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Abstract

In this paper, the ideas of relative (p, ¢, t) L-th order, relative (p, g, t) L-th lower
order, relative (p, q,t) L-th type and relative (p,q,t) L-th weak type of an analytic
function with respect to an entire function in the unit polydisc are introduced. Hence
we study some comparative growth properties of composition of two analytic func-
tions in the unit polydisc on the basis of relative (p, g, t) L-th order, relative (p, ¢, t) L-
th lower order, relative (p, ¢,t) L-th type and relative (p, ¢,t) L-th weak type where
p,g € Nandt € NU{-1,0}.

1 Introduction, Definitions and Notations
For z € [0,00) and k € N, we define explz = exp (exp[k_” a:) and log[k} T =
log (log[k’*” :r) where N be the set of all positive integers. We also denote log[o} T =z,

o0
logl- 1z = expa, expl? z = z and expl~ 2 = log z. Let f (z) = > ¢,2" be analytic in
n=0

Keywords and phrases : Growth, analytic function, composition, unit polydisc, relative (p, ¢,t) L-th
order, relative (p, g, t) L-th lower order, relative (p, g, t) L-th type, relative (p, q,t) L-th lower type, relative
(p, q, t) L-th weak type, slowly changing function in the unit polydisc

2010 AMS Subject Classification : 32A15



2 Tanmay Biswas

the unit disc U = {2 : |2| < 1} and My (r) be the maximum of |f (z)| on |z| = r. In [8],
Sons was define the order p (f) and the lower order A (f) as
—log? My (r)

B 1 logPl Mg ()
p(f) =l andA () = im = e

Considering the unit polydisc U = {(z1,22) : |2;| < 1,7 = 1,2}, Banerjee and
Dutta [2] introduced the definition of order and lower order of functions of two complex
variables analytic in the unit polydisc which are as follows:
o0

Definition 1. Let f(z1,22) = > cmn2]"2% be a non-constant analytic function of two
m,n=0

complex variables z1 and zy holomorphic in the closed unit polydisc U = {(z1, z2) : |zj| <
1,5 = 1,2} and My (r1,r2) = max{|f(z1,22)| : |25 < 1,5 = 1,2} . Then order and
lower order of f(z1, z2) are denoted by p (f) and X\ () respectively and defined as

m logm Mf (7“1,7“2)
rire—1—log (1 —rp) (1 —rg)

log? M
and ,\ (f) = lim 8 7 (r1,72)

U2p(f) = 7‘177,2_>1—10g (1 —7'1) (1 —7’2)

Generalizing this notion, Dutta [5] introduced the definitions of (p, ¢)-th order
and lower (p, ¢)-th lower order of functions of two complex variables analytic in the unit
polydisc in the following way:

Definition 2. [5] Let f(z1, z2) be a non-constant analytic function of two complex variables
21 and zy holomorphic in the closed unit polydisc U = {(z1,22) : |2j| < 1,5 =1,2}.
then (p, q)-th order ,,pP9 () and lower (p, q)-th lower order ,A\PD (f) of f(z1, 22) are
defined by

—_ log[p} Mf (?”1,7"2)

log®! M
va(p7q) (f) — llm and UQ)\(p7q) (f) — hm Og f (T17 r2)
(1—7‘1)(1—7‘2))

r177“2%110g[’11 ( 1 7"1,7"72*>110g[Q] (m)
where where p and q are positive integers withp > q > 1.

Extending this notion, one may introduce (p, ¢)-th order and lower (p, ¢)-th lower
order for functions of n-complex variables analytic in a unit polydisc as follows :

. log[p] Mf (Tla T2, Tn)

lim " ;
71,72, T'n—>
v log™ ((1—7“1)(1—@)--'(1—%))

PP (f) =

and

log?! M .
UnA(p,q) (f) = lim 08 £ (ri,ra, )

71,72, rn—>1 ]Og[‘ﬂ (

1
(1—7‘1)(1—7‘2)"'(1_7"7L)>

where p, ¢ € N and f(z1, 22, - -, 2,) be a non-constant analytic function of n-complex
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variables z1, 22, - - -, 2,1 and z,, in the unit polydisc
U={(z1,22,,2n) 1 |7]| <1, =1,2,-,n;r1 > 0,72 > 0,--, 1, > 0}
and
My (r1,7r9, -+, rn) = max {|f(z1, 22, -, 2n)| : |25] < 1,5 =1,2,--,n;r1 > 0,79 > 0,--,75, > 0} .

