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Abstract

Banach and Kannan type contractions have already been studied in rect-
angular b-metric space. Nowadays, metric space equipped with graph and
associated contractions are discussed in graph language. In this paper, Graph
theory approach has been used to obtain fixed point in rectangular b-metric
space endowed with graph for Chatterjea type contraction. Rectangular b-
metric space is a generalization of metric space, rectangular metric space,
b-metric space.

1 Introduction

Let (X, d) be a metric space. In [8], Chatterjea proved the existence and uniqueness
of fixed points for mappings T : X → X satisfying

d(Tx, Ty) ≤ α[d(x, Ty) + d(y, Tx)],∀ x, y ∈ X,α ∈ [0,
1

2
).
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This contraction is known as Chatterjea Contraction.
In [7], Branciari introduced the concept of rectangular metric space by replac-

ing the triangle inequality in the definition of metric space by a three term expres-
sion. Since then many fixed point theorems on rectangular metric space have been
studied.

The concept of b-metric space was introduced by Bakhtin [3] as a generaliza-
tion of metric space and analogue of Banach Contraction principle was proved in
b-metric space. Since then various concepts in fixed point theory in b-metric space
has evolved.

In 2008, Jachymski [10] introduced the concept of contraction principle in met-
ric spaces endowed with graph. This was followed by a series of research papers
[1, 4, 5, 11, 12, 14, 15] on various contractions in different metric space endowed
with graph.

In 2016, Chatterjea contraction on metric space endowed with graph was stud-
ied by Kamal Fallahi, Aris Aghanians in their paper [11].

In this paper, the Chatterjea type contraction in rectangular b-metric space en-
dowed with graph is studied. The existence and uniqueness of fixed point is proved.

2 Preliminaries

Definition 2.1. [3] LetX be a nonempty set and the mapping d : X×X → [0,∞)

satisfy

1) d(x, y) = 0⇔ x = y ∀ x, y ∈ X;

2) d(x, y) = d(y, x) ∀ x, y ∈ X;

3) There exists a real number s ≥ 1 such that
d(x, y) ≤ s[d(x, z) + d(z, y)] ∀ x, y ∈ X .

Then d is called a b-metric and (X, d) is called a b-metric space.

Definition 2.2. [7] Let X be a non empty set and d : X ×X → [0,∞) satisfy

1) d(x, y) = 0⇔ x = y ∀ x, y ∈ X;

2) d(x, y) = d(y, x) ∀ x, y ∈ X;

3) d(x, y) ≤ d(x, u) + d(u, v) + d(v, y) ∀ x, y ∈ X and all distinct points u, v ∈
X\{x, y}.
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Then d is called rectangular metric onX and (X, d) is called a rectangular metric
space.

Definition 2.3. [9] Let X be a non empty set and d : X ×X → [0,∞) satisfy

1) d(x, y) = 0⇔ x = y ∀ x, y ∈ X;

2) d(x, y) = d(y, x) ∀ x, y ∈ X;

3) There exists a real number s ≥ 1 such that
d(x, y) ≤ s[d(x, u) + d(u, v) + d(v, y)] ∀ x, y ∈ X and all distinct points
u, v ∈ X\{x, y}.

Then d is called a rectangular b-metric on X and (X, d) is called a rectangular
b-metric space.

Example 2.1. [9] Let X = N , Define d : X → X by

d(x, y) =


0 if x = y,

4α if x, y ∈ {1, 2} and x 6= y,

α if x or y 6∈ {1, 2} and x 6= y,

where α > 0 is a constant. Then (X, d) is a rectangular b-metric space with
coefficient s = 4

3 > 1, but (X, d) is not a rectangular metric space since d(1, 2) =
4α > 3α = d(1, 3) + d(3, 4) + d(4, 2).

