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Abstract

In this work, we deal with a Petrovsky equation with delay term and
variable exponents. We obtain the decay results by applying an integral in-
equality due to Komornik. These results improve and extend earlier results

in the literature.

1 Introduction

In this work, we study the following nonlinear Petrovsky equation with delay term
and variable exponents:

g + A2u — Auy + pyug (1) |ug ™72 (2, 1)

Fpoug (2t — 1) Jug ™2 (2t —7) =0 in Q x R*

u(z,t) = 2420 — g onz €A, tel0,00),
u(z,0) =ug (x), u (z,0) = ug (x) in ,

ug (x,t —71) = fo(x,t —7) inQ x (0,7),

(1.1)
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where (2 is a bounded domain with smooth boundary 02 in R, n > 1. 7 > 0 is
a time delay term, w is a positive constant, uo is a real number and v is the unit
outward normal vector on 0€2. The functions wug, u1, fo are the initial data to be
specified later.

The variable exponent m () is given as measurable functions on € satisfying:

2<m” <m(z) <mt<m", (12)
where
m~ = essinfm (x), m" = esssupm (),
e z€QN
and

2 < m*<ooifn <4,

2 < m'<

2
”4ifn>4.

There has been published much work concerning the wave equation with vari-
able exponents or time delay. Our goal is to study both delay term (uou; (z,t — 7)
and variable exponents for Petrovsky equation.

* The problems with variable exponents arises in many branches in sciences
such as nonlinear elasticity theory, electrorheological fluids and image pro-
cessing [4, 5, 22].

* Time delay often appears in many practical problems such as thermal, bio-
logical, chemical, physical and economic phenomena [7].

In [11], Messaoudi studied the following Petrovsky equation with initial-boundary
values

u + A%+ g (ug) = B lul" (1.3)

where g (u;) = o |uy|P~ u; and he proved the blow up of solutions in finite time
if » > p and the energy is negative. In [24], for when g (u) = a |u [P~ ug, Wu
and Tsai looked into that the solution is global without any relation between p and
r for equation (1.3). Moreover, they established that the solution blows up in finite
time for the nonnegative initial energy.

Messaoudi and Kafini [13] studied the following wave equation

ur — Au+ g (o, 1) [ug ™72 (2, 1)

1.4
g (2t — 7) g D2 (2t — 1) = bu P2 (1.4)
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with delay term and variable exponents. They proved the global nonexistence and
decay estimates of the equation (1.4). In recent years, some authors investigate
hyperbolic type equation with delay or variable exponents (see [3, 8, 12, 15, 16,
18, 19, 20, 21, 23]). To our best knowledge, there is no research about Petrovsky
equation with delay term (uou; (x,t — 7)) and variable exponents, hence, our pa-
per is generalization of the previous ones. This work is organized as follows. In
Sect. 2, the definition of the variable exponent Sobolev and Lebesgue spaces are
introduced. In Sect. 3, we obtain the decay results.

2 Preliminaries

In this part, we state some results about Lebesgue LP(*) (€2) and Sobolev W 1() (Q)
spaces with variable exponents (see [2, 5, 6, 10, 20]). Let p : © — [1, 00) be a mea-
surable function. We define the variable exponent Lebesgue space with a variable
exponent p (+) by

0 (Q) = {u : Q — R; measurable in  : / [P do < oo } ,
Q
with a Luxemburg-type norm

. w |p(x)
]u\|p(,):1nf{)\>0:/§2‘/\ dazgl}.

Equipped with this norm, L?() (€2) is a Banach space. (see [5]) We next, define the
variable-exponent Sobolev space W 1P(") () as following:

wirh) Q) = {u e PV (Q) : Vuexists and |Vu| € LP) (Q)} .
Variable exponent Sobolev space with respect to the norm
[ullypey = lulloer + 1V ulloe

is a Banach space. The space WO1 #() (€) is defined as the closure of C§° (Q2) in
W1r0) (). For u € Wi (), we can define an equivalent norm

el py = IVallse -

The dual of W, ) () is defined as w, P ") (), as the usual Sobolev spaces,

1 1 .
where o) + ok 1. We also assume that:

|m (x) —m (y)| < forall z,y € Q, (2.1)

~log |z —y|
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A,B>0and0 < ¢ < 1with |z — y| < . (log-Holder condition)

Lemma 2.1. [2] (Poincare inequality) Suppose that p () satisfies (2.1) and let
be a bounded domain of R". Then,

lulloey < el Vullye forallu e Wy? (),
where c = c(p~,p*,|Q]) > 0.

