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Abstract

In this paper, we have extend the newly defined fractional Elzaki transfor-
mation to towards 2-Dimensional fractional Elzaki transformation. The frac-
tional Elzaki transformation has simple relationship with fractional Laplace
as well as Laplace transformation by the help of which one can solve frac-
tional differential equations easily. We have found out the simple condi-
tion under which 2-dimensional fractional Elzaki transformation were con-
vergent.

1 Introduction

The theory of modern integral transform [1, 3, 5, 9] which includes Fourier, Mellin,
Laplace, Wavelet, Hilbert, Weirstrass, Chirplet, Abel’s, Laplace – Steiltjes , Laplace
— Carson, L2– transform and ZZ transformation which plays an important role in
the theory of fractional calculus.

The generalized definition of integral transform has been defined [7] in well
manner under new conditions with its inversion and convolution property, relation-
ship with other integral Transform which includes Elzaki – Tarig, Laplace, Mellin,
L2 , Abel’s, Weirstrass, Hilbert, Fourier, Laplace – Carson, Laplace – Stieltjes
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Transformations has being established in well manner. All these Transformations
have tremendous applications [8] in fractals, Bio- Mathematics, Computational
Fluid Dynamics.

In this paper the fractional Elzaki [9] transformation has been extended to the
two dimensional fractional Elzaki transformation and the Convergence has been
discussed.Recently [8], we have define fractional Elzaki transformations along
with its properties including Translation, Dilation, Convolution and applications
towards the fractional differential Equations.

The paper mainly divided into two parts. In first part, some basic required
definition were given. In second part the extended definition of fractional Elzaki
transformation were given and its convergence were discussed and some conclud-
ing remarks were given at end of paper along with references.

2 Preliminaries

We give some definitions and their properties for our main results.

(1) Laplace Type Integral Transform:
Consider a function f(x) which is piece wise continuous and of exponential
order then the Laplace — type integral[1] transform is defined as follows:

Lε[f (x ); p] =

∫ ∞
0

ε
′
(x )eφ(p)ε(x)f (x )dx (2.1)

Where φ(p) is invertible function with ε (x) =
∫
e−a(x)dx an exponential

function and a(x) as invertible function.

(2) Generalized Elzaki — Tarig Transformation:
We have consider the definition of Generalized Elzaki – Tarig Transforma-
tion [7] as;

=ε {f (x) ; p} =

∞∫
0

Φ

(
1

p

)
Φ1 (p) ε′ (x) e−Φ(p)ε(x)f (x) dx , p6=0

(2.2)
Where f(x)∈ S and it is given by

S = {f (x) : ∃k1, k2 > 0, |f (x)| < Me
|x|
kj , x∈ (−1)j X [0,∞) ,M > 0}

and Φ
(

1
p

)
,Φ1 (p) are invertible functions of p with ε (x) =

∫
e−a(x)dx
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an exponential function and a(x) as invertible function, thus from the def-
initions above it can be seen that it is the generalization of Elzaki – Tarig
transformation.

(3) Conformable fractional Exponential function:
The conformable fractional exponential function [8] is defined as;

Eα(c, t) = ec
tα

α (2.3)

with the condition 0 < α ≤ 1 and c ∈ <.

(4) 1 -– D fractional Elzaki Transformation:
Let 0 < α ≤ 1 and f : [0,∞) → < satisfying the condition the set in
(2.2)then the conformable fractional Elzaki transform of order α of f(x) is
defined as [7];

Eα
c[f(t)](p) =

∫ ∞
0

pKα(−p, t)f(t)dαt (2.4)

where Kα(−p, t) = Eα(−1
p , t) and dαt = tα−1dt

3 Convergence of Two dimensional fractional Elzaki
Transformation

The definition of 1 -– dimensional conformable fractional Elzaki transformation
can be extend to 2– dimensional as follows;
2 — Dimensional conformable fractional Elzaki Transformation:
Given function, f(x, t) : [0,∞) × [0,∞) → < be real valued function satisfy-
ing the condition in (2.2) independently then the 2 -– dimensional conformable
fractional Elzaki transformation at a point (p, q) can be defined as;

Eα
2c[f(t)](p, q) = pq

∫ ∞
0

∫ ∞
0

e
−( t

α

pα
+ tα

qα
)
f(x, t)dαxdαt (3.1)

Now we prove the convergence of this 2 -– dimensional fractional Elzaki transfor-
mation and find out the conditions under which it converges almost everywhere.

Theorem 3.1. If f(x,t) is continuous on [0,∞) × [0,∞) and integral converges at
p = p0 and q = q0 then the two-dimensional fractional Elzaki transform of f(x,t)
converges for 1

p > 1
p0

and 1
q > 1

q0
where ε(p, q, x, t) = ( t

α

pα + tα

qα) > 0 and
increasing in the positive quadrant.
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Proof. : To prove the result we will prove following two lemmas and combined
the result of them to get the desired result.

Lemma 3.1. If Tε {f(x, t); q} =
t∫

0

qf(x, t)e
− t

α

qαdαt converges at q = q0 then the

integral converges for 1
q >

1
q0
> 0.

