate the last term in (3.14), we use the Young inequality, we have∫
Ω
|ut|m(x) |u| dx ≤ 1

m1 + 1

∫
Ω
δ
m(x)+1
1 |u|m(x)+1 dx+

m2

m1 + 1

∫
Ω
δ
−m(x)+1

m(x)

1 |ut|m(x)+1 dx.

(3.15)

Similarly, we have∫
Ω
|vt|r(x) |v| dx ≤ 1

r1 + 1

∫
Ω
δ
r(x)+1
2 |v|r(x)+1 dx+

r2
r1 + 1

∫
Ω
δ
− r(x)+1

r(x)

2 |vt|r(x)+1 dx,

(3.16)

where δ1, δ2 > 0 are constants depending on the time t and specified later.

Let us choose δ1 and δ2 so that

δ
−m(x)+1

m(x)

1 = k1H
−α (t) and δ

− r(x)+1
r(x)

2 = k2H
−α (t) ,

for a large constant k1 and k2 to be specified later, and substituting in (3.15)

and (3.16), respectively, we get∫
Ω
|ut|m(x) |u| dx ≤ k−m1

1

m1 + 1

∫
Ω
|u|m(x)+1Hαm(x) (t) dx+

m2k1
m1 + 1

H−α (t)H ′ (t) ,

(3.17)

and∫
Ω
|vt|r(x) |v| dx ≤ k−r1

2

r1 + 1

∫
Ω
|v|r(x)+1Hαr(x) (t) dx+

r2k1
r1 + 1

H−α (t)H ′ (t) .

(3.18)

Combining (3.14), (3.17) and (3.18) gives

Ψ′ (t) ≥
[
(1− α)− ε

m2k1
m1 + 1

− ε
r2k1
r1 + 1

]
H−α (t)H ′ (t)

+εβ
[
H (t) + ∥ut∥22 + ∥vt∥22 + ∥∇u∥2 + ∥∇v∥2

+ ∥∇u∥2(γ+1)
2(γ+1) + ∥∇v∥2(γ+1)

2(γ+1) + ϱp(·) (u) + ϱp(·) (v)
]

− εk−m1
1

m1 + 1

∫
Ω
|u|m(x)+1Hαm(x) (t) dx

− εk−r1
2

r1 + 1

∫
Ω
|v|r(x)+1Hαr(x) (t) dx. (3.19)
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From (3.6), (3.7) and (3.9), we have∫
Ω
|u|m(x)+1Hαm(x) (t) dx

≤ C ′
[(
ϱp(·) (u) + ϱp(·) (v)

) m1+1
2(p1+2)

+αm2 +
(
ϱp(·) (u) + ϱp(·) (v)

) m2+1
2(p2+2)

+αm2

]
.

(3.20)

We then use lemma 3.2, for

s = (m2 + 1) + 2αm2 (p1 + 2) ≤ 2 (p1 + 2) ,

and

s = (m1 + 1) + 2αm2 (p1 + 2) ≤ 2 (p1 + 2) ,

to do deduce, from (3.20), that∫
Ω
|u|m(x)+1Hαm(x) (t) dx ≤ C

[
∥∇u∥2 + ∥∇v∥2 + ϱp(·) (u) + ϱp(·) (v)

]
.

(3.21)

Similarly∫
Ω
|v|r(x)+1Hαr(x) (t) dx ≤ C

[
∥∇u∥2 + ∥∇v∥2 + ϱp(·) (u) + ϱp(·) (v)

]
.

(3.22)

Combining (3.21), (3.22) and (3.19), give

Ψ′ (t) ≥
[
(1− α)− ε

m2k1
m1 + 1

− ε
r2k2
r1 + 1

]
H−α (t)H ′ (t)

+ε

(
β − k−m1

1

m1 + 1
C − k−r2

2

r2 + 1
C

)
×
[
H (t) + ∥ut∥22 + ∥vt∥22 + ∥∇u∥2 + ∥∇v∥2 + ϱp(·) (u) + ϱp(·) (v)

]
.

(3.23)

Let us choose k1, k2 large enough so that

γ = β − k−m1
1

m1 + 1
C − k−r2

2

r2 + 1
C > 0,

and picking ε small enough such that

(1− α)− ε
m2k1
m1 + 1

− ε
r2k2
r1 + 1

≥ 0,
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and

Ψ (0) = H1−α (0) + ε

∫
Ω
(u0u1 + v0v1) dx+

ε

2

[
∥∇u0∥2 + ∥∇v0∥2

]
> 0.

