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Abstract

We study immersions of a hemi-slant submanifold of lcK manifolds
as a warped product with the leaves of the holomorphic (respectively
slant) distribution warped and establish characterisation theorems and
estimations for the squared length of the second fundamental form in
both cases.

1 Introduction

Vaisman introduced locally conformal K&hler(lcK) manifolds as a general-
isation of Kéhler manifolds [21,33-38]. An 1cK manifold is a Hermitian
manifold that can be written as the union of Kéhler manifolds such that the
lcK metric is locally conformal to these Kdhler metrics. LcK manifolds are
characterised by the existence of a globally defined closed 1-form w, called
the Lee form, such that the fundamental 2-form of the 1cK metric satisfies
dQ) = Q ANw. The Lee form and its associated Lee Vector field play an
important part in the geometry of lcK manifolds.
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From an extrinsic geometric standpoint, holomorphic and totally real
submanifolds are important objects of study in the setting of almost Hermi-
tian manifolds. Bejancu [5, 6] defined CR submanifolds as a generalisation
of holomorphic and totally real submanifolds which were further studied by
Chen [11,12]|. Later, Chen [13, 14] extended the class of holomorphic and
totally real submanifolds by introducing the notion of slant submanifolds.
The concept was further generalised to pointwise slant submanifolds [20] by
the same author. The study of CR submanifolds and slant submanifolds was
later generalised by several authors to semi-slant submanifolds, hemi-slant
submanifolds(also called pseudo-slant submanifolds) and bi-slant submani-
folds, in various ambient manifolds.

Papaghiuc [28] studied semi-slant submanifolds in almost Hermitian man-
ifolds. Cabrerizo et al.

[9, 10] studied semi-slant submanifolds in Sasakian manifolds. Slant
and semi-slant submanifolds in almost product Riemannian manifolds were
studied in [2,24,29]. Hemi-slant submanifolds were also studied in nearly
Kenmotsu manifolds [4], LCS-manifolds [3] and locally product Riemannian
manifolds [31].

Bishop and O’Neill [7] while studying examples of manifolds with neg-
ative sectional curvature, defined warped product manifolds by homotheti-
cally warping the product metric on a product manifold. Warped products
are a natural generalisation of Riemannian products and they have found
extensive applications in relativity. Most notably the Schwarzschild metric
describing the gravitational field outside a spherical mass under certain as-
sumptions and the Robertsen Walker metric (FLRW metric) are examples
of warped product metrics. A natural example of warped product manifolds
are surfaces of revolution. Hiepko [22] gave a characterisation for a Rieman-
nian manifold to be the warped product of its submanifolds, generalising the
deRham decomposition theorem for product manifolds. Later on Nolker [27]
and Chen [15, 16, 19] initiated the study of extrinsic geometry of warped
product manifolds.

Chen [17,18] initiated the study of CR submanifolds immersed as warped
products in Kéhler manifolds. Bonanzinga and Matsumoto [8,25,26] contin-
ued the study in the setting of IcK manifolds. Nargis Jamal et al. [23] stud-
ied Generic warped products in 1cK manifolds. Further studies of semi-slant
and hemi-slant submanifolds of lcK manifolds were carried out in [1,30,32].
Generic submanifolds, CR-submanifolds and semi-slant submanifolds im-
meresd as warped products in 1cK manifolds were studied by [1,23].
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We continue the study by considering hemi-slant submanifolds in an lcK
manifold. In particular we give characterisation theorems and establish es-
timations for the length of the second fundamental forms of hemi-slant sub-
manifolds immersed as warped products in an lcK manifold.

2 Preliminaries

Definition 2.1. A Hermitian Manifold (MZ”,J,Q) is said to be a locally
conformal Kdhler (l.c.K.) manifold if there exists an open cover {U;}icr of
M2 and a family {fitier of C*° functions f; : Ui — R such that for each
1 € I, the metric

gi=eTiglu, (2.1)

on U; is a Kdhler metric.

Given an l.c.K. manifold (MZ", J,g), let U,V denote smooth sections of
TM?", then the local 1-forms df; glue up to a globally defined closed 1-form
w, called the Lee form, and it satisfies the following equation

dQ=Q Nw (2.2)

where Q(U, V) = ¢g(JU, V) is the fundamental 2-form associated to (J,g).

