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Abstract

This paper concerns new set-operators in topological spaces with ideal-
s. These new set-operators will construct the joint compliance of the local
function and its complement set-operator ). Various relations among the
new set-operators are the main part of this paper. These set-operators also

characterize the Hayashi-Samuel spaces.

1 Introduction and Preliminaries

If (X, 7) is a topological space and Z is an ideal [12, 21] on X, then for A C X,
the local function [12, 21] is defined as A*(Z,7) = {z € X : U, NA ¢ I},
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where U, € 7(x), the collection of all open sets containing x. A*(Z, 7) is simply
denoted as A*(Z) or A*. For the simplest ideals {(}} and p(X) (the power set
of X), we observe that A*({0}) = cl(A) (cl(A) denotes the closure of A) and
A*(p(X)) = 0 forevery A C X.

The complement set-operator of the set-operator ()* is ¢ [17] and it is defined
as P(A) = X \ (X \ A)*. It is notable that ()* is not a closure operator and 1) is
not an interior operator. However, the set operator C' : p(X) — ©(X) defined by
C(A) = AU A* makes a closure operator [11, 12, 21] and it is denoted as ‘cl*’,
that is cl*(A) = A U A*. This closure operator induces a topology on X and it is
called *-topology [1, 8,9, 10, 14, 20]. This topology denoted as 7*(Z) (or simply
7*) and its interior operator is denoted as ‘ent*’. The study of local function and
1) operator in the different type of spaces are also interesting field (see [2], [3] and
[4D).

In the study of ideal topological spaces, two ideals are important: one is co-
dense ideal [7]; and another is compatible ideal [19]. An ideal Z on a topological
space (X, 7) is called a codense ideal if Z N7 = {0}. Such type of spaces are
called Hayashi-Samuel spaces [6]. Some authors called it 7-boundary [8, 18].

In this paper, by using ()* and t-operator, we introduce some new types of
set-operators. These new set-operators give us new characterizations of Hayashi-
Samuel spaces and various relationships between ()* and 1) operator.

Hereafter, we shall use the following propositions:

Proposition 1.1. [11] Let (X, T) be a topological apace and T and [T be two ideals
on X. Thenfor AC X, AX(ZNJ)=A"Z)UA*(T).

Proposition 1.2. Ler (X, ) be a topological apace and T and J be two ideals on
X. Then for A C X, Y17 (A) = ¥z(A) NY7(A).

Proof. Y1ng(A) = X\ (X\NA)"(ZNT) = X\ [(X\A) (D) U(X\A)"(T)] =
XA XA\ A DN XN\ (XN AT = ¢z(A) Nz (A). 0

2 VY, Aand V operators

We define the operator Y on an ideal topological space (X, 7,Z) in the following
way: for a subset A of X, V(A) = ¢(A)NyY(X \ A).
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This is a set valued function Y : (X) — @(X) and its value is an open set.
Thus, for A C X, Y(A) is a semi-open set [13], 1-C set [15], ¢ set [5], A\-open
[16].

The following example shows that 1(A) N (X \ A) is not always an empty
set.

Example 2.1. Ler X = {a,b,c}, 7 = {0, X, {a}} and T = {0,{a}}. Then
P(a,ch) = X\ ({b})* = X\ {b,c} = {a} and p({b}) = X'\ ({a,¢})" =
X\ {b,c} = {a}. Hence y({a,c}) N(X\ ({a,c})) = {a}.

Lemma 2.1. Let (X, 7,7) be an ideal topological space. Then Y(A) = X \ X*
for every subset A of X.

Proof. For any subset A of X, V(A) = ¢ (A)NyY(X \A) = [X\ (X \ AN
(X\AH) =X \[(X\A)'UuAd =X \[(X\AUA*=X\X" O

Theorem 2.1. Let (X, 7,7Z) be an ideal topological space and A C X. Then
V(4) = $(A)\ A"

Proof. The proof is obvious. O

Corollary 2.1. Let (X, 7,Z) be an ideal topological space and A C X. If{p(A) C
A*, then Y(A) = (.

Theorem 2.2. Let (X,7,Z) be a Hayashi-Samuel space and A C X. Then
V(A) = 0.

Proof. The proof is obvious from Lemma 2.1. O

Lemma 2.2. [15] Let (X, 7,T) be a Hayashi-Samuel space and A C X. Then
P(A) C A*

Theorem 2.3. Let (X, 7,7Z) be an ideal topological space and A C X. Then
V(A) = $(X \ A) ifand only if X \ A* C (A).