Hence (3.23) takes the form

Ψ′ (t) ≥ γε
[
H (t) + ∥ut∥22 + ∥vt∥22 + ∥∇u∥2 + ∥∇v∥2 + ϱp(·) (u) + ϱp(·) (v)

]
≥ γε

[
H (t) + ∥ut∥22 + ∥vt∥22 + ∥∇u∥2 + ∥∇v∥2 + ∥u∥2(p1+2)

2(p1+2) + ∥v∥2(p1+2)
2(p1+2)

]
.

(3.24)

Consequently, we get

Ψ (t) ≥ Ψ(0) > 0, for all t ≥ 0.

On the other hand, thanks to the Hölder inequality and the embedding

L2(p1+2) (Ω) ↪→ L2 (Ω), we obtain∣∣∣∣∫
Ω
uutdx

∣∣∣∣ ≤ ∥u∥2 ∥ut∥2

≤ C ∥u∥2(p1+2) ∥ut∥2 ,

which implies ∣∣∣∣∫
Ω
uutdx

∣∣∣∣ 1
1−α

≤ C ∥u∥
1

1−α

2(p1+2) ∥ut∥
1

1−α

2 .

Similarly ∣∣∣∣∫
Ω
vvtdx

∣∣∣∣ 1
1−α

≤ C ∥v∥
1

1−α

2(p1+2) ∥vt∥
1

1−α

2 .

Young’s inequality gives∣∣∣∣∫
Ω
uutdx+

∫
Ω
vvtdx

∣∣∣∣ 1
1−α

≤ C

[
∥u∥

µ
1−α

2(p1+2) ∥ut∥
θ

1−α

2 + ∥v∥
µ

1−α

2(p1+2) ∥vt∥
θ

1−α

2

]
, (3.25)

for 1
µ + 1

θ = 1. We take θ = 2 (1− α) ,to get µ
1−α = 2

1−2α ≤ 2 (p1 + 2) , by

(3.20).
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Therefore (3.25), becomes∣∣∣∣∫
Ω
uutdx+

∫
Ω
vvtdx

∣∣∣∣ 1
1−α

≤ C

[
∥u∥s2(p1+2) + ∥v∥

µ
1−α

2(p1+2) + ∥ut∥22 + ∥vt∥22
]
,

where

s =
2

1− 2α
≤ 2 (p1 + 2) .

By using (3.4) and (3.5), we have∣∣∣∣∫
Ω
uutdx+

∫
Ω
vvtdx

∣∣∣∣ 1
1−α

≤ C
[
H (t) + ∥ut∥22 + ∥vt∥22 + ∥∇u∥2 + ∥∇v∥2 + ϱp(·) (u) + ϱp(·) (v)

]
,

(3.26)

for all t ≥ 0. Thus,

Ψ
1

1−α (t) =

[
H1−α (t) + ε

∫
Ω
uut + vvtdx

] 1
1−α

≤ 2
1

1−α

[
H (t) +

∣∣∣∣∫
Ω
uutdx+

∫
Ω
vvtdx

∣∣∣∣ 1
1−α

]
≤ C

[
H (t) + ∥ut∥22 + ∥vt∥22 + ∥∇u∥2 + ∥∇v∥2 + ϱp(·) (u) + ϱp(·) (v)

]
(3.27)

where (a+ b)p ≤ 2p−1 (ap + bp) is used. By combining of (3.24) and (3.27),

we arrive

Ψ′ (t) ≥ ξΨ
1

1−σ (t) , (3.28)

where ξ is a positive constant. A simple integration of (3.28) over (0, t)

yields

Ψ
σ

1−σ (t) ≥ 1

Ψ− σ
1−σ (0)− ξσt

1−σ

,

which implies that the solution blows up in a finite time T ∗, with

T ∗ ≤ 1− σ

ξσΨ
σ

1−σ (0)
.

This completes the proof of the theorem.



Nonexistence of global solutions for a system of Kirchhoff-type· · · 115

Acknowledgements

The authors are grateful to the learned refree for his careful reading and
useful suggestions on the manuscripts.

References

[1] R.A. Adams and J.J.F. Fournier, Sobolev Spaces, Academic Press, New
York, 2003.

[2] L. Alkhalifa, H. Dridi and K. Zennir, Blow-Up of Certain Solutions to
Nonlinear Wave Equations in the Kirchhoff-Type Equation with Vari-
able Exponents and Positive Initial Energy, Journal of Function Spaces,
(2021), 1-9.

[3] S. Antontsev, J. Ferreira and E. Pişkin, Existence and Blow up of Petro-
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