Denote by © the global closed 1-form defined as © = w o J. Then, © is
called the anti Lee form.

Denote by B and A the vector fields equivalent to w and © respectively
with respect to g, i.e. w(U) =¢(B,U) and ©(U) = g(A,U).

B and A are respectively called the Lee vector field and the anti Lee
vector field, and are related as

A=—JB (2.3)

Let V denote the Levi-Civita connection of (]\72”, g) and V; denote the Levi-
Civita connection of the local metrics g; for all ¢ € I. Then \ glue up to a
globally defined torsion-free linear connection v on M2 given by

VuV =VyV — 5 {w(U)V +w(V)U — g(U,V)B} (2.4)

where U,V € TM?" and satisfying

Vg=w®yg (2.5)
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V is called the Weyl connection of the 1.c.K. manifold (MQ”, J,g). As g; are
Kéhler metrics, the almost complex structure J is parallel with respect to
the Weyl connection, i.e. VJ = 0. This gives

VoIV = IV + % (OV)U — w(V)JU — g(U,V)A + Q(U,V)B} (2.6)

Now as w is a closed form on M’ 2n we have
(Vyw)V = (Vyw)U (2.7)

Hence using (2.6) and (2.7) we have

(VO = Uw(JV) — w(VyJV) + %@(V)w(U) _Loomew
+9(JU,V)||B|?

as w(A) = g(B, A) = 0 from (2.3) and w(B) = g(B, B) = || B||?
Thus, we have

(VoO)V = (Vow)V + 50(V)w(U) — 2w(V)OU) +g(JU V)|BIP (28)

Let M™ be a Riemannian manifold isometrically immersed in an l.c.K. mani-
fold (M?",.J, g). Let U, V, W denote smooth sections of TM™ and &, 7 denote
smooth sections of TM™.

The Gauss and Weingarten formulae with respect to the Riemannian
connection of M?" are given as

VoV =VyV +h(U,V) (2.9)
Vi€ =AU + Ve (2.10)

where h is the second fundamental form, 2 is the shape operator and V, V+
are respectively the induced connections in the tangent bundle and the nor-
mal bundle of M™ with respect to V.

The Gauss and Weingarten formulae with respect to the Weyl connection
of M?" are given as

VoV =VyV + (U, V) (2.11)
Vué = AU + Ve (2.12)
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where h is the second fundamental form, 2A is the shape operator and Vv, vi
are respectively the induced connections in the tangent bundle and the nor-
mal bundle of M™ with respect to V.

Let H denote the trace of h, then H is called the mean curvature vector
of M™ in (M?",J,g) and is a smooth section of T+-M™. We say M™ is a
totally umbilic submanifold of (M2, J,g), if h(U,V) = g(U,V)H. We say
M™ is a totally geodesic submanifold of (]\72”, J,g),if h(U,V) =0.

Let BT, BN denote the tangential and normal components of the Lee
vector field B and let AT, AN denote the tangential and normal components
of the anti Lee vector field A.

From (2.4), we have the following relations

VyV =VyV — % {wU)V +w(V)U - g(U,V)BT} (2.13)
(U, V) = h(U,V) + %g(a V)BN (2.14)
AU = AU + %w(f)U (2.15)
Ve = Vit — (U (2.16)
Now define
JU = PU + FU JE =t + f¢ (2.17)

where PU,t€ and FU, f€ are respectively the tangential and normal parts.
Then, we have

P?4tF =—1 Py Ft=—1
! (2.18)
FP4+ fF=0 tf +Pt=0
Now from (2.3) and (2.17) we have
AT = —pBT —tBYN AN = —FBT — fBN (2.19)

Define the covariant differentiation of P, F, ¢t and f with respect to the
Levi-Civita connection of M?" as

(VyP)V =Vy PV — PVyV
(VyF)V =VEFV — FVyV
(Vut)€ = Vyté —t(V§é)
(Vuf)é = Vife— F(ViE)