Example 2.2. [9] Let X = A∪B where A = { 1n : n ∈ N} and B is the set of all
positive integers. Define d : X ×X → [0,∞) such that d(x, y) = d(y, x) for all
x, y ∈ X and

d(x, y) =


0 if x = y,

2α if x, y ∈ A,
α
2n if x ∈ A and y ∈ {2, 3},
α otherwise,

where α > 0 is a constant. Then (X, d) is a rectangular b-metric space with
coefficient s = 2 > 1.
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3 Main Result

Let (X, d) be a metric space endowed with graphG. i.e. G is a directed graph with
vertex set V (G) = X such that the set E(G) contains all loops. Assume that G
has no parallel edges. Then G is denoted by the ordered pair (V (G), E(G)) and
(X, d) is a metric space endowed with graph G. The metric space (X, d) can also
be endowed with graph G−1 and G̃, where G−1 is the conversion of G and G̃ is
the undirected graph of G.

Let XT denote the set of all points x ∈ X such that (x, Tx) ∈ E(G) i.e.

XT = {x ∈ X/(x, Tx) ∈ E(G)}.

Definition 3.1. Let (X, d) be a rectangular b-metric space endowed with graphG.
We say that a mapping T : X → X is a G-Chatterjea mapping if

1) T preserves edges of G i.e.
(x, y) ∈ E(G)⇒ (Tx, Ty) ∈ E(G), ∀ x, y ∈ X .

2) There exists α ∈ [0, 1
s+1 ] such that

d(Tx, Ty) ≤ α[d(x, Ty) + d(y, Tx)] ∀ x, y ∈ X with (x, y) ∈ E(G).

Example 3.1. [11] Let (X, d) be a metric space endowed with a graph G. Since
E(G) contains all loops, it follows that any constant mapping T : X → X pre-
serves the edges of G and since d vanishes on the diagonal of X , it follows that T
satisfies condition (2) for any constant α ∈

[
0, 12
)
. Hence each constant mapping

with domain X is a G-Chatterjea mapping.

Example 3.2. Let X = {0, 1, 3} and the Euclidean metric d(x, y) = |x − y|, for
all x, y ∈ X . The mapping T : X → X defined as

Tx =

{
0 if x ∈ {0, 1},
1 if x = 3,

is a G-Chatterjea mapping with constant α = 1
3 , where E(G) = {(0, 0), (1, 1),

(3, 3), (0, 1), (0, 3)} but it is not a Chatterjea mapping because d(T1, T3) = 1

and α[d(1, T3) + d(3, T1)] = 1
3 [0 + 3] = 1. Hence d(T1, T3) 6< α[d(1, T3) +

d(3, T1)].
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Lemma 3.1. Let (X, d) be a complete rectangular b-metric space endowed with
graphG and T : X → X be aG-Chatterjea mapping with a constant α ∈ [0, 1

s+1 ],
where s ≥ 1. Then

d(Tnx, Tn+1x) ≤
(

α

1− α

)n
d(x, Tx) (3.1)

for all x ∈ XT and n ≥ 0. In particular, d(Tnx, Tn+1x)→ 0 as n→∞.

Proof. Let x ∈ XT . Then (x, Tx) ∈ E(G).
Since T preserves edges of G we have
(x, Tx) ∈ E(G)⇒ (Tx, T 2x) ∈ E(G).
Therefore, in general (Tnx, Tn+1x) ∈ E(G) ∀ n ≥ 0.
If n = 0, (3.1) is trivially true.
Consider

d(Tnx, Tn+1x) ≤ α[d(Tn−1x, Tn+1x) + d(Tnx, Tnx)]

= α[d(Tn−1x, Tn+1x) + 0]

≤ α[d(Tn−1x, Tnx) + d(Tnx, Tn+1x)].

(1− α)d(Tnx, Tn+1x) ≤ αd(Tn−1x, Tnx).

d(Tnx, Tn+1x) ≤ α

1− α
d(Tn−1x, Tnx).

Using induction,

d(Tnx, Tn+1x) ≤
(

α

1− α

)n
d(x, Tx).

Here α ∈ [0, 1
s+1 ]⇒

α
1−α <

1
s .

d(Tnx, Tn+1x) ≤
(
1
s

)n
d(x, Tx),

(
1
s

)n → 0 as n→∞.
Hence, we have, d(Tnx, Tn+1x)→ 0 as n→∞.