The above definition avoids the restriction p > ¢ > 1 of the original definition of (p, ¢)-th
order (respectively (p, ¢)-th lower order) of functions of two complex variables holomor-
phic in the unit polydisc as introduced by Dutta [5].

In this connection we just recall the following definition :

Definition 3. A a non-constant analytic function of n-complex variables f(z1, z2,- - -, zp)
is said to have index-pair (p,q) if b < ,p®P9 (f) < oo and ,, p®~19=Y (f) is not a
nonzero finite number, where b = 1 if p = q and b = 0 for otherwise. Moreover if 0 <
o PPV (f) < 00, then

0P (f) = 00 for  n < p,

P (F) =0 for  m<q.
vnp(P+n7¢I+”) (f) =1for n=1,2,...

Similarly for 0 <, \P9 (f) < 00, one can easily verify that

o AP (f) =00 for  n < p,
0 AP (f) =0 for  n<q,
o NPT (£Yy =1 for n=1,2,...

The function f(z1, 22, - -, 2,) is said to be of regular (p, ¢) growth when (p, ¢)-th
order and (p, ¢)-th lower order of f(z1, 29, - -, 2, ) are the same. Functions which are not

of regular (p, q) growth are said to be of irregular (p, ¢)-growth.

Somasundaram and Thamizharasi [9] introduced the notions of L-order (L-lower
order ) for entire functions of single variable where L = L (r) is a positive continuous
function increasing slowly i.e., L (ar) ~ L(r) as r — oo for every positive constant
‘a’. In the line of Somasundaram and Thamizharasi [9] one may introduce the definition
of (p,q,t)L-th order and (p, q,t)L-th lower order for functions of n complex variables
holomorphic in a unit polydisc in the following way:

- IOg[p} Mf (T15T27"7TTL)

lim
T2, T —1 1 1 1 1
roreTe loglt ((171“1)(177"2)"'(177%)) +explt L (1—7‘1’ T=ry? 7 1—Tn)

U7Lp(p’q¢)L (f) =

and
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log[p} M (r1,7r2,,7n)

w0 (f) =l | T Y
q ¢ ce
rure,e e llog ((l—rl)(l—rg)...(l—rn)) +expll L (1—7“1’ Ty "5 1—rn)
where D, q € N, t e NU {—1,0} and L = L (13T1’ 1*11”2’“7 1jrn> is a positive
continuous function in the unit polydisc U increasing slowly i.e., L (1 —an’ : _GTQ R )
~ L (1_1r1’ 1_1r2 L 1_17,”) as r — 1, for every positive constant ‘a’.

Mainly the growth investigation of analytic functions of single variable has usually
been done through their maximum moduli in comparison with those of exponential func-
tion. But if one is paying attention to evaluate the growth rates of any analytic function with
respect to a new one, the notions of relative growth indicators [3, 4] will come. Considering
this notion one may introduce the definition of relative (p, ¢)-th order and relative (p, ¢)-th
lower order in the unit polydisc which are as follows:

Definition 4. If f(z1, 22, z,) be holomorphic in U and g (z1, z2, -+, z,,) be entire func-
tion of n-complex variables, then the relative (p, q)-th order f(z1, 22, -, zn ) with respect to
g (21,292, 2n), denoted by ,,, pgp’q) (f) is defined by

— logP MY (Mg (r1, 79,y m)
vnpgpﬂ) () = 1 T21~1-I-I}" =1 Jogldl <g : L ) |
3 9 sI'n Og

(1—=r1)(A=r2)--(1=rn)

where p and q are any two positive integers.
Similarly for any two positive integers p and q, the relative (p,q)-th lower order of
f(z1, 29, -, zn) with respect to g (z1, 22, -+, zn ), denoted by vn)\!(]p’Q) (f) is given by

, loglP! M1 (Mg (11,72, 7))

T2y IOg[q] ((171"1)(177%2)"'(171%))

In order to make some progress in the study of relative order in the unit polydisc,
now we introduce relative (p, ¢,t) L-th order and relative (p, ¢,t) L-th lower order in the
following way:

Definition 5. If f(z1, z2, -+, z,) be holomorphic in U and g (z1, z2, -+, 2 ) be entire function
of m-complex variables, then the relative (p,q,t)L-th order denoted as pg,p HL (f) and
relative (p, q,t)L-th lower order denoted as )\ép’q’t)L (f) of f(z1, 22, -+, 2n) with respect to

g (21, 22, -, zn) are define by

p(p7‘I7t)L (f) — m log[p} Mg_l (Mf (Tlv T2, rn))
iy e T
1,72, —>110g[q1 ((141)(177}2)_._(177%)) +expltl L <1_1T1, 1—17«27”’ 1—1'rn)

and
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log[ﬂ Mg_l (Mf (T17T2a --,Tn))

Un, )‘gpg’t)L (f) = lim )
r1,r2,~~~,7"n—>110g[q] ((171"1)(1*7}2)---(17%)) + eXp[t] L (1_17,17 1_1T2 ) 1_17~n>

where p,q € Nandt € NU{-1,0}.

Now to compare the relative growth of two analytic functions in the unit polydisc
having same non zero finite relative (p, g, t) L-th order with respect to another entire func-
tion of n-complex variables, one may introduce the concepts of relative (p, ¢,t) L-th type
and relative (p, ¢, t) L-th lower type in the unit polydisc in the following manner:

Definition 6. Ler f(z1, 29, -, z,) be holomorphic in U and g (z1, 22, -+, 2n) be entire func-
tion of n-complex variables with 0 < ,,, pép 2L (f) < oo, then the relative (p,q,t) L-
th type and relative (p,q,t) L-th lower type denoted respectively by vnag(,p @tk (f) and
vnﬁgp’q’t)L (f) of f(z1, 22, zn) with respect to g (z1, z2, -+, 2,,) are respectively defined as
follows:

vna—gp7q7t)L (f) =

_ log[p_l] ]\4“[,_1 (My (11,72, ,70))
lim

71,72, Tn—1 |: (Pv%tﬂ/(f)

logle~ ((141)<1J2>---<un)) explt Tl L (1—1n’ ) 1—1Tn>]vnpg

and
TP () =

loglP = MY (My (r1,72,,70))

lim 1 p(quyﬂL(f)’
71,72, Tn 1 1 1 1 1 vnFg
[log[q ] ((1*7“1)(1*1“2)'"(1*%)) cexplHil L (1—7”1’ I=ry> > 1—7’n>]

where p,q € Nandt € NU{—1,0}.

Analogously to determine the relative growth of two analytic functions in the unit
polydisc having same non zero finite relative (p, ¢, t) L-th lower order with respect to an-
other entire function of n-complex variables, one may introduce the definition of relative
(p,q,t) L-th weak type in the unit polydisc in the following way:

Definition 7. Let f(z1, 29, -+, 2, ) be holomorphic in U and g (21, z2, -+, 2, ) be entire func-
(p,a,t)L

tion of n-complex variables with 0 < ,,, Ag (f) < oo, then the relative (p,q,t) L-th
weak type denoted by vnrg(p’q’t)L (f) of f(z1, 22, zn) with respect to g (z1, 22, 2n) is

defined as follows:

PO () =
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log[p—l] ‘1\49_1 (Mf (Tl? T2, TTL))

lim

71,72, Tn—1 [q—1] 1 (1] 1 1 1 vn /\E]pvlLt)L(f)
[103 ((l—rl)(l—r2)~~-(1—rn)) " exp L (1—r1’ T—rg 1—7~n>]
where p,q € Nandt € NU{-1,0}.
Also one may define the growth indicatorvn?ép 2tk (f) in the unit polydisc in the fol-

lowing manner :

log[pil] Mgl (Mf (7"1, T2, Tn))

lim
71,72, —1 [

la—1] 1 11 L\ e
log ! ((1—7”1)(1—7“2)-~~(1—7"n)) ’ exp[tJrl} L (177‘1 » T—rg 1,Tn>]

where p,q € Nandt € NU{-1,0}.

