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Abstract

The objective of this paper is to study the commutativity of prime
rings satisfying certain central differential identities with anti-automorphisms.
Several known results have been generalized as well as improved.

1 Introduction

Throughout the text, 2 represents a prime ring with centre Z(2l), extended
centroid C and maximal right ring of quotients Q,,,(2). A bijective map
7 : 20 — 2 is called an anti-automorphism if it is additive and (uv)” = v"u”
holds for all u,v € 2. An involution ‘*’ on 2 is an anti-automorphism of
peroid 1 or 2. An anti-automorphism 7 of 2l is said to be of the first kind if
it acts as the identity map on Z(2() and of the second kind, otherwise. We
remark that 7 is of the first kind if and only if 7! is of the first kind. For
x,y € 2, we denote zy + yx by z oy, zy — yx by [z,y], 27y — yx by [z, y]
and zy — yx” by [z,y],.
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An additive map ¢ : A — Oy () is said to be a derivation if ¢ (uv)
Y(u)v + uh(v) holds for all u,v € A. An additive map ¢ : A — Qppr (A
is known as left (resp. right) multiplier if ¢ (uv) = ¥ (u)v (resp. ¥ (uv)
up(v)) holds for all u,v € A. Moreover, ¥ : A — QO (A) is called a
multiplier if it is both left as well as right multiplier. An additive map
U 2A — Oy () is called a generalized derivation if there exists a derivation
P A — Qpyr(A) such that ¥(uv) = ¥(u)v + urp(v) holds for all u,v € 2.
Throughout the text, (¥,) : A — O, (A) denotes a generalized derivation
U A = Qp(A) with ¢ @ A — 9, (/) as associated derivation. We
remark that if 2 is a prime ring and (V,9) : A — O, (A) a generalized
derivation, then there exists a unique derivation ¢ : % — Q,,,,-(2) associated
with W. Moreover, the concept of generalized derivation includes both the
concepts of derivations and left multipliers. Hence, the notion of generalized
derivation is a natural generalization of the notions of derivation and left
multiplier. A map ® : A — Q,,,,(2) is called centralizing (resp. commuting)
on S CAif [®(u),u] € C (resp. [®(u),u] = 0) holds for all u € S.

The relationship between the commutativity of the ring 2 and certain
specific types of maps on 2 has been extensively studied over the last few
decades. The first remarkable result in this direction is due to Divinsky [9],
who proved that a simple artinian ring is commutative if it admits a com-
muting nontrivial automorphism. E. C. Posner [22], showed that a prime
ring must be commutative if it admits a nonzero derivation. Motivated by
these two results, numerous authors have established the commutativity of
rings, more often that of prime and semiprime rings, satisfying certain dif-
ferential identities and x-differential identities on some appropriate subsets
of the ring in consideration [see bibliography].

[EN=a

Continuing the same line of investigation, in this paper we study the
commutativity of prime rings satisfying certain central differential identities
involving anti-automorphisms. In fact, our results improve, generalize and
unify some recent results proved by several authors viz.; [ [2], Theorems 1,
6 and 7; [17], Theorem 1.11 and [1], Theorem 4].

2 Preliminary results

We facilitate our discussion with the following lemmas which play crucial
role in the proofs of our main results.

Lemma 2.1. Let 2 be a prime ring with an anti-automorphism 7 of the
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second kind. Then 2 is a commutative integral domain if and only if uu™ €
Z(2A) for allu € 2.