44 Sk Selim, Takashi Noiri and Shyamapada Modak

Theorem 2.4. Let (X, 7,7) be an ideal topological space and A C X. Then the

following statements hold:
1. Y(A) = V(X \ A).
2. V() = Y(X) =X\ X*
3. V(A) D A\ A* for A € T(T).
4. V(A) DA\ A for A e T.
5. V(A) = A\ A* for a regular open set A.
6. X\ Y(A) = X*.
7. Y(A) = V[p(A)].
8. V(A) C A* N (X \ A)* if the space is Hayashi-Samuel.
9. V(A) C $(¥(4)).
10. V(A) N A = int*(A) N (X \ A) = int*(A) \ A*.

11 Y(A)\ A = int* (X \ A) N (A) = d(A) \ cl*(A).

Proof. 1,2, 6 and 7 are obvious from Lemma 2.1.

8. By Lemma 2.2, V(A) =¢(A) NyY(X \A) CA*N(X\A)*.

9. By Lemma 2.1, Y(A) = X \ X* and it is open. Since 7 C 7%, V(A) is 7*-open
and by Theorem 1 of [8] Y(A4) C (Y (A)).

10. Y(A)NA=9(A)NnAnNy(X\A) =[X\(X\NANANYX \ A =
int*(A) NY(X \ A) =int*(A) N (X \ A%) = int*(A) \ A*.

YA N A =X\ A)N(X\A)Np(4) = (X\NA)N(X\A)Ny(A) =
it (X \ A)Np(A) = [X\ " (A)] Ny(A) = P(A) \ el (A). O
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Remark 2.1. Ler (X, 7,7Z) be an ideal topological space and A, B C X. Then
A C B implies that neither Y(A) C V(B) nor ¥Y(B) C V(A).

Theorem 2.5. Let (X, T) be a topological space and T and J be two ideals on X.
Then Y[A(ZNJ)] = V[A@)] N V[A(T)].

Proof. Y[A(Z N J)] = ¢1ng(A) \ AM(ZNJT) = [z(A) Nz (A)]\ [A*(Z) U
AY(T)] = [z(A) N A (D] N [ (A) \ A*(T)] = Y[AD)] N Y[A(T)]. O
Corollary 2.2. Let (X, T) be a topological space and Ty, Ty, . . ., I, be ideals on
X. Then V[A(N, T)] = N, VIA(T)).

We define the operator A on an ideal topological space (X, 7,Z) in the following
way: for a subset A of X, A(A) = A\ A*.

Since A* is closed, then for U € 7, A(U) is open. Again for U € 7%(Z), A(U) is
open in (X, 7%(7)).

Theorem 2.6. Let (X, 7,7) be an ideal topological space and A, B C X. Then
the following properties hold:

1. A(0) = 0.
2. AX)=0ifTnr={0}.

3. A =TIifI€T

4. A[A(A)] C A(A).

8 A(X\A) =p(A)\ A

Ne)

L X\ AKX\ A) = (X \ A)* U A
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10. N(A)NA(B) = (ANB)\ (AU B)"

Proof. 4. A[A(A)] = A(A\ A*) = (A\ A*)\ (A\ A*)* C (A\ A*) = A(A).

6. (AUB)=(AUB)\(AUB)* = (AUB)\ (A*UB*) =[(A\ A*)\ B*]U
[(B\ B*)\ A% = (A(A) \ B*) U (A(B) \ A").

T AR(A)] = A(A\ A7) = (A\ A7)\ (A\ A7) C A.

8. A(X\ A) = [X \ A\ [X \ A" = [X \ A\ [X\9(4)] = (4)\ A

9. X \A(X\A) = X\ [(X\A)\ (X\A)]=AU(X\ A

10. A(A)NA(B) = (A\A*)N(B\ B*) = (ANB)\ A*\ B*= (ANB)N(X\
AYN(X\B)=ANB)N(X\(A*UB*))=(ANB)N(X\ (AUB)*) =
(AnB)\ (AU B)*. O

Theorem 2.7. Let (X, 7) be a topological space and I, J be two ideals on X.
Then N[A(ZNJ)] = AN[AD)] N A[A(T)).

Proof. ANJA(ZNJ)] = A\ A"ZNJ) = A\ [A*(T)UA*(T)] = [A\ A*(Z)] N
[A\ A*(T)] = A[AD)] N A[A(T)]. O

Corollary 2.3. Let (X, 7) be a topological space and Ty, Ty, . . ., I,, be ideals on
X. Then A[A(N; Zi)] = ; ALA(Z:)].

Theorem 2.8. Let (X, 7,7Z) be an ideal topological space and A C X. Then
A(A) = 0 if and only if cl*(A) = A*.