In this paper we study some growth properties relating to the composition of
two analytic function of n-complex variables in the unit polydisc on the basis of relative
(p,q,t) L-th type, relative (p, q,t) L-th lower type and relative (p, q,t) L-th weak type as
compared to the growth of their corresponding left and right factors where p,q € N and
t € NU{—1,0}. We do not explain the standard definitions and notations in the theory of
entire functions as those are available in 1,

2 Theorems

In this section we present the main results of the paper.

Theorem 1. If f(z1, 22, zn), 9 (21, 22, 2n) be any two analytic functions in U and
h(z1, 22, *+, 2n) be an entire function of n-complex variables such that 0 < ,, /\gp’q’t)L (fog)
< Unpglp’q’t)L (fog) < ocoand 0 < Un)\gp’q’t)L (f) < Unpgp’q’t)L (f) < oo, where p,q € N
andt € NU{-1,0}. Then

bl & L -
vn)‘épqt) (fog) < lim logl?! M; ' (Myog (r1, 72, 7))
vnngp%t)L (f) LTl IOg[p] ]\4}71 (M (ri,72,+n))

oA (Fog) wpP (fog)
< min (pyg;t) L ’ (p,g;t) L
vn Ajy f) e (f)
oW AP (Fo gy pPPIE (Fog)
< max (p,g:t)L ’ (p,gt)L
vn )‘h (f) vn Pp, (f)

— gl My (Myog (1,2, 70)) _ ol (f o g)
71,72, T —>1 log[p} Mh*1 (Mf (ri,72, 1)) vn)\ép’q’t)L (f) )

<

Proof. From the definition of ,,, pép DL (f) and ., )\ép HL (f og), we have for arbitrary
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1_1T1) , (ﬁ) ,---and ( ) that

lOg[p] M}:1 (Mfog (rla T2, Tn)) > (Un)\l(lnq’t)L (f °© g) - 6) X

positive € and for all sufficiently large values of <

] 1 1 1 v 1 )]
[logq ((1—r1)(1—r2)--(1—rn)>+eXp L(1—r1’1—r2’ 1 )| @D

and

log[P] Mh_l (Mf (7"1, T2, -, Tn)) S (Unpglp’th)L (f) - 6> %

1

ld 1t 1 1 1
P"gq ((1—r1><1—r2>--<1—rn>>*eXp L<1—m’1—r2’ ’1—"%”('22)

Now from (2.1) and (2.2) it follows for all sufficiently large values of <1 m— ) , (1_1T2> o
and < ) that

,q,t)L
10g[p] Mh_l (Mng (T1,7’2,",7’n)) > <vnA§qu ) (fog) _€>

log[p] Mh_l (Mf (T177n27 ) Tn)) - (vnpgpqt) (f) T 8)

As € (> 0) is arbitrary, we obtain that

_ at)L
lim log[p]M 1(Mfog (r1,72,,77)) S vn)‘(pq : (fog)

T1,r2y =31 log[p]M (My (11,72, 7)) - Unpgpq’t)L (f)

(2.3)

Again for a sequence of values of <1_1T1 > , (1_1T2) ,-+-and < ) tending to infinity,

lOg[p] Mh_l (Mfog (rla T2, Tn)) < (Un)\glpyq’t)l] (f © g) T 6) %

1 1 1 1
] [t] .
[Iqu ((1—7“1)(1—7‘2)-‘(1—7“”))+eXp L(l—rl’l—rg’ ’l—rn>] 24

and for all sufficiently large values of (1 Tl) , ( 1_1T2) ,---and (1_1Tn ),

10g[p] M}:1 (Mf (’r‘l, T2, Tn)) > (UnAng7q7t)L (f) - 6) X

1 1 1 1
q] (1] ..
Iog[log <(1—r1)(1—r2)--(1—rn)>+eXp L<1—r171—7“2’ ’1—rn>]

Combining (2.4) and (2.5) , we get for a sequence of values of (1 o ) , (1fr2> ,---and
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<#) tending to infinity that

1—rp

,q,t) L
log[p] thl (Mpog (11,72, +,7n)) - (vnkgpq ) (fog) —1—5)
log[p] Mh_l (Mf (rla T2, TN)) - (UTL)\ELp’qJ)L (f) B 8)