(2.20)
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Similarly, define the covariant differentiation of P, F', ¢ and f with respect
to the Weyl connection of M?" as

(VuP)V =VyPV — PV,V
(VuF)V =VEFV — FVyV

~ . N (2.21)
(Vut)€ = Vut€ — tVi¢
(Vuf)é = Vife - fVie
Then as V.J = 0, using (2.13), (2.14), (2.15), (2.16) we have
(VuP)V = ApyU + th(U, V) + % (O(V)U — w(V)PU
+9(PU, V)BT — g(U,V)AT}
(VyF)V = fh(U,V) = h(U, PV) + % {g(PUV)BYN — g(U,V)AN 222

—w(V)FU}
(Vut)é = AseU — PAU + % {9(FU, )BT —w(§)PU +O(E)U}
(Ve = —h(U.1€) — FAU + 5 {g(PU.BY — w(©)FU)

Define the covariant derivative of the second fundamental form h of the
Riemannian connection V as

(Vuh)(V, W) = Vih(V, W) = (Vg V, W) = h(V, Vy V) (2.23)

Let R, R, R+ denote the curvature tensors associated to V,V, V' respec-
tively. Then the Gauss, Codazzi and Ricci equations are respectively given
by

g(R(U, V)VV, S) = g(R(Ua V)W7 S) + g(h(Va S)> h(U> W))

—g(h(U, S),h(‘/, W)) (2'24)
RU VW) = (Vuh)(V,W) = (Vyh)(U,W) (2.25)
g(R(U,V)¢,m) = g(R(U,V)¢,m) — g([Ae, Ay)U, V) (2.26)

Bishop and O’Neill |7] defined warped product as

Definition 2.2. Let (M{",g1) and (M3?, g2) be Riemmanian manifolds and
let m : My x My — My and 7o : My x My — My be the canonical projec-
tions. Let X\ : My — (0,00) be a smooth function. Then the warped product
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manifold (M, g) = My x \My is defined as the manifold My x My equipped

with the Riemannian metric
g=T7ig1 + A\’ (2.27)

Warped product manifolds are a generalization of the usual product of two
Riemannian manifolds. In fact we have the following characterisation theo-
rem.

Theorem 2.1 ( [22]). Let (M™,g) be a connected Riemannian manifold
equipped with orthogonal, complementary, involutive distributions D1 and D.
Further let the leaves of Dy be totally geodesic and the leaves of Da be extrinsic
spheres in M™, where by extrinsic spheres we mean totally umbilic subman-
ifolds such that the mean curvature vector is parallel in the normal bundle.
Then (M™, g) is locally a warped product (M,g) = My x \Ms, where M
and My respectively denote the leaves of D1 and Dy and A : My — (0,00) is
a smooth function such that grad(ln\) is the mean curvature vector of My
wmn M.

Further, of (M™,g) is simply connected and complete, then (M™,g) is
globally a warped product.

For (M, g1), (M3?, g2) and (M, g) denote respectively the Levi-Civita con-
nections by V!, V2 and V. Given any smooth function A : M; — R, let
grad(\) denote the lift of the gradient vector field of A to (M, g).

Theorem 2.2 ( [22]). Given a warped product manifold (M, g) = My x Mo
of Riemmanian manifolds (M, g1) and (M3?, g2), we have for all X,Y €
L(My) and Z,W € L(M,),

VxY = VLY (2.28)
VxZ=VzX=X(In\Z (2.29)
VW = VW — g(Z,W)grad(ln \) (2.30)
It follows from Theorem 2.2 that H = —grad(ln \) is the mean curvature vec-

tor of My in M. Let M™ be a Riemannian manifold isometrically immersed
in an l.c.K. manifold (M?",J, g).

M™ is said to be a hemi-slant submanifold if it admits two orthogonal
complementary distributions D+ and D?, such that Dt is totally real, i.e.
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JD+ C THM™ and D? is slant with slant angle 0 # 0,3, ie. P27 =
—cos? 07, for every smooth vector field Z € DY.

