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Abstract

In this paper, we prove some common fixed point theorems in the framework
of partial metric spaces by using auxiliary function and give some conse-
quences of the main result. Also we give some examples in support of the
result. The presented results in this paper extend and generalize several re-
sults from the existing literature.

1 Introduction and Preliminaries

Metric fixed point theory has been the centre of extensive research for several re-
searchers. Fixed point theory has become an important tool for solving many non-
linear problems related to science and engineering because of its applications. The
Banach contraction mappings principle is the opening and vital result in the direc-
tion of fixed point theory. In this theory, contraction is one of the main tools to
prove the existence and uniqueness of a fixed point. Banach contraction principle
which gives an answer to the existence and uniqueness of a solution of an operator
equation 7x = x (where T is a self mapping defined on a nonempty set X), is the
most widely used fixed point theorem in all of analysis. In a metric space setting it
can be briefly stated as follows.
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Theorem 1.1. ([7]) Let (X, d) be a complete metric space and S: X — X be a
map satisfying

d(S(p),S(q)) < md(p,q), forallp,q € X, (1.1

where 0 < m < 1 is a constant. Then

(1) S has a unique fixed point z in X;

(2) The Picard iteration {yy },2, defined by
Yntl1 =SyYn, n=0,1,2, ... (1.2)
converges to z, for any yg € X.

Remark 1.1. (i) A self-map satisfying (1) and (2) is said to be a Picard operator
(see, [28, 29]).

(ii) Inequality (1.1) also implies the continuity of S.

In literature, there are many generalizations of Banach contraction principle in met-
ric and generalized metric spaces. These generalizations are made either by using
different contractive conditions or by imposing some additional condition on the
ambient spaces. On the other hand, a number of generalizations of metric spaces
have been done and one of such generalization is partial metric space introduced
in 1992 by Matthews [22, 23]. It is widely recognized that partial metric spaces
play an important role in constructing models in the theory of computation. In par-
tial metric spaces the distance of a point in the self may not be zero. Introducing
partial metric space, Matthews proved the partial metric version of Banach fixed
point theorem ([7]). Then, many authors gave some generalizations of the result
of Matthews and proved some fixed point theorems in this space (see, i.e., [1], [2],
[31, [16], [17], [18], [19], [25], [27], [30], [36]-[39], [40] and many others).

Recently, many authors proved fixed point and common fixed point results via
contractive type conditions in various ambient spaces (see, e.g., [4, 5, 8, 9, 10, 11,
14, 15, 19, 20, 26, 31, 32, 33, 34, 35] and many others).

The purpose of this work is to prove some common fixed point theorems for
contractive type condition involving auxiliary function in the setting of partial met-
ric spaces.

Now, we recall some basic concepts on partial metric spaces defined as follows.
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Definition 1.1. (/23]) Let X be a nonempty set and p: X x X — RT be a self
mapping of X such that for all u,v,w € X the followings are satisfied:

(P1) u=v < p(u,u) = p(u,v) = p(v,v),

(P2) plu,u) < plu,v),

(P3) p(u,v) = p(v, u),

(P4) p(u,v) < p(u,w) + p(w,v) — p(w, w).

Then p is called partial metric on X and the pair (X, p) is called partial metric
space (in short PMS).

Remark 1.2. It is clear that if p(u,v) = 0, then w = v. But, on the contrary
p(u, w) need not be zero.

Example 1.1. ([6]) Let X = R and p: X x X — RT be given by p(u,v) =
max{u, v} for all u,v € RY. Then (R™,p) is a partial metric space.

Example 1.2. (/6]) Let I denote the set of all intervals |a, b] for any real numbers
a<b Letp: I x I — [0,00) be a function such that

p([a, b, [c, d]> — max{b,d} — min{a, c}.

Then (I,p) is a partial metric space.

