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Abstract

In this paper, we introduce the idea of generalized Nevanlinna order
(cr, B) and generalized Nevanlinna lower order («, 8) of an analytic func-
tion in the unit disc, where @ and 8 are continuous non-negative functions
on (—oo,+00). Hence we study some growth properties of Nevanlinna’s
Characteristic function relating to the composition of two analytic functions
in the unit disc on the basis of generalized Nevanlinna order («, 8) and gen-
eralized Nevanlinna lower order («, 3) as compared to the growth of their

corresponding left and right factors.
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1 Introduction and definitions

A function f, analytic in the unit disc U = {z:|z| < 1} is said to be of finite
Nevanlinna order [1] if there exists a number y such that the Nevanlinna character-
istic function of f denoted by

2

1 :

T(r f) = 27T/ log* ‘f (re”) ‘ df
0

satisfies T (1) < (1 —r) # forall 7 in 0 < 7o (1) < r < 1. The greatest lower

bound of all such numbers p is called the Nevanlinna order of f. Thus the Nevan-

linna order p(f) of f is given by

. log T} (r)
= hm sup———m—m——.
p(f) msup— a0

Similarly, the Nevanlinna lower order \(f) of f is given by

.. logTy (r)
A(f) =1 f—""——.
()=t =

Now let L be a class of continuous non-negative on (—oo, +00) functions « such
that a(z) = a(zg) > 0 for z < zg with a(x) T +00 as © — +oo. Further we
assume that throughout the present paper «, a1, g, a3, 5 € L. Now considering
this, we introduce the definition of the generalized Nevanlinna order («, 3) and
generalized Nevanlinna lower order («, 3) of an analytic function f in the unit
disc U which are as follows:

Definition 1.1. The generalized Nevanlinna order (c, 3) denoted by p'®®)[f] and
generalized Nevanlinna lower order (o, 3) denoted by N\ *P)[f] of an analytic

function f in the unit disc U are defined as:

() [f] = limsu —a(exp(Tf(r))) and \@P) [f] = lim inf—a(eXp(Tf(T)»
P r~>1p 3 (ﬁ) r—1 B (ﬁ)

Clearly p(log log r,log ) [f] =) (f) and )\(log log r,log ) [f] =\ (f) .

Now one may give the definitions of generalized Nevanlinna hyper order (v, 3)
and generalized Nevanlinna logarithmic order (v, 3) of an analytic function f in
the unit disc U in the following way:



Growth properties of composite analytic functions- - - 57

Definition 1.2. The generalized Nevanlinna hyper order (v, 3) denoted by 5[ f]
and generalized Nevanlinna hyper lower order («, [3) denoted by ) [f] of an

analytic function f in the unit disc U are defined as:

ﬁ(o"ﬁ) [f] = lim Supia(Tf(T)) and NP [f] = lim infia(Tf(T))

r—1 5(%) r—1 5(%)

Definition 1.3. The generalized Nevanlinna logarithmic order («, [3) denoted by

pl(ggﬁ ) [f] and generalized Nevanlinna logarithmic lower order («, 3) denoted by

)\(avﬁ)

log [f] of an analytic function f in the unit disc U are defined as:

OB AT ey olesp(Ty(r)
Plogﬁ [f]=1 ralpﬂ <10g (fir)) d)‘logﬁ [f] lr_>1 fﬁ (log <;>>

In this paper we study some growth properties of Nevanlinna’s Characteristic
function relating to the composition of two analytic functions in the unit disc on
the basis of generalized Nevanlinna order (o, 3), generalized Nevanlinna hyper
order (o, 3) and generalized Nevanlinna logarithmic order (o, 3) as compared to
the growth of their corresponding left and right factors. We do not explain the
standard definitions and notations in the theory of entire functions as those are
available in [1, 3, 4, ?].

2 Main results

In this section we present the main results of the paper.

Theorem 2.1. Let f and g be any two non-constant analytic functions in the unit
disc U such that 0 < N@18)[f o g] < p(@1:8)[f o g] < 0o and 0 < A@2P)[f] <
p @28 [ f] < oo. Then

NevBfogl  aq(exp(Trog(r))) _ AA)[fog]
) < ey () S A
an(exp(Tyeg(1) _ peD[fog
s exp(Ty(r)) ~ @]
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Proof. From the definitions of p(®2%)[f] and A(*1)[f o g], we have for arbitrary

positive € and for all sufficiently large values of 1—; that

1

a1(exp(Tyog(r))) = (NO)[f o g] =) 6 <H> @1

and

as(exp(Ty(r)) < (p7(f] +2) 8 <1> . (22)