The tangent bundle and the normal bundle of a hemi-slant submanifold
admits an orthogonal decomposition as

TM™ =D+ oD’ TM™ = JD+ @ FD? ¢ 1 (2.31)

where p is the orthogonal complementary distribution of JD+ & FD? in
T+M™ and is an invariant subbundle of 7M™ with respect to J. It is easy
to observe that,

PDt = {0} pD? =D’ FDt =D+
t(JDt) =Dt t(FD%) = DY t(p) = {0} (2.32)
f(FD*) = {0} f(FD’) = FD’ fp) =p

Let M™ be a hemi-slant manifold isometrically immersed in an 1.c.K. man-
ifold (M?",J,g) such that the totally real distribution D+ and the slant
distribution DY are both involutive. Let M'" and M92712 respectively denote
the leaves of D+ and D?, where n; = dimg D+ and 2ny = dimg DY. We say
M™is a

e mized totally geodesic hemi-slant submanifold if h(D+, D?) = {0}.

e hemi-slant product submanifold if M™ can be expressed locally as
ML X M@.

e hemi-slant warped product submanifold if M™ can be expressed locally
as M| x yMy for some smooth function A : M| — (0, 00).

e warped product hemi-slant submanifold if M™ can be expressed locally
as My x \M, for some smooth function A : My — (0, 0).

From here on we use X,Y, X; to denote smooth vector fields in £(M ) and
Z,W to denote smooth vector fields in L£(Mp).

Theorem 2.3. [30] Let M™ be a hemi-slant submanifold of an l.c.K. man-
ifold M*". Then

o the totally real distribution D+ is involutive.
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o the leaves of the totally real distribution D+ are totally geodesic in M™
if and only if

G @AyxZ — Apy X,Y) = %w(PZ)g(X, % (2.33)

o the leaves of the totally real distribution D+ are totally umbilic in M™
if and only if

9 A xZ — Az X,Y) = (;W(PZ) +9(H, PZ)) g(X,Y)  (2.34)

for some smooth vector field H € DY .

Theorem 2.4. [30] Let M™ be a hemi-slant submanifold of an l.c.K. man-
ifold M>". Then

o the slant distribution DY is involutive if and only if

g Appz X, W)+ g(Viy FZ,JX) = g@rpw X, Z) + g(VEFW, JX)
(2.35)

o the leaves of the slant distribution DY are totally geodesic in M™ if and
only if

w(DY) = {0} and g(Appz X, W) +g(VigFZ, JX) =0  (2.36)

o the leaves of the slant distribution DY are totally umbilic in M™ if and

only if

1
9 &Appz X, W)+9(Viy FZ,JX) = sin® 0 <2w(X) + g(”H,X)) 9(Z, W)
(2.37)
for some smooth vector field H € D+.

Notations: Let D and D? be the totally real and slant distributions on a
hemi-slant submanifold M™ of an 1cK manifold M2" such that both distri-
butions are involutive and let M| and My respectively denote the leaves of
the distributions D+ and DY respectively. Then D+ (p, q) = Tip,q) (M1 x{q})
and D?(p,q) = Tip,g)({p} x Mg). Let L(M,) and L(Mp) respectively de-
note the set of lifts of vector fields from M| and My to M. Then X €
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L(My) if and only if Xy, is constant for every p € M. Similarly,
Z € L(Mp) if and only if Z|p w(q is constant for every ¢ € My. Also,
ifm, M) X Mg — M| and 7g : M| X My — My are the canonical projec-
tions, we have dm) (L(M 1)) = TM, and dmg(L(My)) = TMy. It is clear
that a general vector field in D+ (respectively DY) need not be in £(M,)
(respectively £(Mp)).

3 Hemi-Slant Warped Product Submanifolds of l.c.K.
manifolds

Lemma 3.1. Given a hemi-slant warped product submanifold M = M| x My
in an lcK manifold (M>", J, g),
we have for oll X, Y, X1 € L(M)) and Z,W € L(My),

g(h(X, 2), FW) = g(h(X, W), FZ) (3.2

g(h(Z, W), JX) = g(h(X, Z), FW) + %g(Z, W)g(JB,X)  (3.3)

X(In\) = %g(B,X) (3.4)
g(h(X,Y), JXl) = g(h<X7X1)v JY) - %Q(Xv Y)Q(Bv JXl)
+59(X. X1)g(B, V) (35