Example 1.3. ([12]) Let X = Rand p: X x X — R" be given by p(u,v) =
ema{uvt forall u,v € R. Then (X, p) is a partial metric space.

Various applications of this space has been extensively investigated by many
authors (see, Kiinzi [21] and Valero [40] for details).

Remark 1.3. ([17]) Let (X, p) be a partial metric space.

(1) The function dy,: X x X — R* defined as d(u,v) = 2p(u,v) — p(u, u) —
p(v,v) is a metric on X and (X, dp) is a metric space.

(2) The function ds: X x X — RT defined as ds(u,v) = max{p(u,v) —
p(u,u),p(u,v) — p(v,v)} is a metric on X and (X, ds) is a metric space.

Note also that each partial metric p on X" generates a Ty topology 7, on X,
whose base is a family of open p-balls { B, (u,€) : u € X, e > 0} where,

By(u,e) ={ve X :p(u,v) < p(u,u) + ¢},
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for all w € X and € > 0. Similarly, closed p-ball is defined as
Bylu,e] = {v € X : p(u,v) < p(u,u) + €},

forallu € X and e > 0.
On a partial metric space the notions of convergence, the Cauchy sequence,
completeness and continuity are defined as follows [22].

Definition 1.2. (/22]) Let (X, p) be a partial metric space. Then

(1) a sequence {ry} in (X, p) is said to be convergent to a point r € X if and
only if p(r,r) = limy, 00 p(Tn, )5

(2) a sequence {ry,} is called a Cauchy sequence if limy, o0 P(T'm, Tr) exists
and finite;

(3) (X, p) is said to be complete if every Cauchy sequence {r,,} in X converges

to a point v € X with respect to T,. Furthermore,

i P(rms7n) = 1 p(ra, v) = p(r,7).

(4) A mapping f: X — X is said to be continuous at ro € X if for every
€ > 0, there exists § > 0 such that f(Bp(ro, 5)) C B, (f(ro),z—:).

Definition 1.3. ([24]) Let (X, p) be a partial metric space. Then
(1) a sequence {ry,} in (X, p) is called 0-Cauchy if limy, y,—y00 P(7m, ) = 0;

(2) (X,p) is said to be 0-complete if every 0-Cauchy sequence {r,} in X
converges to a point r € X, such that p(r,r) = 0.

Lemma 1.1. ([22, 23]) Let (X, p) be a partial metric space. Then

(1) a sequence {ry} in (X, p) is a Cauchy sequence if and only if it is a Cauchy
sequence in the metric space (X, dp),
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(2) (X, p) is complete if and only if the metric space (X, d,) is complete,

(3) a subset E of a partial metric space (X, p) is closed if a sequence {ry,} in
E such that {r,} converges to some r € X, thenr € E.

Lemma 1.2. ([2]) Assume that r,, — r as n — oo in a partial metric space (X, p)
such that p(r,r) = 0. Then lim,,_, o0 p(ry, u) = p(r,u) for every u € X.

Lemma 1.3. (see [19]) Let (X, p) be a partial metric space.
(i) If p(u,v) = 0, then u = v;
(ii) If w # v, then p(u,v) > 0.

2 Main Results

In this section, we shall prove some unique common fixed point theorems in the
framework of partial metric spaces by using auxiliary function.

We shall denote W the set of functions ¢: [0,00) — [0,00) satisfying the
following conditions:

(W) v is continuous; (Vo) ¢(t) < ¢ forall ¢ > 0.

Obviously, if ¢ € U, then ¢)(0) = 0 and ¢(¢t) < ¢ forall t > 0.

Theorem 2.1. Let R and Ro be two self-maps on a complete partial metric space
(X, p) satisfying the condition:

p(RlyaR2z) S (03] Azl)(y7 Z) + a2 AIQ)(y7 Z)? (21)

forally,z € X, where

1 —i—p(z,Rzz))’ 22)

A(y,2) = w(p(.% Riy) = +p(y, )

and

A (9. 2) = max {u(ply. ), ¥lply, Ruy). (5 ol Ray) + p(y. R2)]).

p(y, R1y)[1 + p(z, Raz)]
dj( 11 + p(y, 2) : >}’ (2.3)
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forally € U, where a1, € [0,1) with ay + aa < 1. Then Ry and Ro have a
unique common fixed point in X.

