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Abstract

We study immersions of a hemi-slant submanifold of lcK manifolds

as a warped product with the leaves of the holomorphic (respectively

slant) distribution warped and establish characterisation theorems and

estimations for the squared length of the second fundamental form in

both cases.

1 Introduction

Vaisman introduced locally conformal Kähler(lcK) manifolds as a general-
isation of Kähler manifolds [21, 33�38]. An lcK manifold is a Hermitian
manifold that can be written as the union of Kähler manifolds such that the
lcK metric is locally conformal to these Kähler metrics. LcK manifolds are
characterised by the existence of a globally de�ned closed 1-form ω, called
the Lee form, such that the fundamental 2-form of the lcK metric satis�es
dΩ = Ω ∧ ω. The Lee form and its associated Lee Vector �eld play an
important part in the geometry of lcK manifolds.
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From an extrinsic geometric standpoint, holomorphic and totally real
submanifolds are important objects of study in the setting of almost Hermi-
tian manifolds. Bejancu [5, 6] de�ned CR submanifolds as a generalisation
of holomorphic and totally real submanifolds which were further studied by
Chen [11, 12]. Later, Chen [13, 14] extended the class of holomorphic and
totally real submanifolds by introducing the notion of slant submanifolds.
The concept was further generalised to pointwise slant submanifolds [20] by
the same author. The study of CR submanifolds and slant submanifolds was
later generalised by several authors to semi-slant submanifolds, hemi-slant
submanifolds(also called pseudo-slant submanifolds) and bi-slant submani-
folds, in various ambient manifolds.

Papaghiuc [28] studied semi-slant submanifolds in almost Hermitian man-
ifolds. Cabrerizo et al.

[9, 10] studied semi-slant submanifolds in Sasakian manifolds. Slant
and semi-slant submanifolds in almost product Riemannian manifolds were
studied in [2, 24, 29]. Hemi-slant submanifolds were also studied in nearly
Kenmotsu manifolds [4], LCS-manifolds [3] and locally product Riemannian
manifolds [31].

Bishop and O'Neill [7] while studying examples of manifolds with neg-
ative sectional curvature, de�ned warped product manifolds by homotheti-
cally warping the product metric on a product manifold. Warped products
are a natural generalisation of Riemannian products and they have found
extensive applications in relativity. Most notably the Schwarzschild metric
describing the gravitational �eld outside a spherical mass under certain as-
sumptions and the Robertsen Walker metric (FLRW metric) are examples
of warped product metrics. A natural example of warped product manifolds
are surfaces of revolution. Hiepko [22] gave a characterisation for a Rieman-
nian manifold to be the warped product of its submanifolds, generalising the
deRham decomposition theorem for product manifolds. Later on Nölker [27]
and Chen [15, 16, 19] initiated the study of extrinsic geometry of warped
product manifolds.

Chen [17,18] initiated the study of CR submanifolds immersed as warped
products in Kähler manifolds. Bonanzinga and Matsumoto [8,25,26] contin-
ued the study in the setting of lcK manifolds. Nargis Jamal et al. [23] stud-
ied Generic warped products in lcK manifolds. Further studies of semi-slant
and hemi-slant submanifolds of lcK manifolds were carried out in [1,30,32].
Generic submanifolds, CR-submanifolds and semi-slant submanifolds im-
meresd as warped products in lcK manifolds were studied by [1, 23].
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We continue the study by considering hemi-slant submanifolds in an lcK
manifold. In particular we give characterisation theorems and establish es-
timations for the length of the second fundamental forms of hemi-slant sub-
manifolds immersed as warped products in an lcK manifold.

2 Preliminaries

De�nition 2.1. A Hermitian Manifold (M̃2n, J, g) is said to be a locally

conformal Kähler (l.c.K.) manifold if there exists an open cover {Ui}i∈I of

M̃2n and a family {fi}i∈I of C∞ functions fi : Ui → R such that for each

i ∈ I, the metric

gi = e−fig|Ui (2.1)

on Ui is a Kähler metric.

Given an l.c.K. manifold (M̃2n, J, g), let U, V denote smooth sections of
TM̃2n, then the local 1-forms dfi glue up to a globally de�ned closed 1-form
ω, called the Lee form, and it satis�es the following equation

dΩ = Ω ∧ ω (2.2)

where Ω(U, V ) = g(JU, V ) is the fundamental 2-form associated to (J, g).
Denote by Θ the global closed 1-form de�ned as Θ = ω ◦ J . Then, Θ is

called the anti Lee form.
Denote by B and A the vector �elds equivalent to ω and Θ respectively

with respect to g, i.e. ω(U) = g(B,U) and Θ(U) = g(A,U).
B and A are respectively called the Lee vector �eld and the anti Lee

vector �eld, and are related as

A = −JB (2.3)

Let ∇ denote the Levi-Civita connection of (M̃2n, g) and ∇̃i denote the Levi-
Civita connection of the local metrics gi for all i ∈ I. Then ∇̃i glue up to a
globally de�ned torsion-free linear connection ∇̃ on M̃2n given by

∇̃UV = ∇UV − 1

2
{ω(U)V + ω(V )U − g(U, V )B} (2.4)

where U, V ∈ TM̃2n and satisfying

∇̃g = ω ⊗ g (2.5)
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∇̃ is called the Weyl connection of the l.c.K. manifold (M̃2n, J, g). As gi are
Kähler metrics, the almost complex structure J is parallel with respect to
the Weyl connection, i.e. ∇̃J = 0. This gives