Proof. For all XY, Xy € L(M,) and Z,W € L(My), we have using (2.6)
and (2.29),

9MX,2),JY) =g(VzX,JY) = —g(JVzX,Y) = —g(VzJX,Y) = g(A)x Z,Y)

which implies (3.1). Similarly,

g(h(X,Z),FW) = g(VxZ,JW) — g(Vx Z, PW)
= —g(JVxZ,W) —g(VxZ,PW)
= —g(VxJZ, W)~ X(In\)g(Z, PW)
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= —X(In\)g(PZ,W) + g(ArpzX, W) — X(In \)g(Z, PW)
which implies (3.2). Repeating the above calculation, we have

9(WX,Z),FW) = —g(JVzX, W) — g(VzX, PW)
= —4(V2JX, W) = 59(JB, X)g(Z, W)
~ 59(B, X)g(JZ, W) — X (In N)g(Z, PW)
= G2 W) = S9(IB, X)g(Z, W)

- %g(B, X)g(PZ,W) — X(In\)g(Z, PW)

Using (3.2) and comparing symmetric and skew symmetric terms in Z and
W we have,

o(h(X, 2), FW) = g(h(Z, 1), JX) = (I B, X)g(Z, W)

which proves (3.3) and

1
0= <X(ln ) — 2g(B,X)> g(PZ,W)
which proves (3.4). Finally,

— 1 1
=—g(VxJY, X;) — ig(X’ X1)g9(JB,Y) + 59(X7 Y)g(JB, X1)
1 1
=9y X, X1) = 59(X, X1)g(JB,Y) + 59(X, Y)g(J B, X1)
which gives (3.5). O

Remark 3.1. Given a hemi-slant warped product submanifold M x yMy of
an l.c.K manifold M?", let {X;}}_, and {Zj,BPZj}gzl respectively be local



88 Umar Mohd Khan and Vigar Azam Khan

orthonormal frames of TM, and TMy. Then a local orthonormal frame of
M2 s

(7=} {7~ 2.7 - 0 (- ax)

—  aFZ; —= oafFPZ; ~ —
U{sz: : 7FPZj=J}u{£k,J£k}

A
where o = csch, B =secH and

{5(\1 1< < nl} 18 an orthonormal basis of Dt

Z,IgZ\j 11 <5< ng} is an orthonormal basis of D’
i1 << nl} s an orthonormal basis of JD+
FZ]',F/PZ 11 <5< ng} is an orthonormal basis of FDY

{
{7%.
(7

—nyp — 2712

{gk,jgc 1<k< n 5 } is an orthonormal basis of u

However, while Z;, BPZ; € L(Mg) we have Z,ﬁz ¢ L(Mpy) in general, as
A is o function on M, . Also, note that

— Z; PZ; FZ, == 3
J (Zj> =J <)\J> = TJ + TJ = cosOPZ; +sin0FZ;

s PZ. P2z FPZ,
J<PZj) =J (sec& )\J> = seC@)\ L+ Sece)\ :

= —Cos 02} + sin HF/PZ

We now give a characterisation for hemi-slant warped product submanifolds
of l.c.K. manifolds.

Theorem 3.1. Let M™ be a hemi-slant submanifold of an l.c.K. manifold
M?". Then the following are equivalent

1. M™ is a hemi-slant warped product submanifold M, x yMy of M2
2. For every X,Y € L(M,) and Z,W € L(My) we have
1
9gR&ixZ —UApzX,Y) = §W(PZ)9(X7Y)

g Appz X, W)+ g(Viy FZ,JX) = sin? 6 (;W(X) — X(In )\)) g(Z, W)
(3.6)
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for some smooth function X\ : M, — (0,00).