Lemma 2.2. [2] Ifp: Q — [1, 00) is continuous,

2
2<p <p(z)<p"< "2,n23, 2.2)
n_

satisfies, then the embedding H} () — LPU) (Q) is continuous.

Lemma 2.3. [1] (Hélder’ inequality) Let p,q,s > 1 be measurable functions
defined on ) and
1 1
s " p) 0l
satisfies. If f € LPY) (Q) and g € L) (Q), then fg € L) (Q) and

, fora.e. y €,

1fgllscy < 201 Fllpy llgllgey -

Remark 2.1. Let c be various positive constants which may be different from line

to line. Then, we use the embedding
HE (Q) — H} (Q) — LP ()
which satisfies
[ull, < cl[Vull < c[[Au],

where2 <p<oo(n=1,2),2<p< %(nz 3). Moreover,

[ull, < cllAull,
[~ if n<d4,
p = anynumberin [1,00) if n =4,
2n ;
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3 Decay Results

In this part, we obtain the decay results for the problem (1.1) with the exponent
m(-). Firstly, as in [14], we introduce a new variable

z(x,p,t) =u (z,t —7p), x €Q, pe(0,1), t>0;
thus, it is easy to see that
Tz (T, pt) + 2p (2, p,t) =0, 2 €Q, pe (0,1), t > 0.

Consequently, problem (1.1) is equivalent to:

(

i + A% — Aug + paug (2, ) ug (2, )™ 2

Fpgz (z,1,t) |2 (z,1,1)™@ 2 =0 in Q x (0,00),

Tz (2, p,t) + 2p (2, p, 1) =0 inQ x (0,1) x (0,00),
2 (z,p,0) = fo(z,—pr) inx (0,1),

u(z,t) = 2420 — g onz € dN, tel0,00),
u(z,0) =wug (x), u (x,0) = uy () in Q.

3.1
The “modified” energy functional of (3.1) is given by

U L V@)t
E) =5 Il + 5 1aup+ [ [ SEIEL

for t > 0, where £ is a continuous function satisfies

)|m(w)
dxdp, (3.2)

sl (m (@) — 1) < € (@) < T (um (@) — ), 2 €D (33)

The following lemma indicates that the associate energy of the problem (3.1) is
nonincreasing under the condition 1 > |u2] .

Lemma 3.1. Let (u, z) be a solution of (3.1). Then there exists some Cy > 0 such
that

E'(t) < —C’o/ (!ut|m(x) + |2 (x, 1,t)|m(x)) dz < 0. (3.4)
Q

Proof. Multiplying the first eq. in (3.1) by wy, integrating over €2, then multiply-
ing the second eq. of (3.1) by 1¢ (z) |2/™@) =2 and integrating over  x (0, 1),
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summing up, we obtain

m(x)
T3 el + 1 Au] + [ fp, Sz gy

= — [ Vue))® = [y ™ da
(3.5)

~L o Jo €@) 1z (@, p, )7 22, (2, p,1) dpda

—pz Jo iz (2, 1,8) |2 (2, 1,4) "7 da.

The last two terms of the right-hand side of (3.5) can be estimated as follows,

=3 / § (@) |2 (2, p, "2 22, (@, p, 1) dpda

. __j[L/’ 2 (5 |an¢§5)vn@0> dpdz

_ !/5( xowy<>\A%wa@)m

QT (

m(z)

Using the Young’s inequality, ¢ = (@)1 and ¢ = m (z) for the last term to

obtain

g |2 (2, 1, 8)[m) 71 < Juag| ™) T 2 (2, 1, 8) ™).

m ()

Consequently, we deduce

— 2 / wz |z (2, 1,6))™ 2 4y
Q

< \u2|( Ly (8)™) d +/m a:,l,tﬂ’""(“")dx)
o m ()

So,
/Q [ (T o M2|))] Jug (8)] ™) d

/Q<T (Tx !Mz\ (m EI; — 1)) 12 (2,1, )™ d.
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As a result, for all z € Q, the relation (3.3) satisfies,

fl(x)=u1—< €@ . lua >>0,

§(x) _ |paf(m(z) —1)

Tm (z) m ()

> 0.

fa2(z) =

Since m (z), and hence & (x), is bounded, we infer that f; (x) and f; (z) are also

bounded. So, if we define
Co (z) = min{f1 (x), fo(x)} > 0forany z € Q

and take Cy () = inf5 Cy (), so Cy (z) > Cp > 0. Hence,

) < —Co [/ |ug (t x)dx—l—/ﬂ\z(x,l,t)]m(x)dx <0.