Proof. Consider the following function:

α(x, t) =

t∫
0

q0φ(x, u)e
− tα

q0αdαu

where 0 < t < ∞,then clearly by using above definition α(x, 0) = 0 and

lim
t→∞

t∫
0

q0φ(x, t)e
− tα

q0αdαu converges at q = q0 and by fundamental theorem of

calculus we get,

αt(x, t) = q0e
− tα

q0αφ(x, t)

which after rearranging it gives; φ(x, t) = 1
q0
e
tα

q0ααt(x, t).
Choose ε1 and R1 such that 0 < ε1 < R1 , then the above integral becomes,

R1∫
ε1

qφ(x, t)e
− t

α

qαdαt =

R1∫
ε1

q

q0
αt(x, t)e

tα

q0α e
− t

α

qαdαt

=

R1∫
ε1

q

q0
αt(x, t)e

−tα( 1
qα
− 1
q0α

)
dαt

by applying integration by parts it comes out to be
R1∫
ε1

qφ(x, t)e
− t

α

qαdαt

=
q

q0

∣∣∣e−tα( 1
qα
− 1
q0α

)
α(x, t)

∣∣∣R1

ε1
+

R1∫
ε1

(
1

q
− 1

q0
)α(x, t)e

−tα( 1
qα
− 1
q0α

)
dt


=

q

q0
[e
−R1

α( 1
qα
− 1
q0α

)
α(x,R1)− e−ε1

α( 1
qα
− 1
q0α

)
α(x, ε1)
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+

R1∫
ε1

(
1

q
− 1

q0
)α(x, t)e

−tα( 1
qα
− 1
q0α

)
dt]

by applying ε1 → 0 and using α(x, 0) = 0, we get

R1∫
0

qφ(x, t)e
− t

α

qαdαt =
q

q0
[e
−R1

α( 1
qα
− 1
q0α

)
α(x,R1)

+

R1∫
0

(
1

q
− 1

q0
)α(x, t)e

−tα( 1
qα
− 1
q0α

)
dt]

Taking ,R1 → ∞, if 1
q >

1
q0

, the first term inside the bracket on R.H.S. tends to
zero, hence we get

∞∫
0

qφ(x, t)e
− t

α

qαdαt = (1
q −

1
q0

)
∞∫
0

α(x, t)e
−tα( 1

qα
− 1
q0α

)
dt

which exits if 1
q >

1
q0

.

Lemma 3.2. If Tε {f(x, t); p} =
x∫
0

pf(x, t)e
−x

α

pα dαv converges at p = p0 then

the integral converges for 1
p >

1
p0
> 0.

Proof. Consider the following function:

α(x, t) =

x∫
0

p0φ(v, t)e
− xα

p0αdαv

where 0 < x < ∞,then clearly by using above definition α(0, t) = 0 and

lim
x→∞

x∫
0

p0φ(x, t)e
− xα

p0αdαv converges at p = p0 and by fundamental theorem of

calculus we get,

αx(x, t) = p0e
− xα

p0αφ(x, t)
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which after rearranging it gives; φ(x, t) = 1
p0
e
xα

p0ααx(x, t).
Choose ε2 and R2 such that 0 < ε2 < R2 , then the above integral becomes,

R2∫
ε2

pφ(x, t)e
−x

α

pα dαx =

R2∫
ε2

p

p0
αx(x, t)e

xα

p0α e
−x

α

pα dαx

=

R2∫
ε2

p

p0
αx(x, t)e

−xα( 1
pα
− 1
p0α

)
dαx

by applying integration by parts it comes out to be

R2∫
ε2

pφ(x, t)e
−x

α

pα dαx

=
p

p0

∣∣∣e−xα( 1
pα
− 1
p0α

)
α(x, t)

∣∣∣R2

ε2
+

R2∫
ε2

(
1

p
− 1

p0
)α(x, t)e

−xα( 1
pα
− 1
p0α

)
dx


=

p

p0
[e
−R2

α( 1
pα
− 1
p0α

)
α(R2, t)− e

−ε2α( 1
pα
− 1
p0α

)
α(ε2, t)

+

R2∫
ε2

(
1

p
− 1

p0
)α(x, t)e

−xα( 1
pα
− 1
p0α

)
dx]

by applying ε2 → 0 and using α(0, t) = 0, we get

R2∫
0

pφ(x, t)e
−x

α

pα dαx

=
p

p0
[e
−R2

α( 1
pα
− 1
p0α

)
α(R2, t) +

R2∫
0

(
1

p
− 1

p0
)α(x, t)e

−xα( 1
pα
− 1
p0α

)
dx]

Taking ,R2 → ∞, if 1
p >

1
p0

, the first term inside the bracket on R.H.S. tends to
zero, hence we get

∞∫
0

pφ(x, t)e
−x

α

pα dαx = (1
p −

1
p0

)
∞∫
0

α(x, t)e
−xα( 1

pα
− 1
p0α

)
d

which exits if 1
p >

1
p0

.
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Thus by combining Lemma (3.2) and (3.3) the two-dimensional new integral
transform of f(x, t) converges on for 1

p >
1
p0

and 1
q >

1
q0

hence the theorem.

