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Abstract

This paper deals with shape preserving properties of post quantum-BBH

(Bleimann, Butzer and Hahn) blending functions involving (p, q)-integers as

shape parameters. A two parameter family of post quantum-BBH functions

are constructed and their degree elevation and reduction properties have been

studied. For post quantum-BBH (p, q)-Bèzier type curves, some of their ba-

sic properties as well as degree elevation and reduction are discussed. Fur-

thermore, in comparison to classical BBH type rational blending functions,

our generalization gives us more flexibility in controlling the shapes of curves

and surfaces.

1 Introduction

Approximation theory basically deals with approximation of functions by simpler
functions or more easily calculated functions. Broadly it is divided into theoretical
and constructive approximation. To provide a constructive proof of the Weierstrass
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approximation theorem [8, 24], S.N. Bernstein [9] was the first to construct se-
quences of positive linear operators Bm : C[0, 1]→ C[0, 1] defined as

Bm(f ; t) =
m∑
r=0

(
m
r

)
tr(1− t)m−rf

(
r

m

)
, t ∈ [0, 1]. (1.1)

for any m ∈ N and for any function f ∈ C[0, 1], where C[0, 1] denotes the set of
all continuous functions on [0, 1] which is equipped with sup-norm ‖.‖C[0,1]

The above sequence of positive linear operators Bm(f ; t) known as Bernstein
polynomials can be used to approximate any function f ∈ C[0, 1] uniformly. One
can find a detailed monograph about the Bernstein polynomials in [3]. Various ap-
plications of Bernstein polynomials in different areas such as Approximation the-
ory [8], Numerical analysis, Computer-Aided Geometric Design have been studied
[4].

Similarly Computer aided geometric design (CAGD) is a discipline which
deals with computational aspects of geometric objects. If emphasizes on the math-
ematical development of curves and surfaces such that it become compatible with
computers. In computer aided geometric design (CAGD), basis of Bernstein poly-
nomials play a significant role in order to preserve the shapes of the curves or
surfaces. Popular programs, like Adobe’s illustrator and flash, and font imaging
systems such as Postscript, utilize Bernstein polynomials to form what are known
as Bezier curves. The classical Bézier curves [7] constructed with Bernstein basis
functions are one of the most important curves in CAGD [10].

In 1987, Lupaş [2] introduced the first q-analogue of Bernstein operators (ra-
tional) as follows:

Lm,q(f ; t) =

m∑
r=0

f

(
[r]q
[m]q

) [
m
r

]
q

q
r(r−1)

2 tr (1− t)m−r

m∏
j=1
{(1− t) + qj−1t}

, (1.2)

and investigated its approximating and shape-preserving properties.
Bleimann, Butzer and Hahn (BBH) introduced the following operators in [11]

as follows:

Hm(f ; t) =
1

(1 + t)m

m∑
r=0

f

(
r

m− r + 1

) [
m
r

]
tr, t ≥ 0. (1.3)

Recently, Mursaleen et al. [12] applied the concept of post quantum calculus
or (p, q)-calculus in approximation theory and introduced post quantum-analogue



On Shape Preserving Properties of Post Quantum-BBH · · · 3

of Bernstein operators. They also introduced and studied approximation properties
based on post quantum-analogue of Bernstein-Stancu operators [13], approxima-
tion by (p, q)-Lorentz polynomials on a compact disk [14].

Let us recall certain notations of post quantum calculus ((p, q)-calculus).
For any p > 0 and q > 0, the (p, q) integers [m]p,q are defined by

[m]p,q = pm−1 + pm−2q + pm−3q2 + ... + pqm−2 + qm−1

=



pm−qm
p−q , when p 6= q 6= 1

m pm−1, when p = q 6= 1

[m]q, when p = 1
m, when p = q = 1.

The formula for (p, q)-binomial expansion is as follows:

(at + bu)mp,q :=

m∑
r=0

p
(m−r)(m−r−1)

2 q
r(r−1)

2

[
m
r

]
p,q

am−rbrtm−rur,

(t + u)mp,q = (t + u)(pt + qu)(p2t + q2u) · · · (pm−1t + qm−1u),

(1− t)mp,q = (1− t)(p− qt)(p2 − q2t) · · · (pn−1 − qn−1t),

where (p, q)-binomial coefficients are defined by[
m
r

]
p,q

=
[m]p,q!

[r]p,q![m− r]p,q!
.

Khalid and Lobiyal [19] recently defined post quantum analogue of Lupaş
Bernstein operators (an extension of q-analogue of Lupaş Bernstein operators in
[2]) and applied its basis to construct curves and surfaces.

One can refer [1, 5, 6, 15, 18, 19, 20, 21, 22, 23] for details related to post
quantum calculus, Approximation theory and Computer aided geometric design.