Proof. For each ug € X. Let ugpr1 = Riug, and ugpy2 = Rouon41 for n =
0,1,2,..., we prove that {u,} is a Cauchy sequence in (X, p). It follows from
(2.1) for y = w9, and z = ugy,—1 that

P(U2n41, U2n) = P(Riuzn, Roton—1)

< ayg A (ugn, ugn—1) + as A5 (ugn, usn—1), (2.4)

where

AR (ugp, uon—1) =9 (p(uzn, Riuzp) ! —ETQZ&;:,SE:_QT)_ 1))
) 1+ p(ugn—1, U2n)>
1 + p(uzgn, u2n—1)
1+ p(ugn—1, uzn)
1+ p(ugn—1, uzn)

= (p(uzn, Uop+1

) oy P3)

(P(U2n+1, U2n)
(p(w2ns1,wan)), 2.5)

and

Ag(u2n7 u2n—1) = max {1/}(17(“271’ u?n—l))7 T,Z)(p(’LLQn, R1u2n))a
¢<%[P(U2n—1, Riuzn) + p(ugn, R2u2n71)])7
P(Ugn, Riugn)[1 + p(u2n—1, Rotan—1)]
¢< 1+ p(u2n, u2n—1) )}

= max {w(p(wn, u2-1)), Y(P(U2n, U2n41)),
(2.6)
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0 (5ol 1, uans1) + plusn, uan)]).

2.7)
P(t2n, u2nt1)[1 + p(ugn—1, uzn)
d)( 1+ p(ugn, u2n—1) >}
max {(p(uzn-1, uzn)), Pz i1, uzn)),
1
?/)(2[23 U2n—1, U2n) + P(U2n+1, U2n)] )
w(P(Uznﬂl, 127;) u12+11? Zzn 1, U2n) >} (by (P3)and (P4))
(2.8)
= max {y(p(uzn-1,u2n)), (pluzns1, w20),
1
(0 (5 [p(u2n—1,u2n) + p(u2n+t1, Uzn)]) } (2.9)

The following cases arise.

Case (l) If Ag(UQn, UQn_l) = I/J(p(UQn_H, UQn)), then from (2.4), (2.5), (29)
and using the property of v that

(U2 i1, u2n) < 1 (P(U2n+1, u2n)) + a2 <P(u2n+1, U2n)>
= (a1 + a2)¢<p(u2n+1, U2n))

< (o1 + az2)p(uzny1,uzn)

< p(ugnt1, u2n), (since, (ag + ag) < 1) (2.10)

a contradiction.

Case (ii) If AL(u2pn, u2n—1) = ¥(p(ugn—1,u2,)), then from (2.4), (2.5), (2.9)
and using the property of ¢ that

p(u2nt1,u2n) < gt (p(U2n+1, uzn)) + a2 (p(u2n71, u2n))

< a1 p(ugn+1, u2n) + 2 p(uon—_1, u2n),
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or
(1 — o)p(uzn+1, u2n) < o p(Uuzn—1,u2n),
or
as
p(Uzn+1, Uz2n) < (1 — al>p(uQn—1, Unp). 2.11)

Case (iii) If AB(un, uzn-1) = % (3[p(uzn—1, uzn) + Pluzns1, u20)] ), then
from (2.4), (2.5), (2.9) and using the property of ¢ that
1
p(u2n+1,uzn) < a1 ¥ (p(u2n+1, u2n)> +az ¢ (5 [p(u2n—1,u2n) + P(u2n+1, Uzn)])

a2
< aq p(ugnt1, uzn) + ?[P(mnfl, Ugn) + p(U2n+1, U2n)],s

or

2p(u2n+1, U2n) < 200 p(U2nt1, Uzn) + a2 P(Ugn—1,U2p) + 2 P(U2n+1, U2n)