Proof. If uu™ € Z(2) for all u € 2, then by [13], [u",u] = 0 for all u € 2.
Now if 2 is noncommutative, then by [ [12], Lemma 2.8], 7 is an involution
of 2. Hence by [ [18], Lemma 2.1], 2 is commutative, a contradiction. Thus

2l must be commutative. The converse part holds trivially. O

Lemma 2.2. Let 2 be a prime ring with an anti-automorphism 7 of the
second kind. Then 2 is a commutative integral domain if and only if [u, u],+
eu? € Z(A) for allu € A or ;Ju,u] + eu? € Z(A) for all u € A, where
e ZA)U{-1,1} is fized.
Proof. Suppose

[w,ul, +eu? € Z(2) (2.1)
for all u € 2. Linearizing it, we get

[u,0]; + [o,u], + euov € Z(A) (2.2)

for all u,0 € 2A. Now 7 is given to be of the second kind. Hence there is
n € Z(2) such that ™ # 7. Replacing u by nu in (2.2), we get

nuv — " ou” +nlo,ul; +enuov € Z(A) (2.3)
for all u,0 € 2. Also from (2.2), we have
nuv — nou” + o, ul. +enuov € Z(A) (2.4)

for all u,v € A. Hence from (2.3) and (2.4), we get (n” — n)ou”™ € Z(A)
for all u € A. Taking u = n in the last relation, we conclude that 2 is
commutative. The converse part is obvious.

Similarly we can prove that ,[u,u] +eu? € Z() for all u € 2l if and only
if A is commutative. O]

Corollary 2.1 ( [1], Lemma 4). Let 2 be a 2-torsion free prime ring with
an involution «’ of the second kind. Then [u,u*], € Z(A) for all u € A if
and only if A is commutative.

Proof. Suppose [u,u*], € Z(2) for all u € A. Then replacing u by u* in the
last relation, we have ,[u,u] € Z(2) for all u € 2. Applying Lemma 2.2, we
deduce that 2 is commutative. O
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3 Main results

Theorem 3.1. Let A be a prime ring with an anti-automorphism 7 of the
second kind and let (V,1) : A — O, (A) be a nonzero generalized derivation
satisfying any one of the following conditions:

(1) ¥([u,u];) € C for allu € A.
(i) U (-[u,u]) € C for all u € A.
Then 2 is a commutative integral domain.

Proof. (i) Suppose
U(u,ul;) €C (3.1)

for all u € 2. Linearizing this, we get
U([u,0]:) + ¥([o,u];) €C (3.2)

for all u,v € 2. By the given hypothesis, 7 is of the second kind. Hence
there exists n € Z(2() such that n” # n. Replacing v by nv in (3.2), we find
that

N ([u, v]-) +10(n) [u, 0] - +n¥(bu) +1b(n)ou—n"¥(uo™) —(n")uv” € C (3.3)

for all u,v € 2A. Now we divide the proof into the following cases:
Case I. When ¢ (n) = 0. Putting v = u, (3.3) yields

NP (u?) — 7" (") — Pp(n )’ €C (3.4)
for all u,v € A. Replacing u by u+ v in the previous relation, we get
nP(uov) —n"U(uv” +ou”) —Y(n”)(uv” +ou”) € C (3.5)
for all u € 2. Replacing v by nv in (3.5), we see that

¥ (uov) — (n")* W (uv™) —nn" W (ou") ="y (" uo” = (n")(n"wo” +nou") € C
(3.6)
for all u,v € A. From (3.5) and (3.6), we get
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0 (n—n")®(ue") = 0PN )ue” — (n —n")Y(n")ou" € C

for all u,v € 2. Setting u = 7 in the last relation, we have [¥(v),v] = 0 for
all u € A. By [ [14], Theorem 2|, there exist A € C and an additive map
w: A — C such that ¥(u) = Au+pu(u ) for all u € A. Hence ¥(u)—Au € C for
all u € A. Applying [ [11], Lemma 3], we infer that ¥(u) = Au for all u € 2.
Therefore from (3.1), we have AJu,u], € C for all u € 2. Consequently,
[u,u]; € C for all u € A. By Lemma 2.1, 2 is commutative.

