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Abstract

In this paper, we prove fixed point theorems for the Reich contraction
mapping using Mann iteration sequence in a convex b-metric space. Also,
we give the weak T'-stability of Mann iteration for this mapping in complete
convex b-metric spaces.

1 Introduction and preliminaries

In last years, several generalizations of standard metric spaces have published. Ev-
er since S. Banach [1] proved the Banach fixed point theorem in 1922, many au-
thors have tried to generalize this conclusion. Different studies have been made
using varied generalizations of the contraction mappings in Banach fixed point
theory. In 1993, Czerwik [2] introduced the concept of b-metric space and proved
fixed point theorems in this space. It was also extended to several b-metric spaces
with different structure on it in the past years. Some fixed point results were proved
in the setting of b-metric spaces by many authors (see, e.g., [20, 21, 22, 23, 24]).
In 1970, Takahashi [16] introduced the concept of convex structure and convex
metric space and proved some fixed point theorems for nonexpansive mappings in
the convex metric space. In 1988, Xie [17] discovered existence of fixed points of
quasi-contraction mappings in convex metric spaces by Ishikawa iteration process.
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In 2020, Chen et al. [4] introduced convex b-metric space and proved some fixed
point theorems. Moreover, a lot of authors generalized the metric space into many
other spaces (see [5, 6,7, 8,9, 10, 11, 12, 13, 14]).

The aim of this paper is to give fixed point theorems for the Reich contraction
mapping in convex b-metric space. And also, we will show the weak T-stability of
Mann iteration in this space. Our results expand the results in [4].

The following definitions and results will be needed in the sequel.
Let (U, p) be a metric space and let ' : U — U be a mapping. The mapping
T is said to be Reich [19] contraction mapping if
p(Tu, Tv) < kp(u,v) + t[p(u, Tu) + p(v, Tv)] (1.1)
for all u,v € U, where k + 2t < 1.

Definition 1.1. [2, 3] Let U be a (nonempty) set and s > 1 be a given real number.
A function py : U x U — [0,00) is a b-metric on U if for all u,v,y € U, the
following conditions hold:

(b1) py(u,v) =0 ifand only if u = v,
(b2) po(u,v) = py(v,w),

(b3) pb(uv y) < S[pb(uv ’U) + pb(vv y)]

Then, (X, pp) is called a b-metric space. It is clear that a b-metric space is a
metric space for s = 1.

Definition 1.2. /2, 3] Let (U, py,) be a b-metric space and {u,} a sequence in U.
We say that

(1) {un} converges to u € U if py(un,u) — 0asn — oco;

(2) {un} is a Cauchy sequence if py(um, u,) — 0 as m,n — oo;

(3) (U, pp) is complete if every Cauchy sequence in U is convergent.

Takahashi’s [16] concept of a convex structure is following:

Definition 1.3. [16] Let U # @ and I = |0, 1]. Define the mapping py : U x U —
[0,00) and a continuous function w : U x U x I — U. Then w is said to be the
convex structure on U if the following holds:

oo (Y, w(u, v; X)) < App(y, u) + (1 — X)pp(y, v) 1.2)
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foreachy € U and (u,v;\) €e U x U x 1.

Chen et al. [4] gave definition of the convex b-metric space as follows:

Definition 1.4. Let the mapping w : U x U x I — U be a convex structure on
b-metric space (U, py) with constant s > 1 and I = [0, 1]. Then (U, py,w) is said
to be a convex b-metric space.

Let (U, py,w) be a convex b-metric space and 7' : U — U be a mapping. The
generalization of the Mann iteration process to convex b-metric space is following:

Unt1 = W (Un, Tun; o), n €N,
where u,, € U and o, € [0, 1].

Lemma 1.1. [18] Let {k,}, {l,} be non-negative sequences satisfying kp+1 <
hky, + 1, foralln e N,0 < h < 1, limy, o0 l,, = 0. Then lim,, o k,, = 0.

