ISSN: 0304-9787
The Ahgarh Bulletin of Mathematics Copyrlght © Department of Mathematics
Volume 39, Number 2 (2020), 17-26 Aligarh Muslim University, Aligarh-202 002, India

On convergence of 2-dimensional fractional
Elzaki transformation

S. D. Manjarekar
Department of Mathematics
L. V. H. Arts, Science and Commerce College
Nashik - 422003, India
Email: shrimathematics @ gmail.com

(Received August 15, 2020)

Abstract

In this paper, we have extend the newly defined fractional Elzaki transfor-
mation to towards 2-Dimensional fractional Elzaki transformation. The frac-
tional Elzaki transformation has simple relationship with fractional Laplace
as well as Laplace transformation by the help of which one can solve frac-
tional differential equations easily. We have found out the simple condi-
tion under which 2-dimensional fractional Elzaki transformation were con-
vergent.

1 Introduction

The theory of modern integral transform [1, 3, 5, 9] which includes Fourier, Mellin,
Laplace, Wavelet, Hilbert, Weirstrass, Chirplet, Abel’s, Laplace — Steiltjes , Laplace
— Carson, Ly transform and ZZ transformation which plays an important role in
the theory of fractional calculus.

The generalized definition of integral transform has been defined [7] in well
manner under new conditions with its inversion and convolution property, relation-
ship with other integral Transform which includes Elzaki — Tarig, Laplace, Mellin,
Lo, Abel’s, Weirstrass, Hilbert, Fourier, Laplace — Carson, Laplace — Stieltjes
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Transformations has being established in well manner. All these Transformations
have tremendous applications [8] in fractals, Bio- Mathematics, Computational
Fluid Dynamics.

In this paper the fractional Elzaki [9] transformation has been extended to the
two dimensional fractional Elzaki transformation and the Convergence has been
discussed.Recently [8], we have define fractional Elzaki transformations along
with its properties including Translation, Dilation, Convolution and applications
towards the fractional differential Equations.

The paper mainly divided into two parts. In first part, some basic required
definition were given. In second part the extended definition of fractional Elzaki
transformation were given and its convergence were discussed and some conclud-
ing remarks were given at end of paper along with references.

2 Preliminaries
We give some definitions and their properties for our main results.

(1) Laplace Type Integral Transform:
Consider a function f(x) which is piece wise continuous and of exponential
order then the Laplace — type integral[1] transform is defined as follows:

Lolf(x);p) = /0 ¢ (2) P f (1) da @1

Where ¢(p) is invertible function with & (z) = [ e~%*)dz an exponential
function and a(x) as invertible function.

(2) Generalized Elzaki — Tarig Transformation:
We have consider the definition of Generalized Elzaki — Tarig Transforma-
tion [7] as;

S {f(2);p} = /<I> <11)> @ (p) e (x) e ®PE@) £ (1) das , p7£0
0

(2.2)

Where f(z)€ S and it is given by
|| .
S={f(x): Tky,ka > 0,|f (x)] < Me"*i ,ze(-1)? X[0,00),M > 0}

and ® (%) , @1 (p) are invertible functions of p with ¢ (v) = [e %(*)dz
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an exponential function and a(x) as invertible function, thus from the def-
initions above it can be seen that it is the generalization of Elzaki — Tarig
transformation.

(3) Conformable fractional Exponential function:
The conformable fractional exponential function [8] is defined as;

Eq(c,t) = o 2.3)
with the condition 0 < w < 1 and ¢ € R.

(4) 1 --D fractional Elzaki Transformation:
Let 0 < o < 1land f : [0,00) — * satisfying the condition the set in
(2.2)then the conformable fractional Elzaki transform of order « of f(x) is
defined as [7];

B () () = /0 " pEa(—pot) f(t)dat 2.4)

where Ko (—p,t) = Eo(—3,t) and dot = t*7dt

3 Convergence of Two dimensional fractional Elzaki
Transformation

The definition of 1 -— dimensional conformable fractional Elzaki transformation
can be extend to 2— dimensional as follows;

2 — Dimensional conformable fractional Elzaki Transformation:

Given function, f(z,t) : [0,00) X [0,00) — R be real valued function satisfy-
ing the condition in (2.2) independently then the 2 -— dimensional conformable
fractional Elzaki transformation at a point (p, ¢) can be defined as;

E°[f(1) pq/ / e~ Gt aa) f(z, ) doadat (3.1)

Now we prove the convergence of this 2 -— dimensional fractional Elzaki transfor-
mation and find out the conditions under which it converges almost everywhere.

