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Abstract

In this paper, we study the following hyperbolic-type equation with log-
arithmic nonlinearity

wy — M (||Vu||2) A+ g P2 g = P2 ulnfu.

We established the blow up of solutions in finite time for negative initial
energy by using modified energy functional method.

1 Introduction

In this work, we state that the following hyperbolic type equation with logarithmic
nonlinearity

we — M (HVU||2) Au A+ |2y = [ufP 2 ulnful, z€Q, t>0,
u(z,0) =wug(z), u(z,0) =u(x), x €,
u(z,t) =0, r€IN, t>0,
(1.1
where p > 27 + 2 and £ > 2 are real numbers and {2 C R" is a bounded
domain with smooth boundary 9. M (s) = 51 + (28" (v,s > 0), specially, we
take /1 = B2 = 1. The functions wug,u; are given initial data, and exponent p
satisfies
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2 (1.2)

2<p<oo, ifn=1,2,
2 <p< 2l ifn >3,
The problem (1.1) is a generalization of a model introduced by Kirchhoff [10]. In

[1, 15, 17], authors studied the following Kirchhoff type equation
we — M (IVul) A+ f (u) = g (u). (1.3)

When g (u) = uln|u| and M(s) = 1, (1.3) becomes the classical wave equa-
tion with logarithmic nonlinearity. This type of problems have many applications
in many branches physics, such as quantum mechanics, nuclear physics, super-
symmetric field theories, optics [2, 3, 14]. The global existence and nonexistence,
decay estimate and growth of solution has been investigated in [4, 5, 7, 8, 11, 13].

In [18], the qualitative analysis of solutions for a class of Kirchhoff equation
with logarithmic nonlinearity

uy — M (HVUH2> Au— A+ |ugP " up = [u* " n ful

has been discussed. Motivated by the previous studies, in this work, we studied the
blow up of the solution (1.1) under some conditions.

In this work, we state that the local existence and finite time blow up with
negative initial energy of the solution for problem (1.1). Our technique of proof is
similar to the one in [12] with some necessary modifications due the nature of the
problem treated here. We first state the local existence theorem.

Theorem 1.1. [12]. Let ug € Hi () and uy € L?(Q) . Then there exist T > 0
such that the problem (1.1) has an unique local solution u (t) which satisfies

ue C([0,T];Hy (), w € C([0,T];L*()) .

2 Blow up

For this purpose, we give some lemmas which be used in our proof. For proof of
Lemma 2.3, 2.4 and Corollary 2.1, we refer the readers to Kafini and Messaoudi
[9]. Now, in order to state our main results, we define the corresponding energy to

problem (1.1) as follows
R | sren) 1 1
E(t) = 5 [ +3 [Vl +m [Vl ) In |ul upda?—i-ﬁ [[ull, -
Q
2.1)
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Lemma 2.1. [16]. For any u € H} (), we get
[ull, < Cq[[Vully,

foralll < q < % ifn > 3;1 < q<ooifn < 2,where C, is the best embedding
constant.

Lemma 2.2. E(t) is a nonincreasing function, fort > 0
E'(t) = — |Ju||} < 0. (2.2)

Proof. Multiplying the equation (1.1) by u; and then integrating from O to ¢, we
obtain

B+ [ s dr = E(0).
0

where
E(0) = 1 llug]® + 1 Vo] + ———— HvuOH2(7+1)
2 2 2(y+1)
1 1
— — | |uolP In |ug| dx + = ||uo]|® .
p/I ol Inuol d + s ol
Q

This completed our proof. -

Lemma 2.3. Suppose that (1.2) holds. There exists a positive constant C' such that

s

/upln\u|d:c <C /upln]u\ dz 4 |Vul3|, (2.3)
Q Q

forany u € LPT1 (Q) and 2 < s < p, provided that [ uPIn|u|dz > 0.
)

Lemma 2.4. Suppose that (1.2) holds. There exists a positive constant C' such that

Jull;, < C /upln\u|dx+||vu|y§ : (2.4)
Q

for any u € L? (Q), provided that [ P In |u|dz > 0.
Q
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Thus, the result was obtained.

Corollary 2.1. Let the assumptions of the Lemma 2.3 and k < p hold. Using the
k

fact that Hu||£ <C ||u||’; <C <||UH£> " Then we obtain the following

k
P
lull* < C /upln\u|da: Va7 2.5)
Q

Lemma 2.5. Suppose that (1.2) holds. There exists a positive constant C' such that
2
July < € [llally + 193] (2.6)

foranyu € LP () and 2 < s < p.

Theorem 2.1. Assume that E (0) < 0. Let the conditions in Lemma 2.5 hold. Then
the solution of (1.1) blows up in finite time

T < 1_—;‘ 2.7)
§125 L1== (0)

where £ and « positive constant.