Proof. Suppose A(A) = (). Then A\ A* = () implies A C A*. Thus, cl*(A) =
AUA* = A%

Conversely suppose that cI*(A) = A*. Then, AU A* = A* implies A C A*.
Thus, A\ A* = (), and hence A(A) = 0. O

Theorem 2.9. Let (X, 7,7Z) be an ideal topological space and A C X. If x €
A(A), then {z} € T.
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Proof. Let x € A(A). Then x € A and z ¢ A*. Hence, there is an open set U,
containing x such that U; N A € Z. Then {z} CU, N A € Z. So {z} € T. O

Theorem 2.10. Let (X, 7,Z) be an ideal topological space and x € X. Then
x € AN{z}) ifand only if {z} € T.

Proof. Let {z} € Z. Thus for all open set U, containing z, U, N {z} C {z} € Z.
This implies that z ¢ {z}*. Again z € {z}, then z € A({z}). O

We define the operator A on an ideal topological space (X, 7,Z) in the following
way: for a subset A of X, A(A) =y (A4) \ A.

IfU erorU € 7(Z)and Z N7 = {(}, then A(U) = (. Further for any A C X
and Z N7 = {0}, A(4) 2 A(A).

Theorem 2.11. Let (X, 7,7) be an ideal topological space and A, B C X. Then

the following statements hold:
1 A0 = 0ifTNr = {0).
2. AN(X) =0,
3N =0ifINnT={0}and I € T.
4. ANA) = (XN A\ (X 4)
5. A(A)NA(B) C A(AU B).
6. AN(ANB) = [AA) N (B U [AB) N(A)] C A(A) UAB).

7. NA(A)) € A(©(A) Up(ip(A)).

10. [NA)* C A*ifTnT = {0
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11. A(A)NA=0.
12. NA*)=0ifZTnr={0}.

13. A(A)UA(B) C (ANA(B)) UA(AUB) U (A(A) N B).

Proof. 5. N(AUB) = ¢(AUB)\ (AUB) = [¢(AUB)\ A|N[Y(AUB)\ B] 2
(P(A)\ A) N (P(B) \ B) = A(A) N A(B). O
6. A(ANB) = A(X\(ANB)) = A(X\ A U(X\ B)) = [A(X\A)\ (X\ B)]U
[AX A\ B)\ (X \ A)*] (Theorem 2.6 ) = [A(A) \ (X \ B)*JU[A(B) \ (X \ A)*] =
[A((A))wi;()X \B) JUIAB)NX\(X\A))] = [MA)p(B)UA(B)N(A)]
A(A)UA

A

ANA(A)) = PAMADNA(A) = DY (A)NAINA(A) € 9 (P(A)\ [H(A)\A] =
(YA \ YA U [((A)) N A] € A(P(A) Uy (A)).

P(A(A)) = X\[XAA(A)]" = XA\X\ (@A) = X\ [(X\p(A)uA]" =
(XA VA = XA\[(X\A)UAT] = { X\ (X\A)™ PN (X A7) D {(X\
(XAA)IN(XA\AT) = X\[(X\A)"UA"] = X\[(X\A)UAJ" = X\ X™ = V(A).
10. [A(A)]" = [0(A)\ A]" € ((A))" € (A7) € A%, since TN T = {0}

12. A(A*) = (A%) \ A* C A** \ A* (since Z N7 = {0}). Thus, A(A*) C
A%\ A* = .

13. Note that ¢)(A) C ¢(AUB) if and only if (¢(A)\ A)\B C ¥ (AUB)\(AUB)
if and only if A(A) \ B C A(A U B). Therefore, (A(A) \ B) U (A(A) N B)
ANAUB)U(A(A)NB) and A(A) € A(AUB)U(A(A)NB). Analogously, A(B)
ANAUB)U(A(B)NA). So A(A)UA(B) € A(AUB)U(A(B)NA)U(A(A)NB).

7.
[v
8.
X

-
-

Theorem 2.12. Let (X, T) be a topological space and T and J be two ideals on
X. Then NJA(ZN T)] = ANAD)] N A[A(T))].

Proof. NNACZ N T)] = ¢zng(A)\ A = ¢z(A) N7 (A) \ A = [¢z(4) \ A]N
(Y7 (A) \ Al = AAD)] N AJA(T . O

Corollary 2.4. Let (X, T) be a topological space and Ty, Ts, . . ., I, be ideals on
X. Then N[A(N; Z:)] = N; NA(T))].
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3 Mixed operators

Theorem 3.1. Let (X, 7,7) be an ideal topological space and A C X. Then the

following statements hold:
1 A(Y(A) = X\ X*.
2. AY(A) = 0ifTnT = {0},
3. V(R(A)) = Y(A).
4. Y(A(A) = X\ X*.
5. A(Y(A)) = X*\ X,
6. A(Y(A) =B ifTnr={0}.
7. V(A(A)) = 0 ifand only if T N 7 = {0}.
8. A(A(A)) = A(A).