Since € (> 0) is arbitrary, it follows that

_ L
- logl?) MY (Mog (r1,79, 7)) - o APEOL (5 )
71,72, Pn—>1 10g[p] M}:l (Mf (7"1, T2, Tn)) o vn)\glp’qi)[/ (f)

(2.6)

Also for a sequence of values of ( ! ) , ( L ) ,-+-and <ﬁ) tending to infinity that

1—r1 1-ro
logh My (M (11,72, 7)) < (s MP9OF () +¢)

1 1 1 1
logld 17, . ‘
[Og <<1—r1><1—r2>--<1—rn>)*eXp T T,
2.7
Now from (2.1) and (2.7) , we obtain for a sequence of values of (ﬁ) , ( 1 ) ,+--and

1—ro

1—7rp

( L ) tending to infinity that

(A (Fog) <)
(s P40 () +¢)

log[p] ‘7\4}:1 (Mng (Tla T2, T'n))
lOg[p] M}ZI (Mf (7“1, T2, Tn))

>

As e (> 0) is arbitrary, we get from above that

m log[p] Mh_l (Mfog (rla T2, Tn)) > ’Un)‘gzpyq’t)L (f o g)
rirzern—1 Jogl?] Mh_1 (Mg (r1,72,,m0)) vn}\gp,q,t)L (f)

(2.8)

Also for all sufficiently large values of (13r1) , ( ljr2> .- -and (1frn>,

logl?! My (Mpog (r1,72, 7)) < (%P;Lp’q’t)L (fog)+ 6) %

1 1 1 1
q] [¢] .
{log <(1—r1)(1—r2)--(1—rn)>+eXp L(l—rl’l—rg’ ’1—7””)}

Now it follows from (2.5) and (2.9) for all sufficiently large values of ( 1 ) , ( L ) o

1—rq
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and< )that
gL
81 01 (Mg (1,73, 70))_ (nr™" (0 9) +¢)
g M (b (11,7 ) (o AP0 (1) —¢)

Since € (> 0) is arbitrary, we obtain that

- 1ogMM—1<Mng<m,m,-, ) P (Fog)

lim < (2.10)
1,72, 77"71_)1 log[p} (Mf (T:[,TQ, . )) vn)\}(lp7q7t)L (f)
Again from the definition of ,,, pgp bl (f), we get for a sequence of values of (ﬁ) , <ﬁ

- and ( ) tending to infinity that

logl? Myt (M (r1, 72, 70)) 2 (w0 *0F () =€)

1 1 1 1
] (1] ..
[log <(1—T1)(1—rg)--(1—rn)>+eXp L<1—r1’1—r2’ 71—rn>]
2.11)

Now from (2.9) and (2.11), it follows for a sequence of values of (1 - ) , (1jr2) e

and ( ) tending to infinity that

4L
IOg[p} (Mfog (7"177427"7 )) < (Unpgpq ) (fog) +€>
log”! Mh (M (r1,79,m0)) (vnpﬁf”q’t)L (f) — 6)

As € (> 0) is arbitrary, we obtain that

im log[p] (Mfog (r17 r27 . 7 )) < U7Lp§lp q7t)L (f () g) (2 12)
r1,72,,rn—1 log[p} (Mf (r1,79,7m0)) Unpép,q,t)L (f)

Again for a sequence of values of (1 = ) , (1fr2> ,-+-and ( ) tending to infinity,

log[p] Mh_l (Mfog (7"1,7’2’ "7rn>) 2 (Unpgpqt)L (f Og) - 6> X

1 1 1 1
q] [¢] .
[log <(1—r1)(1—r2)--(1—rn)>+eXp L(l—rl’l—rg’ ’l—rn>}

So combining (2.2) and (2.13), we get for a sequence of values of (1 — ) , (1_1T2> o




10 Tanmay Biswas

and <ﬁ) tending to infinity that

,q,t) L
lOg[p} M}?l (Mfog (T17T27 ) T‘n)) > (Unpl(lpq ) (f ° g) B 6)
log AT (M (riorarn)) (Lo OE () 4 <)

Since € (> 0) is arbitrary, it follows that

_ ,q,t) L
- log[p} Mhl(Mfog (7"1>7427"7747L)) > ”Unpl(zpqt) (fog)

lim > (2.14)
rir2,ra—1 Jogl?! thl (My (1,72, 7)) Unpgnqi)L (f)
Thus the theorem follows from (2.3) , (2.6) , (2.8), (2.10), (2.12) and (2.14) . O

The following theorem can be proved in the line of Theorem 5 and so its proof is

omitted.

