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Abstract

The probabilistic metric space is one of the important generalizations of
metric space introduced in 1942 by Austrian mathematician Karl Menger
taking distribution functions instead of non-negative real numbers as values
of the metric. Many fixed point results are obtained for mappings satisfying
different contractive conditions. In this paper, we use a specific function
to investigate a new contraction in generalized probabilistic metric spaces
and prove the fixed point theorem for mapping satisfying (¢, ¢)-contraction
condition in Generalized Menger Probabilistic metric space.

1 Introduction

In 1942 Menger [6] introduced a Probabilistic metric space is a generalization of
metric space where the distance is no longer values in non-negative real numbers,
but in the distribution functions. Then many authors considered the development of
fixed point theory in probabilistic metric space and its applications. On the other
hand many authors are working on the generalization concept of metric spaces,
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one such a concept of generalized metric space known as G — metric space is intro-
duced by Mustafa and Sims [8] in 2006. Later on many authors studied generalized
metric spaces and proved some fixed point theorems for various mappings defined
on generalized metric spaces. Zhou et al. [10] in 2014 introduced a concept of
generalized probabilistic metric space and proved some fixed point theorems by
using probabilistic versions of Banach’s contraction principle. The objective of
this paper is to extend the theory of fixed point of (¢, ¢)-contraction mapping in
generalized Menger probabilistic metric space.

2 Preliminaries

Definition 2.1. Let X be a non-empty setand G : X x X x X — R be a function
satisfying the following conditions:

GMI: G(z,y,z) =0whenz =y =xforallx,y,z € X

GM2: 0 < G(z,x,y) forall z,y € X andy # x

GM3: G(z,x,y) < G(x,y,z) forall x,y,z € X and z # y

GM4: G(z,y,z) = G(x,z,y) = G(y,z,x) =+ forall z,y,z € X
GMS5: G(z,y,2) < G(x,a,a) + G(a,y, 2) forall a,z,y,z € X.

Then G is called a generalized metric (G-metric) on X and the pair (X, G) is
called a G-metric space.

Definition 2.2. A function F(t) : (—oo, +00) — [0, 1] is called a distance distri-
bution function if it is non-decreasing and left-continuous with lim;_, _ o, F'(t) = 0,

We will refer by D the set of all distribution functions and the certain distribu-
tion function of this set is referred by

1 t>0
H(t) = g
0 t<O0.

Definition 2.3. A binary operation T' : [0,1] x [0,1] — [0, 1] is called a contin-
uous triangular norm (t-norm for short) if for all z,y, z,w € [0, 1] it satisfies the
following properties:
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Tl: T(z,y) =T(y,x) (commutative)

T2: T(x,T(y,2)) = T(T(x,y), 2) (associativity)
13: T is continuous

T4: T(x,1) = x (boundary condition)

T5: T(z,y) <T(z,w) whenever x < z and y < w.

Definition 2.4. A Menger probabilistic G-metric space (shortly, PGM-space) is a
triple (X,G*,T), where X is a nonempty set, T be a continuous t-norm and G*
be mapping from X x X x X into D (G},
(z,vy, 2)) satisfying the following conditions:

denotes the value of G* at the point

Y,z

PGMI: G, .(t) =1andt > Oifandonlyift =y = z

PGM2: G}, ,(t) <Gy, .(t) withz # yandt >0

PGM3: G, (1) = G}, ,(t) = Gy . .(t) = ... (symmetric in all 3 variables);
PGM4: G, (t+5) > T (G, 4(t), Gy (8)) forall v, y, z,a € X and 5,t > 0

Definition 2.5. Let (X, G*,T) be a PGM-space.

(1) A sequence {xy} in X is said to be convergent to a point x € X if for every € >
0and 0 < 0 < 1, there exist a positive integer M 5 such that G}, . . (€) >

1—6and G
n — 0.

wnzw(€) > 1 — 6 whenever n > M s. Then we write x,, — x as

(2) A sequence {xy} in X is said to be a Cauchy sequence in X if for every € > 0
and 0 < 6 < 1, there exist a positive integer M 5 such that G, 4. +,(€) >
1 — 6 whenever n,m,l > M_ 5.

(3) A PGM-space (X,G*,T) is said to be complete if every Cauchy sequence in
X converges to a point in X.

Definition 2.6. A t-norm T is said to be a Hadzic-type if family {T"},~¢ of its
iterates defined for each t € [0,1] by T*(t) = T(t,t) and in general, for alln > 1,
T (t) = T(t, T"'(t)) is equi-continuous at t = 1, that is given € > 0 there exists
d € (0,1) suchthatt >1—6 = T"(t) > 1 — € foralln > 0.
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Definition 2.7. [2] A function ¢ : RT™ — R is said to be a ¢-function if it satisfies
the following conditions:

(i) ¢(t) =0 ifand only ift = 0,

(ii) ¢(t) is strictly increasing and ¢(t) — 0o ast — oo,
(iii) ¢(t) is left continuous in (0, +00),
(iv) ¢(t) is continuous at 0.

In the sequel, the class of all ¢-functions is denoted by P.
Consider ) be the class of all continuous non-decreasing functions ¢ : (0,1] —
(0, 1] such that lim;_,o p(t) = 0 and p(1) = 1.

