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Abstract

In this paper, we intend to study the existence and uniqueness of solution of Volterra inte-

grodifferential equation of the type

under some suitable conditions on the functions, f, g and Kernel, a(¢, s) as mentioned later.

The method employed in our analysis is based on the ideas of Hussain [2]].
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1 Introduction and results
In 1970, M. G. Crandall [1]] has studied the Cauchy problem
' = g(u,t),u(0) = z.

In our paper, we consider the volterra integrodifferential equation of the form,

u'(t) = f(t,u(t)) —i—/o a(t,s)g(s,u(s))ds,u(0) =z (1.1)

where g, f € C[R x E, E] and the function a : Ry X Ry — R, is a Holder continuous.
E is Banach space and x,y € E. We denote S =S (x, r); U = U (X, r) the closed and open sphere of
the centre x and radius r, respectively. We define,

1. 1
=~ lim — —|lz—h E
<a,y>= g lim o (llz +hyll = |lz = hyll), forz,y €

(see [3] and [4]) The functions f,g € C[I x S, E] are said to be demicontinuous, if it is continuous
from I x S in strong topology to the weak topology of E, (see[[7]]).

We make the use of the following hypothesis in our subsequent discussion;

Hypothesis 1. (H;) Letf,g € C[I x S, E] be demicontinuous such that for sufficiently small positive
constant o and v; € S(x, r) and u; € U(v;,0) N S(x, r). (1 =1,2))

(i)
< uy — ug, f(t,v1) +/O a(t,s)g(s,v1(s))ds — f(t,ve)
—/ a(t,s)g(s,va(s))ds >
0
< alfur —v1l], [Juz — va|]) + ﬁ(t)/o la(t, s)[llg(s,v1(s))
= g(s,v2)(s)||ds + B(t)|[ur — ugll.
(ii)

g (t; ur) — gt v1)|] < L(E)||ua — va[;

where « is a real valued continuous function and 3 and L(t) are nonnegative continuous

functions on I.
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Hypothesis 2. Let a : [0,T] x [0,T] — R is continuous and satisfies Holder continuity condition
in the first and second place with exponent p i.e., there exists a positive constant by > 0 such that
|a(t1,51) — a(t2,52)| < b0(|t1 — t2’p + |51 — 82|p).

For all ty,ta, s1,s2 € [O, T] we need the following Lemma in the proofs of our main results

We need the following Lemmas in our subsequent discussion;

Lemma 1.1. (Martin [5l]) Let u be the E-valued function on real interval J such that
Lou(t) and Lfu(t)|, exist for every t €
dtu an o U , exist for every )

Then
d d
%Hu(t)H =< u(t), ﬁu(t) >, for almost every t € J.

Lemma 1.2. ( (Pachpatte [6]) Let u(t), f(t) and g(t) be real valued nonnegative continuous func-
tions defined on I = [0, 00) and h(t) be a positive and nondecreasing contninuous function defined

on I, for which the inequality

) <m0+ [ fputsids+ [ 16 ([ strrutrrar )as

holds for all t € I. Then

) <hoin+ [ 1o (15 +atriar) as

forallte L
Now we state our main theorem as follows;
Theorem 1.1. Assume that hypothesis (H1) — (H2) hold. Then there exists one and only one

strongly continuous, once weakly continuously differentiable function on some interval [0, p] of 1

which satisfies equation ([I.1).

Proof. Since f(t,u) and g(s, u) are demicontinuous on I times S, Where S is a closed sphere, [ =
[0,7] and a(t, s) is Holder continuous. Then there exist constants 0 < rop < rand 0 < Ty < T,
bo > 0 and M; > 0,¢ = 1, 2, such that

la(t1,51) — a(te, s2)| < bo([t1 — t2|” + [s1 — s2|”)
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Lf (& u)ll < My, |lg(t, w)|| < My forall (t,u) € [0,To] x S(z,r)

and

la(t, 8)] < la(t, 5) = a(0,0)] +[a(0, 0)]
< bo[[t]” + 5[] +1a(0, 0)]
= bo[T? + T?] + |a(0,0)|
= 2b0T" + |a(0, 0)|

:’r‘7

where 7 = 2byT” + |a(0, 0)|.
Let p = min{ 377257 To} and define the approximate solutions un( . ) (n = 1,2,....) by

u, = x fort <0

)=+ [ FGss(s — s
+ /Ot /OS a(s, 7)g(T, un(T — €,))drds

for0<t<p (1.2)

where €, = 2.