= (2a1 + a2) p(u2n+1,u2n) + a2 p(Uu2n—1, Uap),

or
(2 =201 — a2)p(ugnt1, Uzn) < a2 p(Uzn—1,U2n),
or
a2
p(u2n+17u2n) < (m)p(uzn—hu%)- (2.12)
Put § = max {lf—fxl, 2_2;‘%} < 1, since () + ag) < 1. Then from (2.12), we
obtain

p(u2nt1, u2n) < 0p(uon—1,uzn), (2.13)
which implies

p(un—i-laun) < ep(umun—l)- (2.14)
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Let D,, = p(un+1,uyn) and Dy,—1 = p(up,un—1). Then from (2.14), it can be
concluded that

D, <0Dy 1 <6°D, 9 <--- <" Dy. (2.15)
Therefore, since 0 < 0 < 1, taking the limit as n — oo, we have

lim p(upt1,un) = 0. (2.16)

n—oo
Now, we shall show that {u,,} is a Cauchy sequence in (X, p).

Thus for any n, m € N with m > n, then we have

P(Un, Um) < p(Un, Unt1) + P(Unt1, Ung2) + - + P(Untm—1, Um)
= P(Unt1; Unt1) — P(Un+2, Unt2) — -+ = P(Untm—1, Untm—1)
< 0"p(ug, ur) + 0" p(ug, ur) + -+ 0" p(ug, un)
= 0" [p(ug, u1) + Op(ug, u1) + - - + 0™ p(ug, u)]

=0"[L4+60+ -+ 60" |Dy

1— Hm—l
<o"(———)Do.
< - 0
Taking the limit as n, m — oo in the above inequality, we get p(un, ) — 0,
since 0 < 6 < 1, hence {u,} is a Cauchy sequence in (X, p). Hence, by Lemma
1.1, this sequence will also Cauchy in (X, d,,). In addition, since (X, p) is com-
plete, (X,d)) is also complete. Thus there exists v € X such that u,, — v as

n — o0o. Moreover, by Lemma 1.1,

p(v,v) = lim p(v,u,) = lm p(up,um) =0, 2.17)

n—00 n,m—oo
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implies

lim dy(v, uy) = 0. (2.18)

n—oo

Now, we shall show that v is a common fixed point of R and R». Notice that due
to (2.17), we have p(v,v) = 0. By (2.1) with y = ug,, and z = v and using (2.17),
we have

P(U2n41, Rov) = p(Riugn, Rav)
<o All)(u2na U) + a2 AIQ)(UQna U)? (219)

where

1+ p(v, Rav)
) - 1+ p(v, Rov)
AL (ugp,v) = ¢<p(“2"’ Riuan) 7 + p(ugn, v) )

1 —i—p(v,Rgv))‘

1 + p(ugn,v) (220

=1 (p(uzn, U2n+1)
Passing to limit as n — oo and using the properties of ¢ and (2.17), we obtain
AR (ugp, v) — 0, (2.21)
and

AB(u2n, v) = max { (p(uizn, ), $(p(uizn, Rivizn)),
0 (5p(z, Rian) + plua, Rav)]),
p(u2n, Riugn)[1 + p(v, Rav)]
¢< ll—l—p(uQn,v) >}

= max {w(p(uQn, v)), Y (p(uzn, u2n+t1)),
0 (200, u2012) + plus, Rv)]).
¢ (p(u2m uinjlp)([i;:’];()vv RQU)] ) } (2.22)

Passing to limit as » — oo and using the properties of 1 and (2.17) in equation
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(2.22), we obtain

AB(ugn,v) = max {0, 0, w(p(v,zRgv)) , 0}

_ ¢<p(“’§2v)> _ ;sz)

Now from equations (2.19), (2.21) and (2.23), we obtain

p(ugnt1, Rov) < a1.0 + az p(v, Rov)
= a9 p(v, RQU).