Theorem 3.1. If f(x,t) is continuous on [0,00) X [0,00) and integral converges at

p = po and q = qq then the two-dimensional fractional Elzaki transform of f(x,t)
1 1 1 o o
converges for & > - and 7 > o Where €(p,q,x,t) = (;—a + ;—a) > 0 and

increasing in the positive quadmnt
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Proof. : To prove the result we will prove following two lemmas and combined
the result of them to get the desired result.

(e

t
Lemma 3.1. If T {f(z,t);q} = [qf(z, t)e_é?dat converges at ¢ = qq then the
0

integral converges foré > q% > 0.

Proof. Consider the following function:

t
Oé(.’L',t) —/q0¢(:):,u)e‘;6‘1dau
0

where 0 < ¢t < oo,then clearly by using above definition «(z,0) = 0 and
t o

e
tlim J qod(x,t)e w0xd,u converges at ¢ = go and by fundamental theorem of
—00

0

calculus we get,

ta

ay(z,t) = qoe 0° P(x,1)

;2
€% ar(, 1)

Choose €1 and R; such that 0 < €; < R; , then the above integral becomes,

which after rearranging it gives; ¢(z,t) =

R1 Rl
el A
/ng(m,t)e_qadat:/qat(x,t)eqoae aa dyt
0
€1 €1 q
Ry
(Ll 1
:/qat(:n,t)e P Ga " wa ) d,t
4q0

€1

by applying integration by parts it comes out to be
Ry

/ qo(z, t)eif?adat

€1

_pa 1l 1 Rl 1 1 a1 1
=2 T qoa)a(m,t) +/(—)a(ac,t)e Ga a0 dt
q0 €1 q0
€1
_Rio( L1 e (L1
_ q [ Ry (qa qu)Oé(x,Rl) _e €1 (qa qOo‘)Oé(:L‘,Gl)
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* / & = Dyafe, )@ ma)

qa qo
€1
by applying ¢; — 0 and using a(x,0) = 0, we get

Ry

@ a1 1
[ oot Rt = L a e, Ry
0

q0
T
a1l 1
+/( - —)oz(:p,t)e_t (3 rma)dt]
; q q0

Taking ,R; — oo, if é > q% , the first term inside the bracket on R.H.S. tends to
zero, hence we get

o0 7& o0
[ ad(e,t)e”mdat = (5 = ) [ale,)e '

which exits if £ > L . 0
q q0

xX &
Lemma 3.2. If T.{f(z,t);p} = [pf(z,t)e radyv converges at p = pg then
0

the integral converges for ;1) > p% > 0.

Proof. Consider the following function:

T

a(ac,t) = /p(]d)(vat)e;badav

0

where 0 < x < oo,then clearly by using above definition «(0,¢) = 0 and

T @

h_}m [ pod(, t)efsoa dv converges at p = pg and by fundamental theorem of
xX o
0

calculus we get,

«@

O‘x(x7 t) = pOe_pz(Tagb(x’ t)
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which after rearranging it gives; ¢(x,t) = —OePzTa ag(x,t).
Choose €3 and Rp such that 0 < €5 < Ry , then the above integral becomes,
Ro Ro
/pgzb(x,t)e_zadaa::/pax(az,t)e;oae_zﬂdax
o o Po
Ry
go(l 1
:/ Py, t)e™ e Th0n
Po
€2
by applying integration by parts it comes out to be
Ry
/pqﬁ(fc,t)e_zadax
€2
Ry P
_po(l_ 1 2 1 1 _gpo(l_ 1
=L ‘e " Ga ") a(, 1) —I-/(— —a(z,te " e s dg
Po €2 P Po
€2
_Roo(Ll__1 (L 1
= p[ fia (pa Poa)a(RQ’t)—e * pa poa)a(ﬁ%t)
Po
Ro
1 1 _go(l 1
* / (= = Z)al, t)e”™" 7R da
P Do

by applying €2 — 0 and using (0, ¢) = 0, we get

Ro
/pcb(x,t)eiadaa:
0
1o
o1 1 _po(l 1
= E[G_RQ pa poa)a(RQ,t)‘f'/(—)&(:E,t)e x (pa pOa)d:I}]
5 P Do