∇UJV = J∇UV +
1

2
{Θ(V )U − ω(V )JU − g(U, V )A+Ω(U, V )B} (2.6)

Now as ω is a closed form on M̃2n, we have

(∇Uω)V = (∇V ω)U (2.7)

Hence using (2.6) and (2.7) we have

(∇UΘ)V = Uω(JV )− ω(∇UJV ) +
1

2
Θ(V )ω(U)− 1

2
ω(V )Θ(U)

+ g(JU, V )||B||2

as ω(A) = g(B,A) = 0 from (2.3) and ω(B) = g(B,B) = ||B||2
Thus, we have

(∇UΘ)V = (∇Uω)V +
1

2
Θ(V )ω(U)− 1

2
ω(V )Θ(U) + g(JU, V )||B||2 (2.8)

LetMm be a Riemannian manifold isometrically immersed in an l.c.K. mani-
fold (M̃2n, J, g). Let U, V,W denote smooth sections of TMm and ξ, η denote
smooth sections of T⊥Mm.

The Gauss and Weingarten formulae with respect to the Riemannian
connection of M̃2n are given as

∇UV = ∇UV + h(U, V ) (2.9)

∇Uξ = −AξU +∇⊥
Uξ (2.10)

where h is the second fundamental form, A is the shape operator and ∇,∇⊥

are respectively the induced connections in the tangent bundle and the nor-
mal bundle of Mm with respect to ∇.

The Gauss and Weingarten formulae with respect to the Weyl connection
of M̃2n are given as

∇̃UV = ∇̂UV + h̃(U, V ) (2.11)

∇̃Uξ = −ÃξU + ∇̃⊥
Uξ (2.12)
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where h̃ is the second fundamental form, Ã is the shape operator and ∇̂, ∇̃⊥

are respectively the induced connections in the tangent bundle and the nor-
mal bundle of Mm with respect to ∇̃.

Let H denote the trace of h, then H is called the mean curvature vector
of Mm in (M̃2n, J, g) and is a smooth section of T⊥Mm. We say Mm is a
totally umbilic submanifold of (M̃2n, J, g), if h(U, V ) = g(U, V )H. We say
Mm is a totally geodesic submanifold of (M̃2n, J, g), if h(U, V ) = 0.

Let BT , BN denote the tangential and normal components of the Lee
vector �eld B and let AT , AN denote the tangential and normal components
of the anti Lee vector �eld A.

From (2.4), we have the following relations

∇̂UV = ∇UV − 1

2

{
ω(U)V + ω(V )U − g(U, V )BT

}
(2.13)

h̃(U, V ) = h(U, V ) +
1

2
g(U, V )BN (2.14)

ÃξU = AξU +
1

2
ω(ξ)U (2.15)

∇̃⊥
Uξ = ∇⊥

Uξ −
1

2
ω(U)ξ (2.16)

Now de�ne

JU = PU + FU Jξ = tξ + fξ (2.17)

where PU, tξ and FU, fξ are respectively the tangential and normal parts.
Then, we have

P 2 + tF = −I f2 + Ft = −I

FP + fF = 0 tf + Pt = 0
(2.18)

Now from (2.3) and (2.17) we have

AT = −PBT − tBN AN = −FBT − fBN (2.19)

De�ne the covariant di�erentiation of P , F , t and f with respect to the
Levi-Civita connection of M̃2n as

(∇UP )V = ∇UPV − P∇UV

(∇UF )V = ∇⊥
UFV − F∇UV

(∇U t)ξ = ∇U tξ − t(∇⊥
Uξ)

(∇Uf)ξ = ∇⊥
Ufξ − f(∇⊥

Uξ)

(2.20)
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Similarly, de�ne the covariant di�erentiation of P , F , t and f with respect
to the Weyl connection of M̃2n as

(∇̃UP )V = ∇̂UPV − P ∇̂UV

(∇̃UF )V = ∇̃⊥
UFV − F ∇̂UV

(∇̃U t)ξ = ∇̂U tξ − t∇̃⊥
Uξ

(∇̃Uf)ξ = ∇̃⊥
Ufξ − f∇̃⊥

Uξ

(2.21)

Then as ∇̃J = 0, using (2.13), (2.14), (2.15), (2.16) we have

(∇UP )V = AFV U + th(U, V ) +
1

2
{Θ(V )U − ω(V )PU

+g(PU, V )BT − g(U, V )AT
}

(∇UF )V = fh(U, V )− h(U,PV ) +
1

2

{
g(PU, V )BN − g(U, V )AN

−ω(V )FU}

(∇U t)ξ = AfξU − PAξU +
1

2

{
g(FU, ξ)BT − ω(ξ)PU +Θ(ξ)U

}
(∇Uf)ξ = −h(U, tξ)− FAξU +

1

2

{
g(FU, ξ)BN − ω(ξ)FU

}
(2.22)

De�ne the covariant derivative of the second fundamental form h of the
Riemannian connection ∇ as

(∇Uh)(V,W ) = ∇⊥
Uh(V,W )− h(∇UV,W )− h(V,∇UW ) (2.23)