Passing to limit as n — oo, we obtain

p(U,RQU) < a2p(U7RQU)
< p(v, Rav), since ag < 1,

< p(v, Rav).

(2.23)

(2.24)

(2.25)

which is a contradiction. Hence p(v, Rov) = 0, that is, v = Rav. This shows that

v is a fixed point of Ro. By similar fashion, we can show that v = Ryv. Thus v is

a common fixed point of R; and Ro.

Now, we shall show the uniqueness of common fixed point. Assume that v’ is

another common fixed point of R and Rs such that R1v' = v/ = Rov’ with

v # 2. Using (2.1) for y = v, 2 = v/ and using the properties of 1) and (2.17), we

have
p(v,v") = p(Riv, Rav')
< ag AP (v,v") + ag AL (v, "),
where
AP(v,0) = ¢(p(U,R1U)W>
= w(p(vyv)%) =0,

and

(2.26)

(2.27)



12 G.S. Saluja

AB(v,v") = max {w(p(v,v’)) »(p(v, R1v)) (5[]) v/, R1v) +p(v,R2v’)]>,

¢(p(v,R1v)[1 p(v )R v’)])}

14 p(v, 0/

:max{@b(p(v,v/)), (p(v,v)), (
w(p(v v 1+p v’ 7)

1 / /
S[p(vv) +p(v,0)]).
)

[p
1+ p(v, ") )
= max {¢(p(v, v")), 0, ¢ (p(v,v") ,O} = Y(p(v,v)). (2.28)

From equations (2.26), (2.27), (2.28) and using the property of 1/, we obtain

p(v,v") < a1.0 + a2 P(p(v,v) = a2 ¥(p(v,v))
< agp(v,v") < p(v,v"), since ag < 1,

which is a contradiction. Hence, p(v,v’) = 0, that is, v = v’. Thus the common
fixed point of R and R, is unique. This completes the proof. O

Theorem 2.2. Let F, and F5 be two continuous self-maps on a complete partial
metric space (X, p) satisfying the condition:

p(F'y, F3'z) < Li Hi(y, z) + Ly H5(y, 2), (2.29)

forally, z € X, where m and n are some positive integers,

1 +p(z,]-'§‘z))

Hi(y,z) = ¢(p(y,f1’”y) T p(s.2)

(2.30)

and
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Hy(y, 2) = max {$(p(y, 2)),
Voly, F1)), (Gl Fw) + ply, F32))).
y (p(y, 1'y)[1 +p(z, F5'2)] ) }

2.31
1+ p(y, 2) (231

forally € Y, and Ly, Ly € [0,1) with Ly + Ly < 1. Then F; and F2 have a

unique common fixed point in X.

Proof. Since F|"* and F3' satisfy the conditions of the Theorem 2.1. So 7" and
J3' have a unique common fixed point. Let w be the common fixed point. Then
we have
Fl'w = w = Fi(Fj'w) = Fiw
= F'(Fw) = Frw.

If Fiw = wo, then F{"wy = wp. So Frw is a fixed point of F7*. Similarly,
F3(Fow) = Faw, that is, Fow is a fixed point of F3'.
Now, using equations (2.29) and (2.17) and using the properties of v, we have

p(w,]-'lw) :p(]:{nwv}_im(flw))
< L1 ’H?(w, flw) + L2 ’Hg(w, ]:110), (2.32)

where

1 +p(.7-'1w,.7-"§(.7:1w)))
1 —|—p(w,]—"1w)
" 1 —i—p(}'lw,}'lw))
1 + p(w, flw)
= 4(0) =0, (233)

H (w, Freo) = o (plw, Fi"w)
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and