1—r

Now from (2.1) and (2.2) it follows for all sufficiently large values of 1 that

a(exp(Tyog(r)) _ (N Mf o] —<) B ()
wa(exp(T(r)) = (pead)f) ) B (L)

1—r

As e (> 0) is arbitrary, we obtain that

01(exp(Tyog(r)) _ N )[f o g]

lim inf > 2.3
P ol (T3 () © o) e
Again for a sequence of values of 1—: tending to infinity,
(01.8) !
a1 (exp(Tyog(r))) < (AN [fog)+2) B ( +— 24)
and for all sufficiently large values of l—ir
(02,8) 1
as(exp(Ty () > (XD (f] =€) (1= ). 2.5)

Combining (2.4) and (2.5) we get for a sequence of values of 11 tending to

infinity that

ar(exp(Tyeg()) _ NP1 09l +2) 5 ()
az(exp(T3(r)) = (Ae28)[f] — ) (L) ’

Since ¢ (> 0) is arbitrary it follows that

o 0BTy (1)) X[ f o g)

r—1 ag(exp(Ty(r))) —  Ae2B)[f]

(2.6)



Growth properties of composite analytic functions- - - 59

Also for a sequence of values of l—iT tending to infinity that

anlesp(T () < (N7 +2) 8 (2 ). @7

Now from (2.1) and (2.7) we obtain for a sequence of values of 1 tending to
infinity that

o1 (xp(Tyog (1)) (Aerd)[fog] —¢) B
a(exp(Ty(r))) — ()\(C“Qyﬁ)[f]_l’-g)ﬁ(L)

As € (> 0) is arbitrary, we get from above that

01(exp(Tyog(r)) _ A [f o

lim su 2.8
PP anfexp(Ty (1) © A =
Also for all sufficiently large values of ﬁ
(a1,B) 71
a1(exp(Tyog (1) < (P )1f g +) B (7 ). 29)

Now, it follows from (2.5) and (2.9) , for all sufficiently large values of 1 that

o (exp(Tpeg() _ (P V1f 091 +2) 8 ()
az(exp(Ty(r)) —  (Ae2B)[f] ) (L) '

Since € (> 0) is arbitrary, we obtain that

0 (exp(Tyey (1)) _ p*9[f o g

lim su < (2.10)
1 aalexp(Ty(r) — ACRAf]
Thus the theorem follows from (2.3), (2.6), (2.8) and (2.10) . O

The following theorem can be proved in the line of Theorem 2.1 and so the
proof is omitted.

Theorem 2.2. Let f and g be any two non-constant analytic functions in the unit
disc U such that 0 < X1B)[f o g] < plevA[f o g] < oo and 0 < N3:P)[g] <
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pl@3:8)[g] < oc. Then

XD [fogl ar(exp(Tog(r)) _ ANa1D[fog

g S i ) S Mg
. a1 (exp(Trog(r))) _ plP)[f o g]
< Hmsap= e, ) = A

Theorem 2.3. Let f and g be any two non-constant analytic functions in the unit
disc U such that 0 < pl®P)[f o g] < 0o and 0 < p'®2P)[f] < co. Then

timing CLEPTrog (1) p D ogl oy ar(exp(Trog(r)))

r=1 ag(exp(Ty(r))) = ple2df] r1 ag(exp(Ty(r))) |

Proof. From the definition of p(@2:#) [f], we get for a sequence of values of 1Tlr

tending to infinity that

aalesp(Ty () > (o= -2) 5 (125 ) - @an

Now from (2.9) and (2.11) , it follows for a sequence of values of 1 tending to

infinity that

r(exp(Tpeg(r))) _ (P09 +9) 8 (o)
az(exp(Ty(r)) = (plazB)[f] — ) (;) '

As € (> 0) is arbitrary, we obtain that

ar(exp(Tyog(r)) _ Pt f o g]

lim inf 2.12
P (e () = g e
Again for a sequence of values of l—ir tending to infinity,
(e1,6) 1
a1 (exp(Tog (1)) = (p [fog]— 5) Bl ) (2.13)

So combining (2.2) and (2.13) , we get for a sequence of values of 1 tending to

infinity that

ar(exp(Tyog(r))) _ (P71 0l —2) B
az(exp(Ty(r))) ~ (p(azﬁ)[f]q_g)lﬁ(L)
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Since € (> 0) is arbitrary, it follows that

0 (exB(Tyog (1)) _ p¥f 0 )

lim sup = (2.14)
r1 az(exp(Ty(r))) plo20]f]
Thus the theorem follows from (2.12) and (2.14) . O

The following theorem can be carried out in the line of Theorem 2.3 and there-
fore we omit its proof.