Let R,R,R⊥ denote the curvature tensors associated to ∇,∇,∇⊥ respec-
tively. Then the Gauss, Codazzi and Ricci equations are respectively given
by

g(R(U, V )W,S) = g(R(U, V )W,S) + g(h(V, S), h(U,W ))

− g(h(U, S), h(V,W )) (2.24)

(R(U, V )W )⊥ = (∇Uh)(V,W )− (∇V h)(U,W ) (2.25)

g(R(U, V )ξ, η) = g(R⊥(U, V )ξ, η)− g([Aξ, Aη]U, V ) (2.26)

Bishop and O'Neill [7] de�ned warped product as

De�nition 2.2. Let (Mn1
1 , g1) and (Mn2

2 , g2) be Riemmanian manifolds and

let π1 : M1 ×M2 → M1 and π2 : M1 ×M2 → M2 be the canonical projec-

tions. Let λ : M1 → (0,∞) be a smooth function. Then the warped product
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manifold (M, g) = M1 × λM2 is de�ned as the manifold M1 ×M2 equipped

with the Riemannian metric

g = π⋆
1g1 + λ2π⋆

2g2 (2.27)

Warped product manifolds are a generalization of the usual product of two
Riemannian manifolds. In fact we have the following characterisation theo-
rem.

Theorem 2.1 ( [22]). Let (Mm, g) be a connected Riemannian manifold

equipped with orthogonal, complementary, involutive distributions D1 and D2.

Further let the leaves of D1 be totally geodesic and the leaves of D2 be extrinsic

spheres in Mm, where by extrinsic spheres we mean totally umbilic subman-

ifolds such that the mean curvature vector is parallel in the normal bundle.

Then (Mm, g) is locally a warped product (M, g) = M1 × λM2, where M1

and M2 respectively denote the leaves of D1 and D2 and λ : M1 → (0,∞) is

a smooth function such that grad(lnλ) is the mean curvature vector of M2

in M .

Further, if (Mm, g) is simply connected and complete, then (Mm, g) is

globally a warped product.

For (Mn1
1 , g1), (M

n2
2 , g2) and (M, g) denote respectively the Levi-Civita con-

nections by ∇1, ∇2 and ∇. Given any smooth function λ : M1 → R, let
grad(λ) denote the lift of the gradient vector �eld of λ to (M, g).

Theorem 2.2 ( [22]). Given a warped product manifold (M, g) = M1 × λM2

of Riemmanian manifolds (Mn1
1 , g1) and (Mn2

2 , g2), we have for all X,Y ∈
L(M1) and Z,W ∈ L(M2),

∇XY = ∇1
XY (2.28)

∇XZ = ∇ZX = X(lnλ)Z (2.29)

∇ZW = ∇2
ZW − g(Z,W )grad(lnλ) (2.30)

It follows from Theorem 2.2 thatH = −grad(lnλ) is the mean curvature vec-
tor of M2 in M . Let Mm be a Riemannian manifold isometrically immersed
in an l.c.K. manifold (M̃2n, J, g).

Mm is said to be a hemi-slant submanifold if it admits two orthogonal
complementary distributions D⊥ and Dθ, such that D⊥ is totally real, i.e.
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JD⊥ ⊆ T⊥Mm and Dθ is slant with slant angle θ ̸= 0, π2 , i.e. P 2Z =
− cos2 θZ, for every smooth vector �eld Z ∈ Dθ.

The tangent bundle and the normal bundle of a hemi-slant submanifold
admits an orthogonal decomposition as

TMm = D⊥ ⊕Dθ T⊥Mm = JD⊥ ⊕ FDθ ⊕ µ (2.31)

where µ is the orthogonal complementary distribution of JD⊥ ⊕ FDθ in
T⊥Mm and is an invariant subbundle of T⊥Mm with respect to J . It is easy
to observe that,

PD⊥ = {0} PDθ = Dθ FD⊥ = JD⊥

t(JD⊥) = D⊥ t(FDθ) = Dθ t(µ) = {0}
f(FD⊥) = {0} f(FDθ) = FDθ f(µ) = µ

(2.32)

Let Mm be a hemi-slant manifold isometrically immersed in an l.c.K. man-
ifold (M̃2n, J, g) such that the totally real distribution D⊥ and the slant
distribution Dθ are both involutive. Let Mn1

⊥ and M2n2
θ respectively denote

the leaves of D⊥ and Dθ, where n1 = dimRD⊥ and 2n2 = dimRDθ. We say
Mm is a

� mixed totally geodesic hemi-slant submanifold if h(D⊥,Dθ) = {0}.

� hemi-slant product submanifold if Mm can be expressed locally as
M⊥ ×Mθ.

� hemi-slant warped product submanifold if Mm can be expressed locally
as M⊥ × λMθ for some smooth function λ : M⊥ → (0,∞).

� warped product hemi-slant submanifold if Mm can be expressed locally
as Mθ × λM⊥ for some smooth function λ : Mθ → (0,∞).

From here on we use X,Y,X1 to denote smooth vector �elds in L(M⊥) and
Z,W to denote smooth vector �elds in L(Mθ).