H(w, Fre) = max {$ (p(w, Frw)), v(p(w, 7' (Frw)),

o (lp(Fre, F'w) + plo, F(Frw))]).

p(w, Fi'w)[1 + p(Frw, F5 (Fiw))]
¢< 1 1+p(w.71:1w)2 : )}

p(w, Frw)), ¥ (p(w, Frw)),

= Imax

Y(
1/1(1[ (Frw,w) + p(w, Fiw)]

1 +p(w .7-"1w
= max { Y (plw, Frw)), v (p(w, Fiw)), v (p(w, Fiw), 0}
= ¥(p(w, Frw)). (2.34)

)
)
w,w)|1 (Frw, Frw)]
w(p( )1+ p(Frw, Fa )}
)

From equations (2.32)-(2.34) and using the property of v, we obtain

p(w, Firw) < L1.0 + Ly (p(w, Frw)) = Lo ¥(p(w, Frw))
< Lo p(w, Frw) < p(w, Fiw), since Ly < 1,

which is a contradiction. Hence, we deduce that p(w, Fiw) = 0, that is, w = Frw
for all w € X. Similarly, we can show that w = Fw. This shows that w is a
common fixed point of F; and F>. For the uniqueness of w, let w’ # w be another
common fixed point of F; and F». Then clearly w’ is also a common fixed point
of F{" and F3 which implies w = w'. Thus F; and F» have a unique common
fixed point in X'. This completes the proof. 0

If we take R; = Ro = S in Theorem 2.1, then we have the following result as
corollary.

Corollary 2.1. Let S be a self-map on a complete partial metric space (X, p)
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satisfying the condition:

p(Sy,Sz) < B1 Q(y, 2) + P2 (v, 2), (2.35)
forally, z € X, where

1 +p(z,Sz)>

(v 2) = ¥ (ply: Su) 710

and

N

Q4 (y.2) = max {(p(y, 2)), Y (ply, Sy), ¥ (5 lp(z Sy) + (. S2)]),

(A SplLe o)

forallip € U, where (31, B2 € [0,1) with 51 + B2 < 1. Then S has a unique fixed
point in X.

If we take 71 = F» = G in Theorem 2.2, then we have the following result as
corollary.

Corollary 2.2. Let G be a self-map on a complete partial metric space (X,p)
satisfying the inequality for some positive integer n:

p(G"y,G"2) < s1 M (y, 2) + 52 M5 (y, 2), (2.36)
forally, z € X, where

1+ p(z, g”z)>

Mily ) = ¥ (plu 6" 0TS

and

ME(y,2) = max {g(ply, 2)), 6 0(3.G"9)), ¥ (51p(=.G"9) + p(3,67)]).

(AT DL

forally € ¥, and s1,s2 € [0,1) with s1 + so < 1. Then G has a unique fixed
point in X.
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Proof. LetU = G, then from (2.36), we have
pUy,Uz) < 51 M{(y, 2) + 5o M5(y, 2),

for all y, z € X, where

1 —i—p(z,L{z))

Mi(y,2) = 6 (o) TS

and

MB(y,2) = max {p(ply, 2), (o0, ), (o= U) + p(y12)]).

(Mt

So by Corollary 2.1, U, that is, G" has a unique fixed point ug. But G"(Guy) =
G(G™ug) = Gug. So Guy is also a fixed point of G. Hence Gug = uy, i.e., ug is a
fixed point of G. Since the fixed point of G is also a fixed point of G, so the fixed
point of G is unique. This completes the proof. O

Corollary 2.3. Let S be a self-map on a complete partial metric space (X, p).

Suppose that there exists a nondecreasing function i € WV satisfying the condition:

w552 < o525

+ B2 ( max {p(y, z),

p(4, Sy), ~[p(z. Sy) + p(y, 52)],

2
p(y, Sy)[1 + p(z,S2)] })
1+p(y, 2) ’

(2.37)

forall y,z € X, where B1, 52 € [0,1) with B1 + B2 < 1. Then S has a unique
fixed point in X.