Case II. When 9(n) # 0. Putting v = u in (3.3), we see that

20 (n)u® — (n + 07 yuu” + 0¥ (u?) =" (w") € C (3.7)
for all u € 2. Replacing u by u+ v in the previous relation, we get
2¢p(n)(uov) —p(n+n")(u” +ou”) +n¥(uov) —n" T(uv” +ou”) € C (3.8)

for all u € 2. Using nu in place of u in (3.8), we get

2np(n)(uov) —h(n + n")(nuo” +nTou") (3.9)
+1*¥(wo v) + mip(n)(uov) — ny” ¥(ub”)
—n"(n)ue” — ()W (ou") — n Y (n")ou” € C

for all u,v € 2. Also from (3.8), we have

207 () (u 0 0) — b (n +n7) (o™ +nou”) +n*¥(wo v) — " W(uv” +ou”) €C
(3.10)
for all u,v € 2. From (3.9) and (3.10), we have

(m=n")yYm+n")ou” +ny(n)(wov) + n"(n—n")¥(ou") (3.11)
=n"P(mue” —n"P(n")ou" €C

for all u,v € 2. Now substituting nv in place of v in (3.11), we get

nn — n7)n+n")ou” +n*p(n)(uov) +nn’(n —n")¥(ou") (3.12)
+0" (0" = n)(n)ou” — (") 2 (n)u” —nnTP(n")ou” € C
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for all u,v € 2. Also from (3.11), we have

n(n=n")pm+nTow" 4+ p*p(n)(wo o) +nn"(n —n7)¥(ou") (3.13)
=" Y(n)uv” — gy p(nT)ou” €C

for all u,v € 2. From (3.12) and (3.13), we have

0" (n—n")pmou” —n"(n" —n)b(nue” € C (3.14)

for all u,v € 2. Consequently, bu”™ — up”™ € Z(2) for all u,v € A. Setting
u = nu, in the last relation and using it again, we get uv”™ € Z(2) for all
u, 0 € A. Thus 2 is commutative.
(73) Using similar arguments as presented in (i), we can prove that if
U(;[u,u]) € C for all u € A, then 2 is commutative.
]

Corollary 3.1 ( [2], Theorem 1). Let 2 be a 2-torsion free prime ring with
an involution ’ of the second kind and let (V,1) : A — A be a generalized
derivation such that V([u,u*],) € Z(A) for allu € A. Then either A is a
commutative integral domain or ¥ = 0.

Proof. Suppose ¥([u,u*],) € Z(2A) for all u € A. Replacing u by u*, we
get U( [u,u]) € Z(A) for all u € A. Applying Theorem 3.1 (i), we get the
desired conclusion.

L]

Corollary 3.2 ( [17], Theorem 1.11). Let 2l be a 2-torsion free prime ring
with an involution «’ of the second kind and let v : A — A be a derivation
such that ¥([u,u*],) £ [u,u*], € Z(A) for all uw € A. Then either A is a

commutative integral domain or ¥ = 0.

Proof. Suppose 9([u,u*],) £ [u,u*], € Z(2A) for all u € 2A. Replacing u by
u*, we get ¥ ([u,u]) £, [u,u] € Z(A) for all u € A. Hence (v £1)(,[u,u]) € C
for all u € A. Applying Lemma 2.2 and Theorem 3.1, we get the desired
conclusion.

O
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Theorem 3.2. Let A be a prime ring with an anti-automorphism 7 of the
second kind and let (U,v) : A — Qppr (A) be a generalized derivation such
that [u, ¥(u)], £ [u,u”] € C for allu € A. Then A is a commutative integral
domain.