Theorem 2.3. [30] Let Mm be a hemi-slant submanifold of an l.c.K. man-

ifold M̃2n. Then

� the totally real distribution D⊥ is involutive.
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� the leaves of the totally real distribution D⊥ are totally geodesic in Mm

if and only if

g(AJXZ − AFZX,Y ) =
1

2
ω(PZ)g(X,Y ) (2.33)

� the leaves of the totally real distribution D⊥ are totally umbilic in Mm

if and only if

g(AJXZ − AFZX,Y ) =

(
1

2
ω(PZ) + g(H, PZ)

)
g(X,Y ) (2.34)

for some smooth vector �eld H ∈ Dθ.

Theorem 2.4. [30] Let Mm be a hemi-slant submanifold of an l.c.K. man-

ifold M̃2n. Then

� the slant distribution Dθ is involutive if and only if

g(AFPZX,W ) + g(∇⊥
WFZ, JX) = g(AFPWX,Z) + g(∇⊥

ZFW, JX)

(2.35)

� the leaves of the slant distribution Dθ are totally geodesic in Mm if and

only if

ω(D⊥) = {0} and g(AFPZX,W ) + g(∇⊥
WFZ, JX) = 0 (2.36)

� the leaves of the slant distribution Dθ are totally umbilic in Mm if and

only if

g(AFPZX,W )+g(∇⊥
WFZ, JX) = sin2 θ

(
1

2
ω(X) + g(H, X)

)
g(Z,W )

(2.37)

for some smooth vector �eld H ∈ D⊥.

Notations: Let D⊥ and Dθ be the totally real and slant distributions on a
hemi-slant submanifold Mm of an lcK manifold M̃2n such that both distri-
butions are involutive and let M⊥ and Mθ respectively denote the leaves of
the distributions D⊥ and Dθ respectively. Then D⊥(p, q) = T(p,q)(M⊥×{q})
and Dθ(p, q) = T(p,q)({p} × Mθ). Let L(M⊥) and L(Mθ) respectively de-
note the set of lifts of vector �elds from M⊥ and Mθ to M . Then X ∈
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L(M⊥) if and only if X|{p}×Mθ
is constant for every p ∈ M⊥. Similarly,

Z ∈ L(Mθ) if and only if Z|M⊥×{q} is constant for every q ∈ Mθ. Also,
if π⊥ : M⊥ ×Mθ → M⊥ and πθ : M⊥ ×Mθ → Mθ are the canonical projec-
tions, we have dπ⊥(L(M⊥)) = TM⊥ and dπθ(L(Mθ)) = TMθ. It is clear
that a general vector �eld in D⊥ (respectively Dθ) need not be in L(M⊥)
(respectively L(Mθ)).

3 Hemi-Slant Warped Product Submanifolds of l.c.K.

manifolds

Lemma 3.1. Given a hemi-slant warped product submanifold M = M⊥ × λMθ

in an lcK manifold (M̃2n, J, g),

we have for all X,Y,X1 ∈ L(M⊥) and Z,W ∈ L(Mθ),

g(h(X,Z), JY ) = g(h(Y,Z), JX) (3.1)

g(h(X,Z), FW ) = g(h(X,W ), FZ) (3.2)

g(h(Z,W ), JX) = g(h(X,Z), FW ) +
1

2
g(Z,W )g(JB,X) (3.3)

X(lnλ) =
1

2
g(B,X) (3.4)

g(h(X,Y ), JX1) = g(h(X,X1), JY )− 1

2
g(X,Y )g(B, JX1)

+
1

2
g(X,X1)g(B, JY ) (3.5)

Proof. For all X,Y,X1 ∈ L(M⊥) and Z,W ∈ L(Mθ), we have using (2.6)

and (2.29),

g(h(X,Z), JY ) = g(∇ZX, JY ) = −g(J∇ZX,Y ) = −g(∇ZJX, Y ) = g(AJXZ, Y )

= g(h(Y,Z), JX)

which implies (3.1). Similarly,

g(h(X,Z), FW ) = g(∇XZ, JW )− g(∇XZ,PW )

= −g(J∇XZ,W )− g(∇XZ,PW )

= −g(∇XJZ,W )−X(lnλ)g(Z,PW )
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= −X(lnλ)g(PZ,W ) + g(AFZX,W )−X(lnλ)g(Z,PW )

which implies (3.2). Repeating the above calculation, we have

g(h(X,Z), FW ) = −g(J∇ZX,W )− g(∇ZX,PW )

= −g(∇ZJX,W )− 1

2
g(JB,X)g(Z,W )

− 1

2
g(B,X)g(JZ,W )−X(lnλ)g(Z,PW )

= g(AJXZ,W )− 1

2
g(JB,X)g(Z,W )

− 1

2
g(B,X)g(PZ,W )−X(lnλ)g(Z,PW )

Using (3.2) and comparing symmetric and skew symmetric terms in Z and

W we have,

g(h(X,Z), FW ) = g(h(Z,W ), JX)− 1

2
g(JB,X)g(Z,W )

which proves (3.3) and

0 =

(
X(lnλ)− 1

2
g(B,X)

)
g(PZ,W )

which proves (3.4). Finally,

g(h(X,Y ), JX1) = g(∇XY, JX1)

= −g(J∇XY,X1)

= −g(∇XJY,X1)−
1

2
g(X,X1)g(JB, Y ) +

1

2
g(X,Y )g(JB,X1)

= g(AJY X,X1)−
1

2
g(X,X1)g(JB, Y ) +

1

2
g(X,Y )g(JB,X1)

which gives (3.5).