Proof. 1. A(Y(A)) = (X \ X*)\ (X \ X*)* = X\ [X* U (X \ X*)*] =
X\ [XUX\ X =X\ X"

3. V(A(A)) = X\ X* = Y(A).

5. A(Y(A)) = AX\X7) = (X \ X))\ (X\X7) = (X\ X))\ (X\X7) =
X\ X,

9. AA(A)) = AA) N (A(A))" = (AN A\ (AN A)" = [{X\ (XN A)
APVHXAN (XA AP AP = (XN AN (XN AN AN (XN AT =

[(XAA)ALXAXNA)FNXA[(XAA) XN (XA ] = (XAA) N
H = XAANXA{(XAAUXAA)N{XN (X

A U[(XAA)N{XA (XA A)T )]
AT = (XNA\ANXA{(XA\A) ] = (X\A)NP(A) = Y(A\A = A(A). T

From Example 2.1, the converse of Theorem 3.1(6) is not true, because: X* =
{b,c} and X** = {b,c}* = {b,c} but X* # X.
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Theorem 3.2. Let (X, 7,7) be an ideal topological space and A C X. Then the

following statements hold:
1 Y(A(X(A))) = X\ X™ = Y(¥(V(A))) = Y(A(A(A))) = X(A(A(A)))-
2 A(X\ X*) = X\ X* = V(A).
3. AY(A(A))) = A(X | X*) = X\ X* = V(A).

4

>|

(A(¥(A)) = X7\ X*.
5. A(Y(R(A))) = X*\ X+,
6. NA(Y(A)) = X*\ X+,
7. RA(A)) = AR(A)) = AR(K(A))).

Proof. 2. A(X\X*) = (X\ X))\ (X\X*)* = X\ [XUX\X")]"=X\X"=
V(A).

3. This is obvious by 2 and Theorem 3.1.

4. AN(A(M(A))) = A(X*\ X**) (from (5) of Theorem 3.1) = (X ™\ X™) \ (X*\
XM = X\ [XF U (X \ X)]F = X\ X

5. By using Theorem 3.1(3) and Lemma 2.1, we have A(Y(A(A))) = A(X\X*) =
BIX\ X)L (X X7) = (X X))\ (X | XF) = X7\ X,

6. A(A(Y(A))) = AAX N\ X7)) = AJX N X7\ (X X)) = A(X A X7) =
PO\ X) N (XN X)) = (X X7 (X X)) = X\ X

7. This is an immediate consequence of 4, 5 and 6. O

Corollary 3.1. Let (X, 7,T) be an ideal topological space and A C X. V(A (Y(A))) =
Y(V(V(A4))) = Y(MA(A))) = Y(AA(A))) = AMY(A(A))) = AX N\ X¥) =D if
and only if TNt = {0}.

Proof. The proof is obvious from Lemma 2.1, Theorem 3.2(3), and the fact that
X =X*ifandonlyif ZN7 = {0} [8]. O
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Corollary 3.2. Let (X, 7,T) be an ideal topological space and A C X. A(V(A(A))) =
NAM(A))) = AN (A) =0T nT = {0}

Proof. If Z N1 = {0}, then X = X* and hence X* = X**. O

Corollary 3.3. Let (X, T) be a topological space and I, I, . ., I, be ideals on
X. Then the following hold:

LY AJAN D) = N Y(ATAE)]))-
2. MY ZIN) = M A(AT))).
3 XA D) = M Y(A(AZ)))-
4. AM(AM D) = N A AT)D)-
5 AAIAMZON) = N AATAEZ)])).
6. AA[A(MZ)N) = M AATAZ)])).
Proof. The proof is obvious from Corollaries 2.2, 2.3 and 2.4. O

Conclusions:

* This paper focuses on the roles of non-closure operator ()* and non-interior
operator ¥ on ideal topological spaces.

* More characterizations of Hayashi-Samuel spaces.
* Making new operators on the ideal topological spaces.

As a result of the study carried out, more application was developed with the help
of ()* , ¢ and their related operators. Furthermore we have developed many char-
acterization of the Hayashi-Samuel spaces.

Acknowledgement: The authors are thankful to the referee for his/her valuable
comments.
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