The post quantum analogue of BBH operators given by Mursaleen et al. [16]
are as follows:

Hm,r
p,q (f ; t) =

1

lp,qm (t)

m∑
r=0

f

(
pm−r+1[r]p,q

[m− r + 1]p,q qr

)
p

(m−r)(m−r−1)
2 q

r(r−1)
2

[
m
r

]
p,q

tr,

(1.4)

where t ≥ 0 and 0 < q < p ≤ 1 and where lp,qm,r(t) =
m−1∏
r=0

(pr + qrt) and f defined

on semiaxis R+.
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2 Post quantum-BBH functions

The post quantum BBH basis (blending) functions obtained from (1.4) are as fol-
lows:

Hm,r
p,q (t) =

1

lp,qm (t)
p

(m−r)(m−r−1)
2 q

r(r−1)
2

[
m
r

]
p,q

tr, (2.1)

where lp,qm,r(t) =
m−1∏
r=0

(pr + qrt).

2.1 Characteristics of the post quantum-BBH functions

Theorem 2.1. The post quantum-BBH functions have the following properties:

(i) Non-negativity: Hm,r
p,q (t) ≥ 0 r = 0, 1, · · · .

(ii) Partition of unity:

Hm,r
p,q (t) = 1, for every t ∈ [0,∞).

(iii) End-point interpolation property holds:

Hm,r
p,q (0) =


1, if r = 0

0, r 6= 0

Hm,r
p,q (t) =


1, if r = m

0, r 6= m

(iv) Reducibility: (i) when p, q = 1, formula (2.1) reduces to the classical type

BBH bases on [0,∞).

Proof. Property (1), (2) and (4) can be obtained easily from equation (2.1). Here,

we give proof of property (3) only.
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Property 3: From equation (2.1),

Hm,r
p,q (t) =

1
m−1∏
r=0

(pr + qrt)

p
(m−r)(m−r−1)

2 q
r(r−1)

2

[
m
r

]
p,q

tr. (2.2)

(i) When r = 0,

Hm,0
p,q (t) = 1

m−1∏
r=0

(pr+qrt)

p
(m)(m−1)

2

[
m
0

]
p,q

.

Hm,0
p,q (0) = 1.

(ii) When r 6= 0,

Hm,r
p,q (t) =

1
m−1∏
r=0

(pr + qrt)

p
(m−r)(m−r−1)

2 q
r(r−1)

2

[
m
r

]
p,q

tr. (2.3)

Hm,r
p,q (0) = 0,

(iii) When r = m,

Hm,r
p,q (t) =

1
m−1∏
r=0

(pr + qrt)

q
m(m−1)

2 tm. (2.4)

lim
t−→∞

Hm,r
p,q (t) = 1.

Similarly, for r 6= m,
Hm,r

p,q (t) = 0.

3 Degree elevation and reduction for post quantum-BBH
functions

One can elevate the degree of curve to attain more control over the shape of the
curve. With the help of this algorithm one can construct a new control polygon by
choosing a convex combination of the old control points which retains the previous
points. For this purpose, the identities (3.1), (3.2) and Theorem (3.1) are useful.



6 Vinita Sharma and Asif Khan

Degree elevation

pm

pm + qmt
Hm,r

p,q (t) =
pr[m + 1− r]p,q

[m + 1]p,q
Hm+1,r

p,q (t) (3.1)

qmt

pm + qmt
Hm,r

p,q (t) =
qm−r[r + 1]p,q

[m + 1]p,q
Hm+1,r+1

p,q (t). (3.2)

Theorem 3.1. Each (p, q)-BBH functions of degree m is a linear combination of

two (p, q)-BBH functions of degree m + 1 :

Hm,r
p,q (t) =

pr[m + 1− r]p,q
[m + 1]p,q

Hm+1,r
p,q (t) +

qm−r[r + 1]p,q
[m + 1]p,q

Hm+1,r+1
p,q (t). (3.3)

Proof. One can obtain above result by adding identity (3.1) and (3.2).

Theorem 3.2. Each (p, q)-BBH functions of degree m is a linear combination of

two (p, q)-BBH functions of degree m− 1 :

Hm,r
p,q (t) =

pm−rqr−1t

pr + qrt
Hm−1,r−1

p,q (t) +
pm−r−1qrt

pr + qrt
Hm,r−1

p,q (t). (3.4)

Proof. By using Pascal type relations, we have

Hm,r
p,q (t) =

1
m−1∏
r=0

(pr + qrt)

(
pm−r

[
m− 1

r − 1

]
p,q

+ qr

[
m− 1

r

]
p,q

)

p
(m−r)(m−r−1)

2 q
r(r−1)

2 tr

=
pm−r

m−1∏
r=0

(pr + qrt)

[
m− 1

r − 1

]
p,q

p
(m−r)(m−r−1)

2 q
r(r−1)

2 tr

+
qr

m−1∏
r=0

(pr + qrt)

[
m− 1

r

]
p,q

p
(m−r)(m−r−1)

2 q
r(r−1)

2 tr

=
pm−rqr−1t

pr + qrt
Hm−1,r−1

p,q (t) +
pm−r−1qrt

pr + qrt
Hm,r−1

p,q (t).
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