In 2008, Qing and Rhoades [15] introduced the concept of T-stability of the
iteration procedure in complete metric spaces in the following:

Definition 1.5. [15]Let T be a self-map on a complete metric space (U, pp). As-
sume that un+1 = f(T,uy) is an iteration sequence, which yields a sequence uy,
of points from U. Then the sequence un+1 = f(T',uy,) is said to be T-stable if
{un} convergence to a fixed point u* of T, and if {v,,} is a sequence in U such that

limy, 00 pp(Vnt1, f(T,vp)) = 0, then we have lim,, o v, = u*.

In 2020, Chen et al. [4] introduced the concept of the weak T'-stability of the
iteration procedure.

Definition 1.6. [4] Let T' be a self-map on a complete metric space (U, py). Assume
that upy1 = f(T,uy,) is an iteration sequence, which yields a sequence u, of
points from U. Then the iteration procedure u, 1 = f(T,uy,) is said to be weakly
T-stable if {u,} converges to a fixed point v* of T, and if {v,} is a sequence
in U such that limy,_,c pp(n+1, f(T,vn)) = 0 and sequence {py(vy, Tvy)} is
bounded, then lim,,_, v, = u*.

Main Results

In this section, we will first give fixed point theorem for the Reich contraction
mapping in complete convex b-metric spaces by means of Mann iteration scheme.
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And also, we will show the weak T'-stability of Mann iteration for this mapping in
complete convex b-metric spaces. We begin with the following result:

Theorem 1.1. Let (U, py,w) be a complete convex b-metric space with constant
s >1andT : U — U be a Reich contraction mapping defined by (1.1). Let
ug € U such that py(ug, Tug) = M < oo and define Mann iteration as u, =
W (tun—1, Tup—1; 0n—1) forn € Nand an_1 € (0, 75 If we get k € (0, 1] and
t € (0, &5 for 0 < k 4 2t < 515, then T has a unique fixed point in U.

) 8g2 2527

Proof. For any n € N, we have

Pb(unyun+l) = Pb (Unaw (unaTun; an)) < (1 - an) Pb(UmTUn) (1.3)

and
Po(tUn, Tup) = pp(w (up—1,TUp—1; 1), TUp)
< ap_1pp(un—1,Tup) + (1 — an—1) pp(Tup—1, Tuy)
< sap—t [py(un—1, Tun—1) + pp(Tun—1,Tup)] + po(Tupn—1, Tuy)
= sap—1pp(tun—1,Tun—1) + (1 4+ san—1) pp(Ttn—1,Tuy)
< san—1pp(un—1, Tun 1)
(1 + s 1) (69 (ttn 1, ) + £ (9 (ttm 1, Titn_1) + Pt Tit))]
< (sap—1 + (sap—1 + 1) t) pp(un—1, Tup—1)
+ (sap—1+ 1) kpp(upn—1,upn) + (san—1 + 1) tpp(wn, Tuy)
< (sap—1+ (sap—1 + 1)t) pp(un—1, Tun—1)

+ (sap—1+ 1) k(1 — an_1) pp(un—1,Tun—1) + (san—1 + 1) tpp(un, Tuy).

Thus, we have

[1— (san—1+ 1)t] pp(un, Tun) < [san-1+ (sap—1+ 1) (t+ k(1 —an-1))] pp(tn—1,TUp-1).

Since (sa,—1 + 1)t < (sﬁ +1) é < 1, we have

sap—1+ (sap—1+1)(t+ k(1 —ay_1))
1— (sap—1+1)t

pb(un—la Tun—l)-
(1.4)

pv(tn, Tun) <
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Note that \,,_; = Sa”‘lHST‘EE;;}_)E’ZZ%PO‘"”)) for n € N and using o,,_1 €

(0, ﬁ], k€ (0, 4i2] and ¢t € (0, é], we conclude that

sp—1+ (sop—1+1)(t+ k(1 —an_1))
1—(sap—1+ 1)t
1 1 1 1
sget (g + 1) (52 + 12)
1 1
1= (552 +1) 52

)\n—l =

23

<E'