3. For every X € L(M ) and Z € L(My) we have

1
VxZ =VzX = jw(X)Z (3.7)

Also, in this case we have the mean curvature vector H of My in M™ is
1

where B|pL is the component of B along D+

Proof. (1)<(2) This follows from Theorem 2.3, Theorem 2.4 and the fact
that VIn A € £(M ) which implies for all X € L(M ) and Z € L(My)

9g(Vz(VIn ), X)=ZX(InA) — g(VIn A\, VzX)
=[Z,X](InX) = VzX(InX) (as Z(InA) =0)
= —VxZ(In\)
=9(Z,Vx(VIn\))
=0
as Dt is totally geodesic. Also, (3.8) follows from Lemma 3.1 (3.4).
(1)<(3) Let M = M| x yMjy be a hemi-slant warped product submanifold.
Then (3.7) and (3.8) follow from (2.29) and Lemma 3.1 (3.4).
. Conversely, let M"™ be a hemi-slant submanifold of an l.c.K. manifold

M?" such that (3.7) holds. Then for all X,Y € L(M}) and Z,W € L(M,)

we have

g([X,Y],Z) = g(VXY - Vy X, Z)
=—9(VxZY)+9(VyZ X)
=0

which implies D is involutive.

9(VxY,Z)=—g(VxZ,Y)=0
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which implies leaves of D+ are totally geodesic in M.

9([Z, W], X) = g(VzW - VwZ, X)

=—9(VzX, W) +9(VwX, Z)

= —Je(X)g(Z,W) + (X)g(W, 2) = 0

which implies DY is involutive.

g(VzW, X) = —g(Vz X, W)

= —3(X)g(2,W)

= —30(Z,W)g(BT X)

which implies leaves of D? are totally umbilical in M with mean curvature
vector —3B|p..

1
g(VzB|pL,X) = @ (Blpt)g(Z,X) =0

which implies Blp. is parallel in the normal bundle of My in M.
Hence by Theorem 2.1 we have M = M| X yMj is a hemi-slant warped
product submanifold. O

We conclude our study of hemi-slant warped product submanifolds of
l.c.K. manifolds by giving an inequality for the norm of the second funda-
mental form.

Theorem 3.2. Let M = M| x \My be a hemi-slant warped product sub-
manifold in an lcK manifold (M?",J,g). Then the norm of the second fun-

damental form satisfies the inequality

(n1 + ngo — 1)
2

Al > B ype|* + 29 (Hp|ype, Blype)

+ g (Hps|jpr,Bljpr) — K (3.9)

where ny = dimg D, 2ny = dimg DY, Hpr and Hpe are respectively the

components of the mean curvature vector H of M in M2 along D+ and DY
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and given any orthonormal basis {5(\1 1< < nl} of D+,
K =20 (0, 5) %) (7).
If equality holds then we have
e Image(h) C (JD+ @ FDY), and
o My is totally umbilical in M2n (with mean curvature vector H = —5B|p1)

if and only if, M is mized-totally geodesic in M>".

Proof.

2 2
+[|p?, D) .

2
+ Hh(,Dla De)‘JDJ_

2 1 1
)12 = ||a@*, D) 5
2

2
+ Hh(D9,D‘))]FD9

2
+ [0 D) e

n Hh(DL,DL)yFDQ
+ Hh(pl’pl)‘uHQ + Hh(DL,DG)MHQ + Hh(De’De)‘uH

From (3.5) and Remark 3.1 we have
(55 3 o0 (5.5). )
(o0 (5. ) ) 0o (5.5 )
> )\G#ng h(Xi, X;),JX;)?

|p(D*, DY) 1

i#]
1 2
62{ XZ,Z JXj)—f'Qg(Xi’Xi)g(BaJXj)}
i#£j

0 (0(5.5) )

4z ;g(XZ,Xl> (B JX)
+2Zg(h( ) )g(E,E)g@J/\XJ)

i#]
2 —~ —~
+2g (Z h (XX) . ,B\JDL>
3

Bl .