We need the following technical lemmas before we obtain our main decay re-
sults.

O

Lemma 3.2. (Komornik, [9]) Let E : Rt — R be a nonincreasing function and

suppose that there are constants o, w > 0 such that

/ B (¢ 5 E?(0)E(s) = cE(s), Vs > 0.

Then, we have

E(t)<cE(0)/1+t)Y ifo >0,
E({) <cE0)e ™ ifo=0,
forallt > 0.

Lemma 3.3. [13] The functional

1
= —pT m(z)
=7 [ [ @ et dudy
1
< /Qf(x) ‘ut’m(x) dx — 7'67/0 /Qg () |z (z, p, t)|m(x) dxdp

along the solution of (3.1).

satisfies
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Now, we are ready to give our main decay results for the problem (3.1).

Theorem 3.1. Assume that conditions (1.2) and (2.1) are satisfied. Then there
exist two constants ¢, o > 0 independent of t such that any global solution of (3.1)

satisfies,

Et)<ce ™ if m(x)=2,
E(t) <cE0)/Q+0Ym 2 yrmt s 2,

Proof. We multiply the first equation of (3.1) by uFE? (t), for ¢ > 0 to be specified

later, and integrate over 2 x (s,7T'), s < T, to obtain
fsT E1(t) [q {uutt + uA?u — uAug + vy ]ut\m(x)_z
Fpguz (2,1,8) |2 (z,1,8)[™D 2| dadt = 0,

which implies that

fsT E(t) [, (% (uuy) — u2 + |Au)® + VuVu,
(3.6)
+ m(z)—2 m(x)—2 _
puuy (x,t) Jug (x,t)] + pouz (z,1,t) |2 (z,1,1)] dxdt = 0.

Recalling the definition of F (t), given in (3.2) adding and subtracting some terms

and using the relation

4 E1 (t)/uutdx = qET (1) E (t)/uutdsn—i—Eq (t)d/uutdzz;,
dt Q Q dt Jo

the equation (3.6) satisfies
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2 [FEH (1 dt = — [T 4 (B (t) [, wudz) dt

s dt
+q [ B() B () fouuydad
+2 fST B4 (t) [ouidxdt
3T () fy VP de) dr
+4 [T BT (@) B (#) fo [Vl dedt

—pn [T E(8) [y wug |ug ™72 dadt

— 2 fST E(t) [quz (2, 1,t) |z (z,1, )@ =2 gyat

‘m(ac)

+9 fST E(t) fol I, §@)z(z,p,t)[™

m(z)

dxdpdt.

3.7

Next, we estimate the parts of the right side in inequality (3.7), respectively. The

first term is estimated as following:

IN

IN

IN

'— / Tjt <Eq ) /Q uutdx> dt‘
£ (s) /Q wy (z, ) dz — B (T) /Q wuy (z,T) da

370 | [ @yt [ oa]

%Eq (T) _/Qu2 (z,T) da:+/

Q

u? (x,T) daz}

S (5) [Cy 18w ()3 + 28 (s)]

5B (1) [Cy | du (D) + 28 (7)]

E1(5) [CpE (s) + E (s)] + EY(T) [CLE(T) + E(T)],
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where C), is the Poincare’s constant. Because of E (t) is nonincreasing, we infer

that
‘_ T 4 (B4 (t) [ uwdz) dt’ < B9+ (s)

s

(3.8)
<cE1(0)E (s) < cE(s).

In similar way, we handle the term

la [ B (1) B () Jo udadt] < —q [ BN (@) B () [C,B (T) + B(T)) dt
< —c[TEI(t)E (t)

< cE1t (s) < cE (s).

(3.9)
To treat the other term, we set
Qp={xeQ, |y (z,t)] > 1} and Q_ = {z € Q, |uy (z,t)| < 1}.
Then, by using the Holder’s and Young’s inequalities, we get
fST E(t) [q u?dmdt‘ = ’fST E9(t) [fQ+ uids + [ u?dw} dt’
<efT B0 | (Jo, lu™ o)™+ (fy ™ an)™™ |

m(x 2/m” m(z 2/mt
<cfTE() (f9|ut] ()dm) +(f9|uty ()dl,) }dt

<efT B (-2 P+ (@) ar
<ce [TIE@™ /2 at 4 c(e) [T (—E (1)) dt

tee [T BT dt + () [T (=B (1)@ gy,
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For m™ > 2 and the choice of ¢ = m™ /2 — 1 will give - — = g+ 1+ %
Therefore,
fT E1(t) [, quxdt‘
s Q -t

<ee [TE®™ dt+ ez [E(0) 72 [T[E@®)]™ dt+c(c) B (s)

<ce [TE@)™ dt +c(e) E(s).