Proof. It follows from Corollary 2.1 by taking that if ¢/ € W is a nondecreasing
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function, we have

Q(y,z) = ( max {p(y, 2),p(y,Sy), %[p(zv Sy) + p(y, Sz)],

p(y, Sy)[1 + p(z, S2)] }>
1+p(y, 2) '

O

Remark 2.1. It is clear that the conclusions of the Corollary 2.3 remain valid if in
condition (2.37), the second term of the right-hand side is replaced by one of the
following terms:

500y ) 526 (5Ip(2,59) + p(y,52)]);

B max {6(p(y, ), (p(y, Sv) }:

or 2 max {(p(y, 2)), 0o, S)), v (5p( 89) + p(y.52)] ) }.

Corollary 2.4. Let S be a self-map on a complete partial metric space (X, p).
Suppose that there exist five positive constants a;j, j = 1,2,3,4,5 with Z?zl aj <
1 satisfying the inequality:

1+p(2,8%)
1+p(y, 2)

1
+ a3 p(y, Sy) + a4 §[p(z, Sy) + p(y, Sz)]

p(y, Sy)[1 + p(z, Sz)]
1+ p(y,2)

p(Sy,S2) < a1 (p(y, Sy) ) +azp(y.2)

+ as , (2.38)
forally,z € X. Then S has a unique fixed point in X.
Proof. Tt follows from Corollary 2.1 with ¢(t) = (a1 + a2 + az + a4 + as)t. O

As a special case, we obtain partial metric space versions of Banach ([7]) and
Chatterjae ([13]) fixed point results from Corollary 2.4.
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Corollary 2.5. Let S be a self-map on a complete partial metric space (X, p).
Suppose that there exists 1 € [0, 1) such that one of the following conditions hold:

p(Sy,Sz) < uply, 2),

p(Sy,8z) < 5 [p(z,8y) + ply, S2)],

=

forally,z € X. Then S has a unique fixed point in X.

Proof. 1t follows from Corollary 2.4 by taking (1) a = g and a; = a3 = a4 =
a5:0and(2)a4:uanda1:agza3:a5:()_ OJ

If we take 81 =0, B3 = 1 and

max {w(p(y, 2)), v (p(y, Sy)), ¥ (% [p(2,Sy) + p(y, SZ)]> ,

p(y, Sy)[1 + p(z, S2)]
w( T+ (. 2) )} = ¥(p(y, 2)),

in Corollary 2.1, then we obtain the following result.

Corollary 2.6. Let S be a self-map on a complete partial metric space (X,p)
satisfying the condition:

p(Sy,Sz) < h(p(y, 2)),

forally,z € X and ) € V. Then S has a unique fixed point in X.

If we take ¢ (t) = kt, where 0 < k < 1 is a constant in Corollary 2.6, then we
obtain the following result.

Corollary 2.7. (see [23]) Let S be a self-map on a complete partial metric space
(X, p) satisfying the condition:

p(Sy,Sz) < kp(y,2),

forally,z € X and k € [0,1) is a constant. Then S has a unique fixed point in X.
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Remark 2.2. Corollary 2.7 generalizes Banach contraction mapping principle
([7]) from complete metric space to the setting of complete partial metric space.

Now, we give some examples in support of the result.

Example 2.1. Let X = {1,2,3,4} and p: X x X — R be defined by

|y—z|+max{y,z}, lf y#za
p(y,z): Y, lfyzz#la
0, fy=z=1,

forally,z € X. Then (X, p) is a complete partial metric space.
Define the mapping S: X — X by

S1)=1,82) =1, S(3) =2, S4) = 2.