>
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250 (4 (7). 75 (1,75

_p—1
)

2
+29(Hpi|jpL, Bljpr) — K

B|;p.
From (3.3) and Remark 3.1 we have
0 (h(20.2,) ,TX0) =330 (0 (2, 2,), TX0)
:% { (h(Xi,Zp) , FZ,) + 1)\25pqg(JB,Xi)}

—sinfg (h (35 7 ) FZ ) + %%g (JB,Z-)
g(

— sec? 6
X g

(h(PZ,, PZy),JX;)
_sec 29
=z
1
+§)\ cos® 00,49 (J B, X;)

{ ( (X'7PZP)’FPZQ)

e\ e 1 _
—=sindg (n(Xi, PZ,) . FPZ,) + 50549 (/B.%)

which implies

|

-3 {o (4(77). %) 4o (1 (5.72) 5
4,D,q

(1 (772 75)" a0 (7% 77) )

o0 {04 (8.2) )" 1 (7.7). F77)

h(D’, DY)

‘JDL

2
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o (1 (5.75,) ) +0 (0 (%.75,) FPZ,)’)
35 (8X) o (0(55) K)o (45.5)
1,p Lp
g<h (ﬁZ,,ﬁZ)) 7‘72)9(‘]3’55)}

2q
4 HB|JDi

(S0 @7) 4 (7))

p

2
—sin? 0 | (D, D)o | -

’BJDJ-)
JDL

2
q
— g (Hpolypr, Bljpr) — 2HB‘JDJ_

2
= sin0 |[(D*, D)

Combining we have (3.9).
If equality holds in (3.9), then the only nON-zero components of ||h|| are

|h(D+, D) ||, D) ppo||” and ||R(D?, D)|jpo||°. Also, from
the above computatlons we have, Hh D+, DY) FDGH = 0 if and only if
|h(D?, DY) ;s H = 0. Hence, the result follows. O

4 Warped Product Hemi-Slant Submanifolds of l.c.K.
manifolds
Lemma 4.1. Given a warped product hemi-slant submanifold M = My x M|

in an lcK manifold (Mzn, J,g), we have for oll X, Y € L(M)) and Z,W €
L(Me)?

9(h(X, 7). JY) = g((Y, 2), IX) (1.1
o(h(X, 2), FIV) = g(h(X, W), F2) 42
o(h(Z, W), JX) = g(h(X, Z), FWV) + Lg(Z,W)g(JB,X)  (43)
9(B,X) =0 (19

g(h(X, ), TX1) = g(h(X, X1), TY ) = 29X, ¥ )g(B, T X))
% (X, X1)g(B, JY) (4.5)
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Proof. For all X,Y € L(M,) and Z,W € L(Mpy), we have using (2.6) and
(2.29),

g(h(X,2),JY)=g(VzX,JY)=—g(JVzX,Y)
=—g(VzJXY)=g(U;xZ,Y)

which implies (4.1). Similarly,

g(h(X,2),FW) = g(NxZ,JW) — g(VNxZ, PW)
= —g(JVxZ,W) - g(VxZ,PW)
=-—g(VxJZ,W)
=gApz X, W)

which implies (4.2). Repeating the above calculation, we have

g(h(X,2),FW) = g(VzX,JW — PW)
— —g(JV X, W) — ¢(V2 X, PW)
= ~g(V2X,W) = 29(IB, X)g(Z,W) = S9(B, X)g(IZ, W)
= g(@xZ,W) ~ 3g(TB, X)g(Z,W) = 29(B, X)g(PZ, W)

Using (4.2) and comparing symmetric and skew symmetric terms in Z and
W we have,

1
which shows (4.3) and
1
0= 59(B, X)g(PZ, W)
which shows (4.4). Finally,

g(MX,Y),JX1) = g(VxY, X))



Hemi-Slant submanifolds of IcK manifolds as warped products 95

= —9(JVxY, Xy)

= —g(VxJY, X1) ~ J9(X, X1)g(JB,Y)

+ 590X, Y)g(B,X1)

= g2y X, X1) — 29X, X1)g(TB, Y) + 59(X,V)g(J B, X)
which gives (4.5). O

Remark 4.1. Given a warped product hemi-slant submanifold My x \M | of
an l.c.K manifold M*", let {X;}}_, and {Zj,ﬁPZj}g-:l respectively be local
orthonormal frames of TM | and TMy. Then a local orthonormal frame of

M2 s
{Xi—)\} {z = 7;,PZ, —ﬁPZj}U{JXi— 3 }

0{FZ; = aF2;, FPZ; = apFPZ; b U {6, J&,}

where o = csch, B =secH and

{A 1<i < nl} is an orthonormal basis of D+

{ZJ 1< < ng} is an orthonormal basis of D’
{J <1< nl} s an orthonormal basis of JD+

{ 1< < ng} 1s an orthonormal basis of FD?
{fk, JE 1<k < 1171122712} s an orthonormal basis of u

However, while X; € L(M,) we have X; ¢ L(M)) in general, as X is a
function on My.