Remark 3.1. Given a hemi-slant warped product submanifold M⊥× λMθ of

an l.c.K manifold M̃2n, let {Xi}pi=1 and {Zj , βPZj}qj=1 respectively be local
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orthonormal frames of TM⊥ and TMθ. Then a local orthonormal frame of

M̃2n is {
X̂i = Xi

}
∪
{
Ẑj =

Zj

λ
, P̂Zj =

βPZj

λ

}
∪
{
ĴXi = JXi

}
∪
{
F̂Zj =

αFZj

λ
, F̂PZj =

αβFPZj

λ

}
∪
{
ξ̂k, Ĵξk

}
where α = csc θ, β = sec θ and{

X̂i : 1 ≤ i ≤ n1

}
is an orthonormal basis of D⊥{

Ẑj , P̂Zj : 1 ≤ j ≤ n2

}
is an orthonormal basis of Dθ{

ĴXi : 1 ≤ i ≤ n1

}
is an orthonormal basis of JD⊥{

F̂Zj , F̂PZj : 1 ≤ j ≤ n2

}
is an orthonormal basis of FDθ{

ξ̂k, Ĵξk : 1 ≤ k ≤ n− n1 − 2n2

2

}
is an orthonormal basis of µ

However, while Zj , βPZj ∈ L(Mθ) we have Ẑj , P̂Zj /∈ L(Mθ) in general, as

λ is a function on M⊥. Also, note that

J
(
Ẑj

)
= J

(
Zj

λ

)
=

PZj

λ
+

FZj

λ
= cos θP̂Zj + sin θF̂Zj

J
(
P̂Zj

)
= J

(
sec θ

PZj

λ

)
=

sec θP 2Zj

λ
+

sec θFPZj

λ

= − cos θẐj + sin θF̂PZj

We now give a characterisation for hemi-slant warped product submanifolds
of l.c.K. manifolds.

Theorem 3.1. Let Mm be a hemi-slant submanifold of an l.c.K. manifold

M̃2n. Then the following are equivalent

1. Mm is a hemi-slant warped product submanifold M⊥ × λMθ of M̃2n

2. For every X,Y ∈ L(M⊥) and Z,W ∈ L(Mθ) we have

g(AJXZ − AFZX,Y ) =
1

2
ω(PZ)g(X,Y )

g(AFPZX,W ) + g(∇⊥
WFZ, JX) = sin2 θ

(
1

2
ω(X)−X(lnλ)

)
g(Z,W )

(3.6)
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for some smooth function λ : M⊥ → (0,∞).

3. For every X ∈ L(M⊥) and Z ∈ L(Mθ) we have

∇XZ = ∇ZX =
1

2
ω(X)Z (3.7)

Also, in this case we have the mean curvature vector H of Mθ in Mm is

H = −grad(lnλ) = −1

2
B|D⊥ (3.8)

where B|D⊥ is the component of B along D⊥.

Proof. (1)⇔(2) This follows from Theorem 2.3, Theorem 2.4 and the fact

that ∇ lnλ ∈ L(M⊥) which implies for all X ∈ L(M⊥) and Z ∈ L(Mθ)

g(∇Z(∇ lnλ), X) = ZX(lnλ)− g(∇ lnλ,∇ZX)

= [Z,X](lnλ)−∇ZX(lnλ) (as Z(lnλ) = 0)

= −∇XZ(lnλ)

= g(Z,∇X(∇ lnλ))

= 0

as D⊥ is totally geodesic. Also, (3.8) follows from Lemma 3.1 (3.4).

(1)⇔(3) Let M = M⊥ × λMθ be a hemi-slant warped product submanifold.

Then (3.7) and (3.8) follow from (2.29) and Lemma 3.1 (3.4).

Conversely, let Mm be a hemi-slant submanifold of an l.c.K. manifold

M̃2n such that (3.7) holds. Then for all X,Y ∈ L(M⊥) and Z,W ∈ L(Mθ)

we have

g([X,Y ], Z) = g(∇XY −∇Y X,Z)

= −g(∇XZ, Y ) + g(∇Y Z,X)

= 0

which implies D⊥ is involutive.

g(∇XY, Z) = −g(∇XZ, Y ) = 0
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which implies leaves of D⊥ are totally geodesic in M .

g([Z,W ], X) = g(∇ZW −∇WZ,X)

= −g(∇ZX,W ) + g(∇WX,Z)

= −1

2
ω(X)g(Z,W ) +

1

2
ω(X)g(W,Z) = 0

which implies Dθ is involutive.

g(∇ZW,X) = −g(∇ZX,W )

= −1

2
ω(X)g(Z,W )

= −1

2
g(Z,W )g(BT , X)

which implies leaves of Dθ are totally umbilical in M with mean curvature

vector −1
2B|D⊥ .

g (∇ZB|D⊥ , X) =
1

2
ω (B|D⊥) g(Z,X) = 0

which implies B|D⊥ is parallel in the normal bundle of Mθ in M .

Hence by Theorem 2.1 we have M = M⊥ × λMθ is a hemi-slant warped

product submanifold.

We conclude our study of hemi-slant warped product submanifolds of
l.c.K. manifolds by giving an inequality for the norm of the second funda-
mental form.