(3.10)
For the case m~ = 2 and the choice of ¢ = m™ /2 — 1 will give the similar result.
The other term can be estimated as follows
1 (Td
‘— / — <E‘1 () / |Vul? dx) dt‘
2 Jy dt Q
1 1
< lpagy / Au (s)? do + B9 (T)/ A ()| da
2 0 2 0
< BT (5)
< ¢ (Eq—1+2/m* (0)) E(s)
< AE(s), (3.11)
where c and A are positive constants. Similarly,
T +
/ B (1) B (1) / Vul? dedt < cETRm(s)
s Q
< ¢ (Eq—H?/m* (0)) E(s)
< ME(s), (3.12)

where ¢ and \; are positive constants. For the other term, by using Young’s in-

equality we conclude
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’—m/TEq(t)/ g | ldxdt’
5/ EY(t /yu )@ dxdt+c/ E9(t / ) ug ()™ dadt
&?/s Eq()[/mm(t)w dx+/_|u()|m+dx] it

/Eq / (2) |ue (8)]™) dadt,

where we have used Young’s inequality with

ple) = Sy ) = m

IN

IN

and hence

ce (x) = (m(z) —1)m (x)m(x)/(l—m(x)) o1/(1=m(z))

That’s why, by using the embeddings H2 (Q) < L™ () and HZ (Q) — L™" (Q),

we obtain
|~ [ B (0) " dad]
<e [T B [elau()lly +elduls)g ] a
+cjfiEq (t) Jo e () Jue (¢ )™ dwdt
3.13)
<e [T Ba@) [cE(m’*?)/2 (0)E (t) + cE™ =22 (0) E (t)] dt

+cjfiEq (t) fq ce () Jug (¢ )™ dadt

<ce [T B (t)dt + [T E(t) [, ce (@) [ug (8)]™ dadt.

The next term of (3.7) can be estimated in a similar attitude to get
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‘—#2 JEEI(t) [ryulz (@, 1,8)m@ 7 dxdt‘
m- m+
<ef] Ei(t) [CHAU(S)H2 +c||Au(s)|} ]dt
g m(z)
tof; BU(t) [o e ()2 (x,1,4)]™) dwdt

<ece fsT Bt (t) dt + fST E(t) [ ce () |2 (2,1, )™ dadt.
For the last term of (3.7), from Lemma 3.3, we obtain

2 [T B (1) i oy Lz gy gy
< 2 T B ) o€ @), O dedp
<2 [T B0 & (fy foe e @)= dadp) at
+-2 [T B [, (2) [ue|™™ dadt
22 [59(t) J foye™€ (2) 2™ dvdp] Z

+-2 fST E1(t) [o&( ) [ug|™® dadt.
As & () is bounded, by (3.2) we have

m(z)
2 [T E1(t) [y fo LI drdpdt
< 2 LR (s) E (s) + 22 E4YH(T)

< 2T (0) B (s) + 22 B9 (T) E (s) < cE (s).

(3.14)

(3.15)
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for some ¢ > 0. By combining (3.7)-(3.15), we conclude that

[F B () dt <e [T BT (1) dt + cE (s)
(3.16)
—i—cfsTEq (t) Jo e () 2 (z,1,0)|™ m@) dydt.

Choosing € so small such that

T
/Eq+1()dt<cE /Eq / (2) |z (z, 1,)|™® dadt.

Once ¢ is fixed, then ¢, (x) < M, since m (x) is bounded. Therefore, we infer that

[T B () dt < cE (s) + M [T E1(t) [, |z (x,1,8)]™®) dzdt
< cE(s) — CoM [T E9(t) E' (1) dt (3.17)

< B (s) + S B9 (s5) — B4TH(T)] < cE (s).

By taking T — oo, we obtain

/OO BT (t)dt < cE (s).

s

Thus, Komornik’s Lemma (with 0 = ¢ = m™ /2 — 1) implies the desired result.
O

4 Conclusion

In recent years, there has been published much work concerning the wave equation
with constant delay or time-varying delay. However, to the best of our knowledge,
there was no decay result for the nonlinear Petrovsky equation with delay term
and variable-exponents. We have been obtained the decay results by applying an
integral inequality due to Komornik. Also, the decay result can be studied with
different methods or the same equation can be investigated for other mathematical
behaviors.
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