4 Uniform Convergence of Two dimensional fractional Elzaki
Transformation

Theorem 4.1. If f(x, t) is continuous on [0,∞) × [0,∞) and integral H(x, t) =

p0q0

x∫
0

t∫
0

f(u, v)e
− xα

p0α e
− tα

q0αdudv is bounded on [0, ∞) × [0, ∞) then the two-

dimensional new integral transform of f(x, t) converges uniformly on [p,∞) ×
[q,∞) if 1

p >
1
p0

and 1
q >

1
q0

.

Proof. To prove the result we will prove following two lemmas and combined the
result of them to get the desired result.

Lemma 4.1. If g(x, t) = q0

t∫
0

f(x, v)e
− vα

q0αdαv is bounded on [ q0,∞) then the

integral converges uniformly on [q ,∞) for 1
q >

1
q0

.

Proof. Consider, 0 < R < R1 and the integral;

q

R1∫
R

f(x, v)e
− v

α

qα dαv = q

R1∫
R

e
− v

α

qα e
− vα

q0α e
vα

q0α f(x, v)dαv (4.1)

After rearranging the terms it gives

q
R1∫
R

f(x, v)e
− v

α

qα dαv = q
q0

R1∫
R

e
−tα( 1

qα
− 1
q0α

)
gt(x, t)dt

By using Fundamental Theorem of Calculus and applying integration by parts;
it turns out to be

q

R1∫
R

f(x, t)e
− t

α

qαdαt =
q

q0
[g(x,R1)e

−R1
α( 1

qα
− 1
q0α

) − g(x,R)e
−Rα( 1

qα
− 1
q0α

)

+ (
1

q
− 1

q0
)

R1∫
R

g(x, t)e
−tα( 1

qα
− 1
q0α

)
dt]
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so that if, |g(x, t)| ≤M the above integral gives us∣∣∣∣∣∣q
R1∫
R

f(x, t)e
− t

α

qαdαt

∣∣∣∣∣∣
≤ Mq

q0

{
e
−R1

α( 1
qα
− 1
q0α

)
+ e
−Rα( 1

qα
− 1
q0α

) − (
1

q
− 1

q0
)[e
−R1

α 1
qα + e

−Rα 1
qα

}
hence by cauchy’s criteria [8, 9] for uniform convergence on the given interval the
integral

I = q
R1∫
R

f(x, t)e
− t

α

qαdαt

converges uniformly on [q ,∞), if 1
q >

1
q0
> 0.

Lemma 4.2. If g(x, t) = q0

x∫
0

f(u, t)e
− uα

p0αdαu is bounded on [ p0,∞) then the

integral converges uniformly on [p ,∞) for 1
p >

1
p0

.

Proof. Consider, 0 < R < R1 and the integral;

p

R1∫
R

f(u, t)e
−u

α

pα dαu = p

R1∫
R

e
−u

α

pα e
− uα

p0α e
uα

p0α f(u, t)dαu (4.2)

After rearranging the terms it gives

p
R1∫
R

f(u, t)e
−u

α

pα dαu = p
p0

R1∫
R

e
−xα( 1

pα
− 1
p0α

)
gx(x, t)dx

By using Fundamental Theorem of Calculus and applying integration by parts;
it turns out to be

p

R1∫
R

f(x, t)e
−x

α

pα dαx =
p

p0
[g(R1, t)e

−R1
α( 1

pα
− 1
p0α

) − g(R, t)e
−Rα( 1

pα
− 1
p0α

)

+ (
1

p
− 1

p0
)

R1∫
R

g(x, t)e
−xα( 1

pα
− 1
p0α

)
dx]
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so that if, |g(x, t)| ≤M the above integral gives us∣∣∣∣∣∣p
R1∫
R

f(x, t)e
−x

α

pα dαx

∣∣∣∣∣∣
≤ Mq

p0

{
e
−R1

α( 1
pα
− 1
p0α

)
+ e
−Rα( 1

pα
− 1
p0α

) − (
1

p
− 1

p0
)[e
−R1

α 1
pα + e

−Rα 1
pα

}
hence by cauchy’s criteria [8, 9] for uniform convergence on the given interval the
integral

I = p
R1∫
R

f(x, t)e
−x

α

pα dαx

converges uniformly on [p ,∞), if 1
p >

1
p0
> 0.

Combining Lemma (4.2) and (4.3) the two-dimensional new integral transform
of f(x, t) converges uniformly on for 1

p >
1
p0
> 0 and 1

q >
1
q0
> 0 , Hence the

theorem.

5 Conclusion

We have extend the one dimensional fractional Elzaki transformation towards the
2-– Dimensional fractional Elzaki Transformation and found out the condition for
convergence and Uniform Convergence of this Transformation. Which will be
useful to solve Non – homogeneous partial differential equations by using the rela-
tionship between 2 -– Dimensional Laplace and fractional Elzaki Transformations.
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