3 Main Result

In this section we define the notion of (¢, ¢)-contractive mapping and prove fixed
point theorem in this type of contraction mapping in PGM space.

Definition 3.1. Ler (X, G*,T') be a Menger probabilistic space and f : X — X
be a mapping satisfying the following inequality

GFa, - (0(1) = 0(G5 . (8(E/€))) (3.1

Where ¢ € (0,1), ¢ € Q, ¢ € ®. The mapping f satisfying condition (3.1) is
called (¢, ¢)-contractive mapping.

Theorem 3.1. Let (X,G*,T') be a complete PGM-space with T' of HadZic-type
and f : X — X be a (¢, p)-contractive then for any xo € X, the sequence {x,}

is converges to a unique fixed point.

Proof. For any x(y € X and we define the sequence {z,,} by x,,+1 = fz,, for all
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n > 0 and given f be a (¢, p)-contractive mapping then

Gornnirani (O) = Ghap 1 fon fon (0(1))
= P(Gap s e (0(E/€)))
> (G s fon i1, fan (B(t/C))
> (PG an 1 m (D))
B (N I (2D)))

> " (Glg o, (D(E/ "))
Letting n — oo, for any ¢ > 0 we have
?’7,11—>H(30 G;n,xn+1,xn+1 (¢(t)) = 1 (32)

Now let us prove that, for k > 0

G rn i (O) = TGS o (6(F) = ¢(ct))) 3.3)

By induction k£ = 1, it is clear. Now assume that it is holds for some k£ > 1.
Then we have

;n »7Tn+k+1Tn+k+1 (¢(t))

= Gt kr g (O(8) — 0(ct) + (ct))

> TG w1 (B = D(ct)), Gy o n 10 (B(CD)))

> T(Grp 1m0 (@) = 0(ct)), Gy, (0(2)))

> T(Gyy s ons (9(1) = S(ct)), THGE, 4 (6(1) — B(ct)))

= Tk+1 (G;kcn,:(;n_;,_l,xn_;_l((b(t) - ¢ Ct)))

So (3.2) holds. Now show that {z,} is a Cauchy in X. At first we prove that
lim, n 00 G, 2w (@(t)) = 1 forany ¢ > 0. Lett > 0 and € < 0 by the
property of T', there exists 6 > 0 such that, for all z € (1 — 9, 1],

T"(x) > 1 —¢, foralln > 1. (3.4)
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From (3.2) we have lim, 00 G 5 4. (&(t) — &(ct)) = 1. Thus there exists

o € Nsuchthat Gy . . . . (é(t) —é(ct)) € (14, 1] forany n > n,. Hence
by (3.3)and 3.4), we get G, . . . (&(t)) > 1 —eforanyk > 0. This shows
that G, (¢(t) =1, forany t > 0 and ¢ € ®. From (PGM-4) we have

Tn,Tm,Tm

G (B(1)) = (Gm (@) Conane (QS(;)»
Goo (</>gf)> > T (mexm,xm (%p) L CH—— (@))
v (22) 27 (61 (22 5 (42))

Therefore, by the continuity of 7', we get

lim G5, (6(1) = 1,

m,n— o0

For any ¢t > 0. This shows that {z,} is a Cauchy sequence in X. Since X is
complete, there exists a point z € X such that x,, — x as n — oco. By (3.1), it
follows that

G}z,fmn,fzn ((;5( )) (G; xn,xn( (t/C)))

Letting n — oo, since x,, — x and fx, — x as n — 0o, we have
Gy,2(@(t)) = 1forany t > 0.

Hence = = fux.

Next, suppose y is another fixed point of f. Then by (3.1) we have,

Gy () = Gy gy, 1y (2(1))

(o)
(e o(2)
€

i

Letting n — oo, G, . (#(t)) = 1, thatis z = y. Therefore, f is a unique fixed
point in X . This complete the proof. O
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Example 3.1. Ler X = [0,00) and T(a,b) = min{a, b} for all a,b € [0, 1] and
Gy s(t) = mfor all x,y,z € X, where G(z,y,z) = |v —y|+ |y — 2| +
|z — z|. [Then G is G-metric see 8],
It is easy to check that G* satisfies (PGM-1) - (PGM-3).
Since G(x,y,2) < G(z,a,a) + G(a,y,z) forall x,y, z,a € X.
We have

t+s t+s

>
s+t+G(z,y,2) ~ s+t+G(z,a,a)+G(a,y, 2)

. S t

Zmm{s—l—G(m,a,a)’t—i—G(a,y,z)}'
This shows that G* satisfies (PGM-4). Hence (X, G*,T) is a PGM-space.
(1) Let ¢ € (0,1) and ¢(t) = 2t, p(t) = % Define a mapping f : X — X by
fr =% forallx € X. For anyt > 0, we have
B 2t
2+ iyl +ly— 2+ ]z -2
B at
At (lr -yl ly -2+ ]z —2])

()3 ()

2t
€ 3.6
(%(\x—ymy—zmz—m\)) G0

G}x,fy,fz(d)(t))

(3.5)

From (3.5) and (3.6) we have

At 21 2
dt4(le—yl+ly—zl+lz—2)) T2\ ZE+(z—y[+|y— 2|+ |z —z)

Hence f is a (¢, p)-contractive mapping and f has a fixed point x = 0 by Theorem
3.1
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