Theorem 2.4. Let f and g be any two non-constant analytic functions in the unit

disc U such that 0 < p®P)[f o g] < 0o and 0 < p\@3:P)[g] < oc. Then
Tro (e1,8) Tro
it ORI () AT Fog] e (exp(Teg(r)))
r—1 ag(exp(Ty(r))) plesB)g] r—1 as(exp(Ty(r)))

The following theorem is a natural consequence of Theorem 2.1 and Theorem
2.3.

Theorem 2.5. Let f and g be any two non-constant analytic functions in the unit
disc U such that 0 < \1P)[f o g] < plerB[f o g] < 0o and 0 < A e2A)[f] <
p@2B)[f] < oc. Then

r—1  ag(exp(T¢(r))) Ma2B)[f] 7 ploezB)[f]
< max { N[ og] porf o) }

o i CLEPTrog () _ L { AvA[fog] prP[f og] }

o exp(Te (1))
< Hmeup- (exp ()

Ma2.B)[f] 7 plezB)[f]

The proof is omitted.
Analogously one may state the following theorem without its proof.

Theorem 2.6. Let f and g be any two non-constant analytic functions in the unit
disc U such that 0 < X1D)[f o g] < plevA[f o g] < oo and 0 < N@3:P)[g] <
pl@3:8)[g] < oc. Then

LR Treg (1) {A<a1ﬂ>[fog] p<a1ﬂ>[fog]}

i
U s (exp(Ty (1)) AesBg]  plasBg]

(@1,8) (@1,8)
< max Al [fog]jp L) f o g]
PCENE)) [g] p(aiiﬁ) [g]

I a1(exp(Tyoq(7)))
< s (exp(Ty ()
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We may now state the following two theorems without proof based on Defini-
tion 1.2.

Theorem 2.7. Let f and g be any two non-constant analytic functions in the unit
disc U such that 0 < A7) [fog] <p P [fog] < ocoand0 < PR [f] <
ple2 B[ f] < oo. Then

N fog) o an(Tyog(r) _
S S ) S

min{ o [f ogl p al’ﬁ }
A(CVQUB) [f] a%ﬂ

max {)‘(ahﬁ) [f o g] PP }
X(OCQWB) [f] 0627/3)

@ (Treg (1) D [f o g]
lrjilp 2(Ty(r)) = Xe=Prp

Theorem 2.8. Let f and g be any two non-constant analytic functions in the unit
disc U such that 0 < X' [fog] <plrP[fog] < ooand0 < e ﬂ)[ ] <
p(3:8)[g] < co. Then

~(a1,8)
A [fog] < lim infial(Tng(r)) <

p(asﬁ)[g] T ool as(Ty(r)) —

. {A@””Uom P9 }
min

X(GB,B) 4] ’ p(as,ﬂ

max {)\(al,ﬁ) [fog] P al”B }
X(a?nﬁ) [g] OZSﬁ)

—(a1,8)
Jim sup ™ Tng r S e [fog]
r—1 ag(Tg(T)) )\(063,5) [g]

We may now state the following two theorems without proof based on Defini-
tion 1.3.

Theorem 2.9. Let f and g be any two non-constant analytic functions in the unit

disc U such that 0 < X9 [f o g] < p@)[f 0 g] < 00 and 0 < ALP[f] <
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pl(:gz’ﬁ) [f] < oo. Then

Nt D[fogl  ay(exp(Tyog(r)))
“log T f g <
pl(gé;ﬂ) [£] = as(exp(Ty(r)))

)\(&1,5) o 1,,3

Mo 1] plg";’ﬂ

)\(041,5) o (a1 /3
max{ log [f g]’ plog

Noe 1 pg§ﬂ>

(a1,8)
(To o ©
hmsupal(exp tog(1))) < Prog " Lf 9]
o1 az(exp(Tr(r)) = \e2Py)

Theorem 2.10. Let f and g be any two non-constant analytic functions in the unit
disc U such that 0 < )\l(ggl’ﬂ)[f og] < pl(al’ﬁ)[f og] < coand0 < Ales) ﬁ)[ | <

1
(03.8) ”
Prog 9] < 0o. Then

(041,5

bgi[fg] < hminfal(exp(TfOQ( ))) <
pl(gég?nﬁ) [g] r—1 ag(exp(Tg(

A ed) plé”g’ﬁ

as,f ’ Q 7/3
Moo Plg) — plosd]
. A1 o g] pkf“g’ﬁ

Moz 2lg gsﬁ)

al(exp Tfo plohﬁ) [f og]
lim su g S E
ro1 ag(exp(Ty(r ))) Aos P g)
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