Theorem 3.1. Let (X, d) be a complete rectangular b-metric space endowed with
a graph G. Let T : X → X be a mapping satisfying d(Tx, Ty) ≤ α[d(x, Ty) +

d(y, Tx)] ∀ x, y ∈ X where α ∈ [0, 1
s+1 ]. Then T has a unique fixed point.

Proof. If XT = φ then there is nothing to prove.
If not, let x ∈ XT then (x, Tx) ∈ E(G).
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T preserves the edges of G. Therefore, (Tx, T 2x) ∈ E(G) i.e. Tx ∈ XT .
⇒ XT is invariant under T .

From lemma 3.1, we have,

d(Tnx, Tmx) ≤ d(Tnx, Tn+1x) + d(Tn+1x, Tn+2x) + · · ·+ d(Tm−1x, Tmx)

≤ λnd(x, Tx) + λn+1d(x, Tx) + · · ·+ λm−1d(x, Tx)

≤ λn(1 + λ+ λ2 + · · · )d(x, Tx)

=
λn

1− λ
d(x, Tx),

where λ = α
1−α <

1
s < 1 (since s > 1).

⇒ d(Tnx, Tmx)→ 0 as m,n→∞.
∴ {Tnx} is a Cauchy sequence in X . But X is complete. Therefore this sequence
converges in X . i.e. Tnx→ x∗ as n→∞.
We shall now prove that x∗ is the fixed point of T .
Consider

d(x∗, Tx∗) ≤ s[d(x∗, Tnx) + d(Tnx, Tn+1x) + d(Tn+1x, Tx∗)]

≤ s[d(x∗, Tnx) + d(Tnx, Tn+1x) + α[d(Tnx, Tx∗) + d(x∗, Tn+1x)]]

≤ s[d(x∗, Tnx) + λnd(x, Tx) + α[d(Tnx, Tx∗) + d(x∗, Tn+1x)]]

= sd(x∗, Tnx) + λnsd(x, Tx) + sα[d(Tnx, Tx∗) + d(x∗, Tn+1x)].

As n→∞, d(Tnx, Tx∗)→ d(x∗, Tx∗).
In the right side, d(x∗, Tnx)→ 0 and d(x∗, Tn+1x)→ 0 as n→∞.
Also λn → 0 as n→∞ (since λ = α

1−α <
1
s < 1).

(1− sα)d(x∗, Tx∗)→ 0 as n→∞.
d(x∗, Tx∗∗)→ 0 as n→∞.
∴ Tx∗ = x∗.
i.e. x∗ is a fixed point of T .

Now we prove that the fixed point is unique.
If possible, let y∗ be another fixed point of T . i.e Ty∗ = y∗.

Consider
d(x∗, y∗) = d(Tx∗, T y∗) ≤ α[d(x∗, T y∗) + d(y∗, Tx∗)].
d(x∗, y∗) ≤ α[d(x∗, y∗) + d(y∗, x∗)].
d(x∗, y∗) ≤ 2αd(x∗, y∗).
⇒ α ≥ 1

2 .
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This is a contradiction since α ∈ [0, 1
s+1 ] where s > 1.

s > 1⇒ 1
s+1 <

1
2 i.e. α < 1

2 .
∴ The fixed point of T is unique.

Example 3.3. Let X = A ∪ B where A = { 1n : n ∈ {2, 3, 4, 5}} and B = [1, 2].
Define d : X ×X → [0,∞) such that d(x, y) = d(y, x) for all x, y ∈ X and

d
(
1
2 ,

1
3

)
= d

(
1
4 ,

1
5

)
= 0.03,

d
(
1
2 ,

1
5

)
= d

(
1
3 ,

1
4

)
= 0.02,

d
(
1
2 ,

1
4

)
= d

(
1
5 ,

1
3

)
= 0.6,

d(x, y) = |x− y|2 otherwise,

Then (X, d) is a rectangular b-metric space with coefficient s = 4 > 1. Define the
graph G by E(G) = {( 1n ,

1
n) : n ∈ {2, 3, 4, 5}} ∪ (B ×B).

Let T : X → X be defined as

Tx =

{
1
4 if x ∈ A,
1
5 if x ∈ B,

Then T satisfies the condition of Theorem 3.1 and has a unique fixed point x = 1
4 .
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