Proof. We set
H(t)=-E(t), 2.8)

and use C to denote a generic positive constant depending on 2 only.
By taking derivative of (2.8) and using the definition of H (¢) and (2.2), the
estimates (2.8) become

H' (t) = —E' (t) = |Jug||} > 0. (2.9)

Consequently by virtue of (2.1) and (2.9), we get

1
0<HO)<H((t)<- /up In |u| dx. (2.10)
b Q
We then set
L(t)=H"(@)+ a/uutdx, (2.11)

Q
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for € small to be chosen later and

2p—k) p—k p—27—2}
(k—1)p? (k=1)" p ‘

Now, differentiating of L (¢) with respect to ¢ and using equation (1.1) we have

<a< min{ (2.12)

L'(t) = A—a)H @) H (t)+e | |w|de+ | vuydx
[rtes]
= (I—a)H () H' (1) + & |Julf”

—i—e/u (M (\|Vu||2) Au— |ug 2wy + ]u|p72uln\u|) dx

Q
= (1—a)H @) H (t) +¢ |u* — e | Vu|* — & | Va2
—z-:/\ut|k_2 utud:v+5/upln|u|dx. (2.13)
Q Q

Adding and subtracting ep (1 — «) H (t) for some 0 < a < 1 in (2.13), we
obtain

PO = a-am @ @)+ (P02 e

1—
—i—&‘M [Jwlly + €a/up In |u| dz
p
Q
+ep (1 —a) H (t) — 5/ ug|" 2 wpudz. (2.14)
Q

To estimate last term of (2.14), we use again Young’s inequality

o" 01 1
AB< —A"+ —A9 A/ B>0, foralld >0,— +
r q r

1

- =1,
q
withr:kandq:k—fl.80weget

_ ok k—1__ &
[ e <l + 5
Q
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which yields, by substitution in (2.14),

_ . K
v = (-apme o -t ) 2o - ol

+f<p“‘00+2)mmﬁ—e<2‘p§‘*”>nvmﬁ

2
p(l—a)—2(7+1)> 23+, (1= a)
+ V20D 4 e ==Yy
(PO 2 ot 4 B
+5a/upln\u|dx+5p(1—a)H(t). (2.15)
Q

Of course (2.15) holds even if J is time dependent since the integral is taken over

the z-variable. Therefore by choosing d so that ¢ —FT = My H~%(t), for M to be
specified later, and substituting in (2.15), we get

e > (1 et . 1M1) H™ (t) H' (t) + e (p(l_a)”> el

- 2

p(l—a)—=2(y+1) o) _(2—-p(l—a) 2

re (P22 Y pwae ) - (2220 v
11—« My)E ol

ey R potn
p

+5a/upln|u]dx—|—sp(1—a)H(t). (2.16)
Q

By exploiting (2.10), Corollary 2.1 and Young’s inequality, we have

a(k-1)

1
[wmpdr )l
p

Q

HAE=D) [y ¥

IN

a(k—1) %

/up In |u| dx /upln\u|d:c + ”V“H%
Q Q
alk—1)+

/up In |u|dx

Q

IN
Q

kE
P

IN
Q
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a(k—1)
+ /upln\u]dac HVUH%
Q
a(k—1)+%
<C /upln|u\ dx
Q
a(k—1)2;
+ /uplnyudx +|[Vul?] . (2.17)
Q

Hence, it follows from Lemma 2.3 that

(k —1)p?

2<a(k:—1)p+k:§pand2<a ’ <p.
D—

By using Lemma 2.3, we have
HE=D )k < € /up In |u|dz + ||Vl (2.18)

Q
hence (2.16) yields

U > <l—a—5k;1M1> H (1) \yuyy§+a(19(1—00+2) Mk

2
(1-a) p <P (1—a)=2(y+ 1)) 2(y+1)

et 4o (B2 ) o

p(l-a)-2 (M)'™" 2
+e ( 5 S C | |Vul

(M)
+e a—TC /upln]u\ dr+ep(l—a)H(t). (2.19)
Q

At this point, we choose o > (0 small that

p(l—a)—2 pl—a)—2(y+1)
f>0and 2+ 1)

and M; sufficiently large that

>0

pl—a)—2 (My)""

5 C >0and o —

M 1-k
(lk)C > 0.
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Once M; and « are fixed, we pick € small enough so that

l—-a—c¢ My >0,
and
L(0)=H">(0)+ z—:/uouldft > 0. (2.20)
Q

Therefore, (2.19) takes the form

L/ (6) 2 3 [0+ ol + 19l + Va0 + [ o0 tnful do + ul]
Q

221)
where A > 0 is the minimum of the coefficients of H (¢) , |ju¢||? IVully s llully,

[ P In|u| dz.
Q .
Consequently, we obtain

L(t)>L(0), t>0.

Now we estimate
/UUtd:r < lull {uell < Clull, [[uell
Q

which implies
11—«

— 1
Jua| < €l
Q
Applying Young’s inequality, we get
1-a)

1/(
£ 5 1 1
/uutdx <C [C lullp= ||ut||1a] for p +-= 1. (2.22)
Q

To be able to use Lemma 2.5, wetake k = 2/ (1 — a),toget p =2 (1 — ) / (1 — 2cv) .
Therefore (2.22) has the form

1/(1—a)

/ wud < O [lluel® + ull
Q
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where s = 2/ (1 — 2a) < p. By using Lemma 2.5 we get

1/(1—a)
/uutdx <C
Q

H () + [lue) + llul? + [IVu] 20D + [ Vu® + / uP In |u| dx] .
Q

On the other hand by (a + b)? < 2P~1 (aP + bP) , we have

1
1—a

L (t) == [Hl_a (t)+¢ / uutda?]

Q
H (¢) +/|uutdx|llal
9)

C [ @)+l + ll + [ Vul0 + [V

91/(1-a)

IN

IN

+ /up In |ul dw] (2.23)
Q
By associating (2.23) and (2.21) we arrive at

L' (t) > L7 (1) (2.24)

where £ is a positive constant. O

Integration of (2.24) over (0, ¢) we reach

dL 1
% > ELi-e (t)a
t t
/ A / dt,
. Li== (t) 5
LT (t) = L7 (0) > &t
L77a(t) > L7T (0) + £t
a 1
PO -

Therefore the solutions blow up within a time given by the estimate (2.7) above.
Consequently we completed our proof.
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