Proof. Suppose
u, U(u)], +uu’]eC (3.15)

for all u € 2(. Linearizing (3.15), we have
[, U(0)]; + [0, U(u)]; + [u,0"] +[o,u"] € C (3.16)

for all u,0 € A. By the given hypothesis, 7 is of the second kind. Hence
there exists n € Z(2A) such that n” # n. Substituting nu in place of u in
(3.16), we have

nu¥ (o) —n" W (o)u’ +nfo, U(uw)l-+4(n)[o, ulr+nfu, 07]+n"[o,u"] € C (3.17)

for all u,v € 2A. Now we divide the proof into the following two cases:
Case I. When ¢(n) = 0. In this situation (3.17) reduces to

(o) —n"¥(o)u” + nlo, ¥(u)]; +nu,07] +n"[o,u’] €C (3.18)
for all u,0 € 2. Also from (3.16), we have
N, U(v)]: +nlo, ¥(u)] + nu, 07| +nlo,u™] € C (3.19)

for all u,p € 2. From (3.18) and (3.19), we have (7 — n)¥(o)u” — (n” —
n)[o,u”] € C for all u,v € 2A. Consequently,

U(o)u— [o,u] €C (3.20)

for all u,p € 2. Taking u = 7 in (3.20), we have ¥(v) € C for all v € 2.
Applying [ [11], Lemma 3], we infer that either 2( is commutative or ¥ = 0.
If the latter case prevails, then (3.15) gives us [u,u”] € Z(2) for all u € 2.
Hence [[u”,u],u] = 0 for all u € A. By [12] and [13], uu” € Z() for all
u € 2. Invoking Lemma 2.1, we conclude that 2 is commutative.

Case II. When ¢(n) # 0. Using nu instead of u in (3.15), we have

n*ul (u) + p(n)u® — gy (W — " Y(muu” + g wu] €C (3.21)
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for all u € 2. Also from (3.15), we have
n ul(u) — gy U(wu” + 9y [u,u’] € C (3.22)
for all u € 2. From (3.21) and (3.22), we get

n(n — 07wl (u) + ny(n)u® — n7P(nuu” € C (3.23)

for all u € 2. Utilizing nu in place of u in (3.23), we have

(n—n")nPu® (u) + (n—n" )"V (n)u’ + p°Y(n)u® —n(n")*1h(nuu” € C (3.24)

for all u € A. From (3.23), we have

(n =) w¥ (u) + Y (n)n*u® — Y(n)n’n wu” € C (3.25)

for all u € 2. From (3.24) and (3.25), we have

(n =0 )n*(n)u =y (0" — )Y (n)w’” € C (3.26)

for all u € A. Consequently, nu? — n7uu”™ € Z(2A) for all u € A. Replacing
u by nu in the last relation and using it again, we get uu™ € Z(2) for all
u € 2. Hence by Lemma 2.1, 2 is commutative.
By using similar arguments we can prove that 2 is commutative if
[u, U(u)]; — [u,u”] € C holds for all u € 2.
O

Corollary 3.3 ( [2], Theorem 6). Let 2 be a 2-torsion free prime ring with
an involution “«’ of the second kind and let (¥,1)) : A — A be a generalized
derivation such that [u, ¥(u)], = [u,u*] € C for allu € A. Then A is a
commutative integral domain.

Theorem 3.3. Let U be a prime ring with an anti-automorphism T of the
second kind and let (U,1)) : A — Qi (A) be a generalized derivation such
that +[u, U(u)] £uou” € C for allu € A. Then A is a commutative integral

domain.
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Proof. Suppose
Au, U(u)] +uou” €C (3.27)

for all u € 2. Linearizing it, we get
U, (o)) +- [0, ¥(u)] +uov” ++vou” €C (3.28)

for all u,0 € A. By the given hypothesis, 7 is of the second kind. Hence
there exists n € Z(2A) such that n” # n. Substituting nu in place of u in
(3.28), we have

nu (o) —n¥(o)u+n.o, ¥(uw)]+(n)-[o,u] +nuov” +n"vou” € C (3.29)
for all u,0 € 2. Also from (3.28), we have
nu" W (o) — nP(o)u+n. o, U(u)] +nuov” + noou” €C (3.30)
for all u,v € 2. From (3.29) and (3.30), we have
(" —mu"¥(v) +¥(n)-[o,u] + (n" —n)pou” €C (3.31)

for all u,v € A. Now we proceed by considering the following cases:
Case I. When ¢(n) = 0. From (3.31), we have

ul(v)+vouel (3.32)

for all u, v € 2. Taking u = 7 in the previous relation, we see that ¥(v)+2v €
C for all v € 2. Applying [ [11], Lemma 3], it follows that ¥(v) = —2v for all
v € 2. Therefore from (3.32), we have [o,u] € Z(2) for all u,p € A. Hence
2l is commutative.