Theorem 3.2. Let M = M⊥ × λMθ be a hemi-slant warped product sub-

manifold in an lcK manifold (M̃2n, J, g). Then the norm of the second fun-

damental form satis�es the inequality

||h||2 ≥ (n1 + n2 − 1)

2
∥B|JD⊥∥2 + 2g (HD⊥ |JD⊥ , B|JD⊥)

+ g (HDθ |JD⊥ , B|JD⊥)−K (3.9)

where n1 = dimRD⊥, 2n2 = dimRDθ, HD⊥ and HDθ are respectively the

components of the mean curvature vector H of M in M̃2n along D⊥ and Dθ
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and given any orthonormal basis
{
X̂i : 1 ≤ i ≤ n1

}
of D⊥,

K = 2
∑

i g
(
h
(
X̂i, X̂i

)
, ĴXi

)
g
(
B, ĴXi

)
.

If equality holds then we have

� Image(h) ⊆ (JD⊥ ⊕ FDθ), and

� Mθ is totally umbilical in M̃2n (with mean curvature vector H = −1
2B|D⊥)

if and only if, M is mixed-totally geodesic in M̃2n.

Proof.

||h||2 =
∥∥∥h(D⊥,D⊥)

∣∣
JD⊥

∥∥∥2 + ∥∥∥h(D⊥,Dθ)
∣∣
JD⊥

∥∥∥2 + ∥∥∥h(Dθ,Dθ)
∣∣
JD⊥

∥∥∥2
+
∥∥∥h(D⊥,D⊥)

∣∣
FDθ

∥∥∥2 + ∥∥∥h(D⊥,Dθ)
∣∣
FDθ

∥∥∥2 + ∥∥∥h(Dθ,Dθ)
∣∣
FDθ

∥∥∥2
+
∥∥∥h(D⊥,D⊥)

∣∣
µ

∥∥∥2 + ∥∥∥h(D⊥,Dθ)
∣∣
µ

∥∥∥2 + ∥∥∥h(Dθ,Dθ)
∣∣
µ

∥∥∥2
From (3.5) and Remark 3.1 we have∥∥∥h(D⊥,D⊥)

∣∣
JD⊥

∥∥∥2 =∑
i

g
(
h
(
X̂i, X̂i

)
, ĴXi

)2
+
∑

i ̸=j ̸=k

g
(
h
(
X̂i, X̂j

)
, ĴXk

)2
+
∑
i ̸=j

{
g
(
h
(
X̂i, X̂i

)
, ĴXj

)2
+ 2g

(
h
(
X̂i, X̂j

)
, ĴXi

)2}
≥ 2

λ6

∑
i ̸=j

g (h (Xi, Xj) , JXi)
2

=
2

λ6

∑
i ̸=j

{
g (h (Xi, Zi) , JXj) +

1

2
g (Xi, Xi) g (B, JXj)

}2

=2
∑
i ̸=j

g
(
h
(
X̂i, X̂i

)
, ĴXj

)2
+

1

2

∑
i ̸=j

g
(
X̂i, X̂i

)2
g
(
B, ĴXj

)2
+ 2

∑
i ̸=j

g
(
h
(
X̂i, X̂i

)
, ĴXj

)
g
(
X̂i, X̂i

)
g
(
B, ĴXj

)

≥ p− 1

2

∥∥∥∥B∣∣JD⊥

∥∥∥∥2 + 2g

(∑
i

h
(
X̂i, X̂i

)∣∣∣
JD⊥

, B
∣∣
JD⊥

)
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− 2
∑
i

g
(
h
(
X̂i, X̂i

)
, ĴXi

)
g
(
B, ĴXi

)
=
p− 1

2

∥∥∥∥B∣∣JD⊥

∥∥∥∥2 + 2g (HD⊥ |JD⊥ , B|JD⊥)−K

From (3.3) and Remark 3.1 we have

g
(
h
(
Ẑp, Ẑq

)
, ĴXi

)
=

1

λ2
g (h (Zp, Zq) , JXi)

=
1

λ2

{
g (h (Xi, Zp) , FZq) +

1

2
λ2δpqg (JB,Xi)

}
=sin θg

(
h
(
X̂i, Ẑp

)
, F̂Zq

)
+

1

2
δpqg

(
JB, X̂i

)
g
(
h
(
Ẑp, P̂Zq

)
, ĴXi

)
=
sec θ

λ2
g (h (Zp, PZq) , JXi)

=
sec θ

λ2
g (h (Xi, Zp) , FPZq)

= sin θg
(
h
(
X̂i, Ẑp

)
, F̂PZq

)
g
(
h
(
P̂Zp, Ẑq

)
, ĴXi

)
=sin θg

(
h
(
X̂i, P̂Zp

)
, F̂Zq

)
g
(
h
(
P̂Zp, P̂Zq

)
, ĴXi

)
=
sec2 θ

λ2
g (h (PZp, PZq) , JXi)

=
sec2 θ

λ2
{g (h (Xi, PZp) , FPZq)

+
1

2
λ2 cos2 θδpqg (JB,Xi)

}
=sin θg

(
h
(
X̂i, P̂Zp

)
, F̂PZq

)
+

1

2
δpqg

(
JB, X̂i

)
which implies∥∥∥h(Dθ,Dθ)