Now, we have

PS(1),8(2) = p(1,1) =0 < $3 = Tp(1,2)
p(S(1), S(3) = p(1,2) =3 < 5.5 = 5p(1,3),
p(S(1), S(4) = p(1,2) =3 < 5.7 = 2p(1,),
P(S(2),5(8) =p(1,2) =3 < 4= 2p(2,3)
P(S(2),5(4) = p(1,2) =3 < 2.6 = Zp(2,4),
P(S(3),5(4) =p(2,2) =2 < 2.5 = 2p(3,4).

Thus, S satisfies all the conditions of Corollary 2.7 with k = % < 1. Now by
applying Corollary 2.7, S has a unique fixed point. Indeed 1 is the required unique
fixed point in this case.

sec

Example 2.2. Let X = [0,00) and p: X x X — R be defined by p(y,z) =
max{y, z} forall y,z € X. Then (X,p) is a complete partial metric space. Con-
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sider the mappings S : X — X defined by

0, f0<y<l,
8@)={ o
Iy’ ify=>1,

and v : [0,00) — [0, 00) is defined by 1(t) = 3.
We have the following cases:

Case (i) Ify, z € [0, 1) and assume that y > z, then we have

Oy 2) = b (S T 222

(y(l + z)> _ 3y(l+ z)
(I+y) 41+y)’

and

Oy, =) = max {6 (p(y, 2)), w(p(w 5v), 6 (3 (= Sv) + (3, 62)]),

2
()
= ma {0 v (50 0 (L) ) < v = 2.

Hence from above inequalities, we see that

p(S(y),S(2)) =0 < B1 Q(y, 2) + B2 Q5 (y, 2).

Thus the inequality holds.

Case (ii) If z € [0,1), y > 1 and assume that y > z, then we have

2 2

PS(),8() =max {0} = 7
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and
» B 1+ p(z,82)
Q(y,2) = 7#(29(9739)%)
oyl 2N 3y(l+2)
_¢( (1+y) ) C4(l+y)
and

QY (y,2) = max {9 (ply, 2)). 9ol Sy)), 6 (3 1p(= Sy) + ply, 52)]).

2
(v, SYI1L+ p(z,52)
(e )
2
= s {0000 (3 [ 12 +4]) 0 (B2 } v - 2.

Using contractive condition (2.35), we have

2 z
1Z—y <h (34?J((lljy))) 2 (%)

Ifwe take y = 1 and z = 0, then the above inequality reduces to

< () (P
or
4 < 361 + 602.

The above inequality is satisfied for (i) 1 = % and o = % (i) 1 = % and
By = 2 with By + B2 < 1.
Case (iii) If y > z > 1 and assume that y > z, then we have

2 2 2

P8O, S() =max{ =1

and
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Oy 2) = b (ol Su) T2 220

_ (y(l—i-z)) _ 3y(1+ =)
(1+y) A(1+y)

and

Q4w 2) = max {(p(y, 2), (bl Sy)), (3 [p(2, ) + 9y 52)]),

)

= max {1#(9),7/1(3/)’%[)(%[2 + y])’w<y(11_:_;))} = vl = %Ty

Using contractive condition (2.35), we have

2 z
1giy <h (34y((11—|——i_y))> 02 (%)

Ifwe take y = z = 1, then the above inequality reduces to

L35 36
27 4 4
or
2 < 3B + 3pe.
The above inequality is satisfied for (i) 1 = % and B = 3, (id) B = % and

By = % and (iii) 1 = i and By = % with 81 + B2 < 1. Thus, in all the above
cases S satisfies all the conditions of Corollary 2.1. Hence, S has a unique fixed
point in X, indeed, y = 0 is the required point.

Conclusion

In this paper, we establish some unique common fixed point theorems in the frame-
work of complete partial metric spaces involving auxiliary function and give some
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consequences of the established results as corollaries. We also give some examples
in support of the results. The results of findings in this paper extend and generalize
several results from the existing literature regarding partial metric spaces.
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