Case II. When ¢(n) # 0. Replacing u by nu in (3.27), we have

mnuT O (u) 4+ " (nuTw — p? U (W — ny(nu’ +gmTuou” €C (3.33)
for all u € 2. Also from (3.27), we have
m u U (u) — " U(wu+nnuou” €C (3.34)
for all u € 2. From (3.33) and (3.34), we find that

n(n™ — )@ (Wu +n"Y(n)uu —mp(n)u’ € C (3.35)
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for all u € 2(. Using nu in place of u in (3.35), we have

(" =)W (wu+n*p(n)(n” —n)u +n(n") > (n)u u—n*p(n)u* € C (3.36)

for all u € 2. Also from (3.35), we have
(07 =)@+ P (n)uTu — P’ € C (3.37)

for all u € 2. From (3.36) and (3.37), we find that
() (" = nu? + 0" (07 =) (nuTu e C (3.38)
for all u € 2. Consequently,
m? +n"uTu € Z(2) (3.39)
for all u € 2(. Replacing u by nu in (3.39), we have
u? + n(n")uTu € Z(A) (3.40)
for all u € . From (3.39), we have
*u? +PnTuTu € Z(2A) (3.41)

for all u € 2. From (3.40) and (3.41), we have nn™ (n™ —n)u"u € Z () for all
ue A Hence w'u € Z(A) for all u € A. Thus wy” € Z(A) for all u € A.
Since 77! is also of the second kind. Applying Lemma 2.1, we conclude that
2 is commutative.

By using similar arguments, we can prove that 2 is commutative if
+[u, ¥(u)] —uou” € C holds for all u e 2. O

Corollary 3.4 ( [2], Theorem 7). Let 2 be a 2-torsion free prime ring with
an involution *’ of the second kind and let (U, ) : A — A be a generalized
derivation such that [u, ¥(u*)], +uou* € C for allu € A. Then A is a

commutative integral domain.

Proof. Suppose [u, ¥(u*)], +uou* € C for all u € 2. Using u* in place of
u in the previous relation, we find that ,[u, ¥(u)] +uou* € C for all u € 2.
Applying Theorem 3.3, we conclude that 2( is commutative. O
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Similarly, we have the following corollary.

Corollary 3.5 ( [1], Theorem 4). Let 2 be a 2-torsion free prime ring with
an involution *’ of the second kind and let ¥ : A — A be a left multiplier
such that [u, ¥(u*)]x +uou* € C for allu € A. Then either U is a multiplier
or A is a commutative integral domain.

Finally, we provide an example to show that Theorems 3.1-3.3 do not
hold for semiprime rings and hence the condition of primeness is not super-
flous.

Example 3.1. Consider the noncommutative ring 2 = H x C, where H is
the ring of real quaternions and C is the field of complex numbers. Define the
maps 7,V : A — Qur(A) by V(A,¢) = (0,¢) and (A, ()T = (A, (), where \
denotes the conjugate of . Then it can be easily verified that ¥ is a general-

ized derivation and T is an anti-automorphism of the second kind. Moreover,
(1) U([u,ul;) € C for allu € A.

(i) ¥(;[u,u]) € C for all u € 2.

(iii) [u, ¥(u)], = [u,u”] € C for allu € 2.

(iv) +u, U(w)] £uou” €C for all u € 2A.
Note that 2 is not a prime ring.
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