∣∣
JD⊥

∥∥∥2
=
∑
i,p,q

{
g
(
h
(
Ẑp, Ẑq

)
, ĴXi

)2
+ g

(
h
(
Ẑp, P̂Zq

)
, ĴXi

)2
+g
(
h
(
P̂Zp, Ẑq

)
, ĴXi

)2
+ g

(
h
(
P̂Zp, P̂Zq

)
, ĴXi

)2}
= sin2 θ

∑
i,p,q

{
g
(
h
(
X̂i, Ẑp

)
, F̂Zq

)2
+ g

(
h
(
X̂i, Ẑp

)
, F̂PZq

)2
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+g
(
h
(
X̂i, P̂Zp

)
, F̂Zq

)2
+ g

(
h
(
X̂i, P̂Zp

)
, F̂PZq

)2}
− 1

2

∑
i,p

g
(
JB, X̂i

)2
+
∑
i,p

{
g
(
h
(
Ẑp, Ẑp

)
, ĴXi

)
g
(
JB, X̂i

)
+g
(
h
(
P̂Zp, P̂Zp

)
, ĴXi

)
g
(
JB, X̂i

)}
= sin2 θ

∥∥∥h(D⊥,Dθ)
∣∣
FDθ

∥∥∥2 − 2q

4

∥∥∥∥B∣∣JD⊥

∥∥∥∥2
− g

∑
p

{
h
(
Ẑp, Ẑp

)
+ h

(
P̂Zp, P̂Zp

)}∣∣∣∣∣
JD⊥

, B|JD⊥


= sin2 θ

∥∥∥h(D⊥,Dθ)
∣∣
FDθ

∥∥∥2 − g (HDθ |JD⊥ , B|JD⊥)−
q

2

∥∥∥∥B∣∣JD⊥

∥∥∥∥2
Combining we have (3.9).

If equality holds in (3.9), then the only non-zero components of ||h|| are∥∥h(D⊥,D⊥)|JD⊥
∥∥2, ∥∥h(D⊥,Dθ)|FDθ

∥∥2 and
∥∥h(Dθ,Dθ)|JD⊥

∥∥2. Also, from

the above computations we have,
∥∥h(D⊥,Dθ)|FDθ

∥∥2 = 0 if and only if∥∥h(Dθ,Dθ)|JD⊥
∥∥2 = 0. Hence, the result follows.

4 Warped Product Hemi-Slant Submanifolds of l.c.K.

manifolds

Lemma 4.1. Given a warped product hemi-slant submanifold M = Mθ × λM⊥

in an lcK manifold (M̃2n, J, g), we have for all X,Y ∈ L(M⊥) and Z,W ∈
L(Mθ),

g(h(X,Z), JY ) = g(h(Y, Z), JX) (4.1)

g(h(X,Z), FW ) = g(h(X,W ), FZ) (4.2)

g(h(Z,W ), JX) = g(h(X,Z), FW ) +
1

2
g(Z,W )g(JB,X) (4.3)

g(B,X) = 0 (4.4)

g(h(X,Y ), JX1) = g(h(X,X1), JY )− 1

2
g(X,Y )g(B, JX1)

+
1

2
g(X,X1)g(B, JY ) (4.5)
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Proof. For all X,Y ∈ L(M⊥) and Z,W ∈ L(Mθ), we have using (2.6) and

(2.29),

g(h(X,Z), JY ) = g(∇ZX, JY ) = −g(J∇ZX,Y )

= −g(∇ZJX, Y ) = g(AJXZ, Y )

= g(h(Y,Z), JX)

which implies (4.1). Similarly,

g(h(X,Z), FW ) = g(∇XZ, JW )− g(∇XZ,PW )

= −g(J∇XZ,W )− g(∇XZ,PW )

= −g(∇XJZ,W )

= g(AFZX,W )

which implies (4.2). Repeating the above calculation, we have

g(h(X,Z), FW ) = g(∇ZX, JW − PW )

= −g(J∇ZX,W )− g(∇ZX,PW )

= −g(∇ZJX,W )− 1

2
g(JB,X)g(Z,W )− 1

2
g(B,X)g(JZ,W )

= g(AJXZ,W )− 1

2
g(JB,X)g(Z,W )− 1

2
g(B,X)g(PZ,W )

Using (4.2) and comparing symmetric and skew symmetric terms in Z and

W we have,

g(h(X,Z), FW ) = g(h(Z,W ), JX)− 1

2
g(JB,X)g(Z,W )

which shows (4.3) and

0 =
1

2
g(B,X)g(PZ,W )

which shows (4.4). Finally,

g(h(X,Y ), JX1) = g(∇XY, JX1)
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= −g(J∇XY,X1)

= −g(∇XJY,X1)−
1

2
g(X,X1)g(JB, Y )

+
1

2
g(X,Y )g(JB,X1)

= g(AJY X,X1)−
1

2
g(X,X1)g(JB, Y ) +

1

2
g(X,Y )g(JB,X1)

which gives (4.5).