Pbo
Taking ,Ry — o0, if % > p% , the first term inside the bracket on R.H.S. tends to

70a)d

zero, hence we get
11 —z (oo —
5~ o) ) alz,t)e = e

([qu(x,t)e‘ffada:c = (4

which exits if £ > L .
p Po



On convergence of 2— dimensional fractional elzaki transformation 23

Thus by combining Lemma (3.2) and (3.3) the two-dimensional new integral

transform of f(z,t) converges on for % > p% and % > q% hence the theorem. []

4 Uniform Convergence of Two dimensional fractional Elzaki
Transformation

Theorem 4.1. If f(x,t) is continuous on [0, c0) X [0, o) and integral H(x,t) =
Tz t 2 o

pogo | [ f(u,v)e Poee w0 dudv is bounded on [0, co) x [0, co) then the two-
00

dimensional new integral transform of f(x,t) converges uniformly on [p,00) X

[q,oo)ifz% > p%) and% > q%‘

Proof. To prove the result we will prove following two lemmas and combined the
result of them to get the desired result.

t e

Lemma 4.1. If g(z,t) = qo [ f(z,v)e 0o dav is bounded on [ qo,0) then the
0

integral converges uniformly on [q, c0) for % > q% .

Proof. Consider, 0 < R < R; and the integral;

Rl Rl
q/f(;r,v)e_fvzadav:q/e_fvweqvoae‘;oaf(:c,v)dav 4.1)
R R

After rearranging the terms it gives

1 1

e a2 e )
q [ flz,v)e wdav =L [ et walgy(z,t)dt
R R

By using Fundamental Theorem of Calculus and applying integration by parts;
it turns out to be

“Rye(L— L

a1l 1
) (o, Ry

a0

Ry
q / fa)e ot = Lig(a, Ry)e
0
R

o
oL _ 1
+<—>/a%we”w<whﬂ
R
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so that if, |g(z,t)| < M the above integral gives us

Ry
tDt
[ $e R dat
R
<2 {eRla w e e M me) (22 e e e_Raqla}
q0 q qo
hence by cauchy’s criteria [8, 9] for uniform convergence on the given interval the
integral
Rl 7&
I=q [ f(z,t)e aadat
R
converges uniformly on [q , 00), if % > q% > 0. O

@

T u
Lemma 4.2. If g(z,t) = qo | f(u,t)e Po>dyu is bounded on [ py,o0) then the
0

integral converges uniformly on [p , c0) for % > pio.

Proof. Consider, 0 < R < R; and the integral;

R1 Rl
p/f(u, t)ef%adau :p/e;ae_;oaesoaf(u, t)dau 4.2)
R R

After rearranging the terms it gives

a( 1 1

R1 e R1 _x ( )
P f flu,t)e redyu = p% f e re poe’ g (2, t)dx
R R

By using Fundamental Theorem of Calculus and applying integration by parts;
it turns out to be

Ry (L1 11

Ry

p/ﬂawe%%wzpwmhmz o w0a) — g(R,t)e " ha " woa)
Po

R

1 1

o1
oo (L k)
+ —/ z,t)e pe poa’dy
(p pO)R g(z,t) ]
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so that if, |g(z,t)| < M the above integral gives us

R1
p/f(x7t)e_f)ada$
R
< {e_Rla o) e R G - (2o Lyt eRapla}
Po P Dpo
hence by cauchy’s criteria [8, 9] for uniform convergence on the given interval the
integral
Ry Lo
I=p [ f(z,t)e radax
R
converges uniformly on [p , c0), if % > p% > 0. O

Combining Lemma (4.2) and (4.3) the two-dimensional new integral transform
of f(z,t) converges uniformly on for % > p%) >0 and% > q% > 0, Hence the
theorem. L]

5 Conclusion

We have extend the one dimensional fractional Elzaki transformation towards the
2-— Dimensional fractional Elzaki Transformation and found out the condition for
convergence and Uniform Convergence of this Transformation. Which will be
useful to solve Non — homogeneous partial differential equations by using the rela-
tionship between 2 -— Dimensional Laplace and fractional Elzaki Transformations.
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