Then u,, is well defined and strongly continuous, once weakly continuously differentiable on [0, p]
for f(s,un(s — €,)) and g(7, u, (7 — €,)) are bounded, weakly continuous functions of s and 7 on
[0, p] respectively. Since f(s,un(s — €,)) and g(7, u, (7 — €5,)) are Bochner integrable functions

of s and 7 respectively on [0, p], the strong derivative ., (¢) of u(t) exists for all t € [0, p] and

n
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Junt) =)l < | {uf<s,un<s—en>>|r+ / S\a(s,ﬂmg(ﬂun(f—en>>\|df}dsr

t s
< ]/ {M1+/ ngdT}ds]
T 0

t
= |/ {My + yMass} ds|

< Mt — | +7M2ﬁ2_27—2‘
= 2t — | 4y EZ DT
=t — gy + 22T
< Ip = b + T

= [My +yMT||t — 7|
= M|t — 7|

where M = M + yM,T.

Thus 4 ||u, — um(t)|| exist for a.e t € [0, p] and

d / /
Zpllun(t) = un ()] =< un(t) = wm(t), upn (t) — wn, (t) >

=< up(t) — um(t), f(t, un(t — €,))

+ /0 a(t, s)g(s, un(s —€n))ds — f(t, um(t — €m))

—/ a(t, s)g(s, um(s — €n))ds
0

for all t € [0, p] Let ng be a natural number such that ¢, < min{c, 77} for n > ng where

M = My + yM>T. Then
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%Hun(t) — U (O < a([[un(t) — un(t — €)l]; [[um(t) — um(t — €m)l])

#50) [ atts5) (5505 = e0) = g5, — e s
+ B0lun(t) — ()]

= a(lun(s) — tn(s — en)ll tom(5) — (s — el
#50) [ V6 ns —ea) = s e

+ B0 lun(t) — um (D).

Integrating inequality from O to t, we have

[un(t) — um(t)]] S/O o([|un(s) = un(s — )], [lum(s) — um(s — em)ll)
+/0 B(s) /Os'yL(T)Hun(T—en)—um(T—em)Hdes

+Amwm@—w@ww

Taking limits on both the sides as m, n — oo, we have

t t S
lim [ (t) — wm ()] < / 0(0,0)ds + lim | A(s) / VL) [ (7 — )
m,n—oo 0 mn—oo [ 0
t
— U (T — €)||dTds + 1111}1 / B(8)||un(s) — um(s)||ds
mmn—oo fq
i.e.,

ol ffun(t) = um ()] < 0+/0 Bls){ lm |lun(s) — um(s)]]

m,n— o0

+/ lim_ L7 un (7 — €) — (e[ d .
0 ™Msn—o0

t
ﬂwéﬁ@lmH%®w@H

m,n— 00

+ [ 805) [ A0r) tim_llun(r) = ()l

Now an application of Pachpatte’s inequality established in [6].
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‘We have,

m,n—00

lim[un(t) — um(®)]] < O[1 + /0 B(s) exp ( /0 wme(ﬂ]dT) s
=0.

So that limy, 500 ||tn (t) — um(t)|| = 0 uniformly on [0, p].
Consequently limy;, ;00 up(t) = u(t) exist uniformly on [0, p] and u satisfies the equation (1.1).

Uniqueness : Let v(t) be another strongly continuous, once weekly continuously differentiable

solution of (T.2)), Then

- /Ota(tjs)g(s,v(s))ds >
< a([fu(t) = u(@)l,[lv(t) = v@®)]])
+8(t) /Ot la(t, s)[llg(s, v(s)) = g(s, v(s))l|ds
+ 60 ||u(t) —v(®)]]

Integrating from O to t

IIu(t)—u(t)llé/O 5(5)/0 fyL(T)Hu(T—v(T))||des+/0 B(s)|[u(s) — v(s)||ds
ZOJr/0 5(8)|U(8)—v(5)||d5+/0 ﬁ(s)/o ~L(7)|[u(r) — v(7)||drds
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Again by Pachpatte’s Inequality, we have

[lu(t) —o(®)]] < O[1 +/0 B(s) eXp(/Os[ﬁ(T) +yL(7)dr])ds]

=0.

This implies that u(t) = v(t) for t € [0, p], and hence the uniqueness is proved. O
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