From last inequality and inequality (1.4) with the assupmtions of the theorem, we
obtain

23
pb(uanUn) S )\n—lpb(un—laTun—l) < ﬁpb(un—laTU/n—l) (15)

which implies that {p,(u,, T'uy,)} is decreasing sequence of non-negative reals.
Therefore, there exists d > 0, such that

lim pp(up, Tuy) = 6.

n—oo
We will show that § = 0. Assume that 6 > 0. From (1.5), for n — oo, we obtain

23
0 < —6 <.
27
This is a contradiction. Hence, we have § = 0 and mean that
lim pp(up, Tuy) = 0.
n—oo
Furthermore, by inequality (1.3), we get

Pb(Un, Ung1) < (1 = an) py(Un, Tun) < pp(tn, Tuy).

This implies that lim,, 00 pp(Un, Un+1) = 0.

Now, we will show that {u,, } is a Cauchy sequence. Suppose that {u,, } is not a
Cauchy sequence. Then, there exists g > 0 and subsequences {uw)} and {un(l)}
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of {uy} such that ¢(1) is the smallest naturel index with ¢(1) > n(l) > [,

and

Then, we get

Pbo(Ug (1) Un(y) = €0

Po(Ug(n)—1: tn() < o-

0 < po(tgy, uny) < 5 [P6(Up@) n@y+1) + Po(tn@y+1, tn)]

which implies that

Note that

Pt (1) hn(ty+1)

IA A

IA

IN

£ - lim sup pb(%(l)a“ (l)+1)'
s  l-oo !

Po (@ (o)1, Ttg(1)-1; Ap)-1) » Un(i)+1)

) —1P6(Ug )15 Uny+1) + (1 — ag@y—1) po(Tugry—1, Un@y+1)
(1)~ 1Pb(Ug(1)—15 Uny(1)+1)

+(1 = ag@y-1)s [po(Tug@y—1, Tuny+1) + po(Tthy@y+15 Uy)+1)]
)18 [Po(Ugp)—1, Uny) + P (tn()s Un@)+1)]

+(1 = agy—1)s [kps(up@)—1, Up@y+1) + tos(ug@y—1, Tup@m—1)]

+(1 = agay-1)s(t + 1) po(up@)1: Ttnay41)

(apw—15+ (1 = ag)-1)s"k) [pp(ugy—1: @) + oo (g, 1))
+(1 = agy—1)s [top(ugay—1, Tugay—1) + (& + 1)po(tn@y+1, Ttn@y+1)] -

From this inequality, we get

. 1 1 1
i sup py(ug(), tnay 1) < (ap-15 + (1 — agy—1)s°k) €0 < (8 + 822) g0 < €0,

452 4s 2

which is a contradiction. Thus, {u, } is a Cauchy sequence in U. By the complete-
ness of U, it follows that there exists «* € U such that

lim pp(up,u”) =0.
n—oo
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Now, we will show that v* is a fixed point of 7". Since

po(u”, Tu”) < s [pp(u”s un) + pp(un, Tu")]
< Spb(U*y Un) + 82 [Pb(um Tun) + Pb(Tuna TU*)]
< Sﬂb(U*7 Un) + SQPb(Um Tun)

452 [kpp(tn, u*) + t (pp(un, Tun) + pp(u*, Tu*))],
we conclude that

(1= s*t)pp(u, Tu*) < (s+57k)pp(u”,un) + (s° + 57t) po(un, Tun)

) 23\ "
< (R un) + (24 0 (52) o Tuo)

Consequently, we get that lim,,_,~ pp(u*, Tu*) = 0, so u* is a fixed point of 7T'.
Let v* € U be another fixed point of 7" and assume that v* # u*. Then Tv* = v*.
Then using (1.1), we get

oo, 0") = py(Tu", To*) < kpy(u®,0%) +  [py(u”, Tu) + pylv”, To")]

For k € [0, 1),
(1= B)n(,07) <0

is a contradiction. Hence, ©* = v*, which completes the proof. 0

Now, we will give the following example that satisfies the conditions of our
main Theorem 1.1.