Remark 4.1. Given a warped product hemi-slant submanifold Mθ× λM⊥ of

an l.c.K manifold M̃2n, let {Xi}pi=1 and {Zj , βPZj}qj=1 respectively be local

orthonormal frames of TM⊥ and TMθ. Then a local orthonormal frame of

M̃2n is {
X̂i =

Xi

λ

}
∪
{
Ẑj = Zj , P̂Zj = βPZj

}
∪
{
ĴXi =

JXi

λ

}
∪
{
F̂Zj = αFZj , F̂PZj = αβFPZj

}
∪
{
ξ̂k, Ĵξk

}
where α = csc θ, β = sec θ and{

X̂i : 1 ≤ i ≤ n1

}
is an orthonormal basis of D⊥{

Ẑj , P̂Zj : 1 ≤ j ≤ n2

}
is an orthonormal basis of Dθ{

ĴXi : 1 ≤ i ≤ n1

}
is an orthonormal basis of JD⊥{

F̂Zj , F̂PZj : 1 ≤ j ≤ n2

}
is an orthonormal basis of FDθ{

ξ̂k, Ĵξk : 1 ≤ k ≤ n− n1 − 2n2

2

}
is an orthonormal basis of µ

However, while Xi ∈ L(M⊥) we have X̂i /∈ L(M⊥) in general, as λ is a

function on Mθ.

We now give a characterisation for warped product hemi-slant submanifolds
of l.c.K. manifolds.

Theorem 4.1. Let Mm be a hemi-slant submanifold of an l.c.K. manifold

M̃2n. Then the following are equivalent

1. Mm is a warped product hemi-slant submanifold Mθ × λM⊥ of M̃2n
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2. For every X,Y ∈ L(M⊥) and Z,W ∈ L(Mθ) we have

g(AJXZ − AFZX,Y ) =

(
1

2
ω(JZ)− Z(lnλ)

)
g(X,Y )

ω(D⊥) = {0} and g(AFPZX,W ) + g(∇⊥
WFZ, JX) = 0

(4.6)

for some smooth function λ : Mθ → (0,∞).

3. For every X ∈ L(M⊥) and Z ∈ L(Mθ) we have

ω(D⊥) = {0} and ∇XZ = ∇ZX = Z(lnλ)X (4.7)

Also, in this case we have the mean curvature vector H of M⊥ in Mm is

H = −grad(lnλ) (4.8)

Proof. (1)⇔(2) This follows from Theorem 2.3, Theorem 2.4 and the fact

that grad lnλ ∈ L(Mθ) which implies for all X ∈ L(M⊥) and Z ∈ L(Mθ)

g(∇X(grad lnλ), Z) = XZ(lnλ)− g(grad lnλ,∇XZ)

= [X,Z](lnλ)−∇XZ(lnλ) (as X(lnλ) = 0)

= −∇ZX(lnλ)

= g(X,∇Z(grad(lnλ)))

= 0

as Dθ is totally geodesic.

(1)⇔(3) Let M = Mθ × λM⊥ be a warped product hemi-slant submanifold.

Then (4.7) and (4.8) follow from (2.29).

Conversely, let Mm be a hemi-slant submanifold of an l.c.K. manifold

M̃2n such that (4.7) holds. Then for all X,Y ∈ L(M⊥) and Z,W ∈ L(Mθ)

we have

g([X,Y ], Z) = g(∇XY −∇Y X,Z)

= −g(∇XZ, Y ) + g(∇Y Z,X)

= −Z(lnλ)g(X,Y ) + Z(lnλ)g(Y,X) = 0
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which implies D⊥ is involutive.

g(∇XY, Z) = −g(∇XZ, Y )

= −Z(lnλ)g(X,Y )

= −g(X,Y )g(grad(lnλ), Z)

which implies leaves of D⊥ are totally umbilical in M with mean curvature

vector −grad(lnλ).

g([Z,W ], X) = g(∇ZW −∇WZ,X)

= −g(∇ZX,W ) + g(∇WX,Z)

= 0

which implies Dθ is involutive.

g(∇ZW,X) = −g(∇ZX,W ) = 0

which implies leaves of Dθ are totally geodesic in M .

g (∇Xgrad(lnλ), Z) = grad(lnλ)(lnλ)g(X,Z) = 0

which implies grad(lnλ) is parallel in the normal bundle of M⊥ in M .

Hence by Theorem 2.1 we have M = Mθ × λM⊥ is a warped product

hemi-slant submanifold.

We conclude our study of warped product hemi-slant submanifolds of
l.c.K. manifolds by giving an inequality for the norm of the second funda-
mental form.

Theorem 4.2. Let M = M⊥ × λMθ be a warped product hemi-slant sub-

manifold in an lcK manifold (M̃2n, J, g). Then the norm of the second fun-

damental form satis�es the inequality

||h||2 ≥ n1 + n2 − 1

2
∥B|JD⊥∥2 + 2g (HD⊥ |JD⊥ , B|JD⊥)

+ g (HDθ |JD⊥ , B|JD⊥)−K (4.9)
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where n1 = dimRD⊥, 2n2 = dimRDθ, HD⊥ and HDθ are respectively the

components of the mean curvature vector H of M in M̃2n along D⊥ and Dθ

and given any orthonormal basis
{
X̂i : 1 ≤ i ≤ n1

}
of D⊥,

K = 2
∑

i g
(
h
(
X̂i, X̂i

)
, ĴXi

)
g
(
B, ĴXi

)
.

If equality holds then we have

� Image(h) ⊆ (JD⊥ ⊕ FDθ), and

� Mθ is totally geodesic in M̃2n, if and only if, M is mixed-totally geodesic

in M̃2n.

The proof follows on the same lines as that of Theorem 3.2.

Acknowledgement: The authors would like to thank the referee(s) for
their invaluable criticism and suggestions towards improving the paper.
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