We now give a characterisation for warped product hemi-slant submanifolds
of l.c.K. manifolds.

Theorem 4.1. Let M™ be a hemi-slant submanifold of an l.c. K. manifold
M?". Then the following are equivalent

1. M™ is a warped product hemi-slant submanifold Mg x M, of M2
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2. For every X,Y € L(M,) and Z,W € L(My) we have

9@xZ = Apy X,Y) = <;w(JZ) — Z(In A)) (X, )

4.6
w(DY) = {0} and g(™Appz X, W)+ g(Viy FZ,JX) =0 o
for some smooth function X : My — (0, 00).
3. For every X € L(M,) and Z € L(My) we have
w(DH) ={0} and VxZ =VzX = Z(In )X (4.7)

Also, in this case we have the mean curvature vector H of M| in M™ is
H = —grad(In \) (4.8)

Proof. (1)<(2) This follows from Theorem 2.3, Theorem 2.4 and the fact
that gradln A € £(Mjy) which implies for all X € L(M,) and Z € L(Mjy)

9(Vx(gradln\), Z) = XZ(In \) — g(gradIn A\, Vx Z)
=[X,Z](In\) = VxZ(In\) (as X(In)\) =0)
=—-VzX(n\)
= 9(X, Vz(grad(In A)))
=0

as DY is totally geodesic.
(1)<(3) Let M = My x yM, be a warped product hemi-slant submanifold.
Then (4.7) and (4.8) follow from (2.29).

Conversely, let M"™ be a hemi-slant submanifold of an l.c.K. manifold
M?" such that (4.7) holds. Then for all X,Y € L(M,) and Z,W € L(My)

we have
9([X, Y], Z2) = g(VxY - Vy X, 2)

=—9(VxZ,Y)+9(VyZ,X)
=—Z(InX)g(X,Y)+ Z(InN)g(Y,X) =0
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which implies D is involutive.

9(VxY,Z) = —g(VxZ,Y)
= —Z(In\)g(X,Y)
= —g(X,Y)g(grad(In \), 2)

which implies leaves of D+ are totally umbilical in M with mean curvature
vector —grad(In A).

g([Z, W]vX) = Q(VZW - VWZvX)
=—9(VzX, W) +g9(Vw X, Z)
=0

which implies DY is involutive.
g(VzW, X) = —g(VzX, W) =0
which implies leaves of DY are totally geodesic in M.
g (Vxgrad(ln)), Z) = grad(ln \)(In A\)g(X,Z) =0

which implies grad(In \) is parallel in the normal bundle of M| in M.
Hence by Theorem 2.1 we have M = My x yM, is a warped product
hemi-slant submanifold. O

We conclude our study of warped product hemi-slant submanifolds of
l.c.K. manifolds by giving an inequality for the norm of the second funda-
mental form.

Theorem 4.2. Let M = M| x My be a warped product hemi-slant sub-
manifold in an IcK manifold (M?",.J,g). Then the norm of the second fun-
damental form satisfies the inequality

ni+ng —1
fHBbDLHz +2g (Hp|ypL, Blypr)

+9(HpoljpL,Bljpr) — K (4.9)

1A =
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where ny = dimg D+, 2ny = dimg DY, Hpi and Hpe are respectively the
components of the mean curvature vector H of M in M?*" along D+ and D?

—

and given any orthonormal basis {XZ' 1< < nl} of D+,
K =259 (1(%.5) 7K ¢ (5.7X,) .
If equality holds then we have
e Image(h) C (JD+ @ FD?), and
o My is totally geodesic in J\72", if and only if, M is mized-totally geodesic
in M2,
The proof follows on the same lines as that of Theorem 3.2.

Acknowledgement: The authors would like to thank the referee(s) for
their invaluable criticism and suggestions towards improving the paper.
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