Example 1.1. Let U = [0, 00) and Tu = § for all u € U. For any u,v € U, we
define mapping py : U x U — [0,00) by the formula p (u,v) = (u — v)?, while
the mapping w : U x U x [0,1] — U is defined as

w(u,v;a) <au+ (1—a)v
forallu,v € U and all a € [0,1]. Set uy, = w (up—1, TUp—1; p—1) and a1 =

ﬁ. Then (U, py,w) is a complete convex b-metric space with s = 2. Now, we
choose ug € U \ {0}. Combining with u, = w (up—1,TUp—1;¥n—1), Op—1 =
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1 _u .
i6 and Tu = 6 we obtain

452
Up = W (unflaTUnfl; anfl) = Op—1Un—1 + (1 - O‘nfl) Tup—1

1 1 Up—1

= —u._ 1 —
16" 1+( 16> 6
7

= —Up—-1-
32 n—1

Similarly, we have

7 7 7
Up—1 = 55Un—-2, Un—2 Up—-3,  , Ul = Z5UO-

32 D) 32

7\" 1/ 7\"
Up, = (32> ug and Tu,, = 5 <32> Uugp.

If we take limits of above sequences as n — oo, we have that u, — 0 and T'u,, —
0. That is 0 is a fixed point of T..

Therefore,

Theorem 1.2. Let (U, pp,w) be a complete convex b-metric space with constant
s >1andT : U — U be a Reich contraction mapping defined by (1.1). Let
ug € U such that py(ug, Tug) = M < oo and define Mann iteration as u, =
w (Up—1,TUp—1;n—1) for n € N and a,—1 € (0, ﬁ] If we get k € (0, @]
and t € (0, 725] for 0 < k + 2t < 25, then T has a unique fixed point in U.

) 452 1652
Proof. The proof is similar to the proof of Theorem 1.1. O

After our theorems, we conclude that followings:

Remark 1.1. (i) Ifwe taket = 0 in Theorem 1.1, Reich contraction mapping is
deduced contraction mapping and Theorem 1 in [4] is obtained.

(ii) If we take k = 0 in Theorem 1.2, Reich contraction mapping is deduced
Kannan contraction mapping and Theorem 2 in [4] is obtained.

Next, we will consider the problem for the weak T'—stability of Mann iteration
process for the Reich contraction mapping in complete convex b-metric spaces.

Theorem 1.3. Under the assumptions of Theorem 1.1, additionally, if lim,, .o o, =

2
0 and if condition % < 1, then Mann iteration is weakly T-stable.
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Proof. From Theorem 1.1, it follows that «* is a unique fixed point of 7" in U. Sup-
pose that {v,, } is a sequence in U and satisfies limy, o0 pp(Vn41, w(Vn, TUp; ) =
0 and {pp(vn, Tvy)} is bounded. We get

Pb(Un-s-l, U*) < s [pb(vn-i-l) w(vnv Tvp; an)) + Pb(w(vm Tvp; an)y U*)]

IN

$pp(Vnt1, w(Vn, Top; ) + s? (b (w(vn, Top; o), Top) + pp(Tom, u*)]
< 3pp(Vn1, W (Vn, Tons ) + 82 pp(vn, Toy) + 82 pp(Tog, u*).

Note that

po(Top,u*) < kpy(vn,u”) +t[pp(vn, Ton) + pp(u*, Tu")]
< kpp(vn, ™) +ts[pp(vn, u*) + pp(u™, Top)]

Therefore, we get pp(Tvp, u*) < ’ffij pb(vn, u*). Using this inequality, we obtain

s2(k + ts)

1 —ts pb(vn7U*)-

Po(Vn+1, ") < 8pp(Vnt1, W (Vn, Ton; an))+320‘npb(”m Tvn)+
Considering the conditions of the theorem and from Lemma 1.1, we get that
Jim_ py(vn, u®) = 0,

which completes the proof. O
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