Theorem 2. If f(z1, 22, 2n), 9(21, 22, 2n) be any two analytic functions in U and
h(z1, 22, *+, 2n) be an entire function of n-complex variables such that 0 < ,, /\gp’q’t)L (fog)
< Unp(p’q’t)L (fog)<ooand0 < vn)\glp’q’t)L (9) < vnpglp’q’t)L (9) < oo, where p,q € N

h
andt € NU{—1,0}. Then

bl & L -
vn)‘épqt) (fog) < lim logl?! M; ! (Myog (r1, 72, 7))
(p.g:t)L (9)  riracera—l logl?! M,:l (Mg (r1,72,+,70))

vn Pp,
AP (o g) oI (f o g)
< min (p,q,t)L ’ (p,g,t)L
o), (9) unPh (9)
,q;t) L ,q,t)L
Snmx{%A?q><fow Wp%q><fom}

,q,t) L ’ ,q,t)L
WM () ()
- a5t)L
o Mg My (raraa) ™ (o)
T et logll MU (M (71,79, -, m)) vn)\,(f’q’t)L (9)
Theorem 3. Let f(z1, 29, 2n), g (21,22, ", 2n) be any two analytic functions in U and
h(z1, 22, -, zn) be an entire function of n-complex variables such that ,,, )\Elp’q’t)L (fog) =

oo and Unpép’q’t)]“ (f) < cowherep,q € Nandt € NU{—1,0}. Then

o 08" M (Mo (1,2, 7))
1,72, Tn—1 log[p} Mh_l (Mf (7‘17 9, ", rn))

= 0.

Proof. If possible, let there exists a constant 3 such that for a sequence of values of (ﬁ) , (ﬁ) o

- and <#) tending to infinity we have

1—r,

log[p} Mh_1 (Myog (11,72, +,7m0)) < B - log[p} Mh_le (ri,m9, -, n) . (2.15)
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Again from the definition of ,, pgp DL (£) it follows for all sufficiently large values

of (1 7«1) ) (1_1T2> ,-+-and (l—rn) that

log! M (My (1,72, 7)) < (a0 (1) +€)

1 1 1 1
logld W, . '
|:Og ((1_T1)(1_T2)"(1_Tn)>+exp 1—7“171—7‘27 71—T‘n
(2.16)
Now combining (2.15) and (2.16) we obtain for a sequence of values of (1 o ) , (ﬁ) )

- and < ) tending to infinity that
logl”! MY (Mpog (1,72, - 1)) < B+ (vnpﬁf‘”’L (f)+ s) X

1 1 1 1
ld] [] .
{bg <(1—T1)(1—T2)"(1—7”n)>+€Xp L(l—rl’l—rg’ ’1_rn)}

e, AP (Fog) < B (vnpépqt) (f) + 5) :

which contradicts the condition ,,, )\,(lp Gtk (f o g) = oo. So for all sufficiently large values
of(1 r>,<1j ), and( )wegetthat
1 T2

log[ } (Mfog (T17r27 HT )) > 5 IOg (Mf (rluTQ) , T ))7

from which the theorem follows. O

In the line of Theorem 3, one can easily prove the following theorem and therefore
its proof is omitted.

Theorem 4. Let f(z1, 29, 2n), g (21,22, -, 2n) be any two analytic functions in U and
h(z1, 22, zn) be an entire functzon of n-complex variables such that ., )\(p i)k (fog)=

00 andvnp,(lpqt) (9) < cowhere p,q € Nandt € NU{—1,0}. Then

m log[p} (Mfog (rla T, T ))
r1,7m2, 1 lOg[p} h 1 (Mg (’I"l, T2, T n))

= 0.

Remark 1. Theorem 3 is also valid with “limit superior” instead of “limit” if ,, A}, AP aDL (fog)

= o0 is replaced by vnp(p bl (f o g) = oo and the other conditions remain the same.

Remark 2. Theorem 4 is also valid with “limit superior” instead of “limit” if )\ELP bl (fog) =

oo is replaced by p(p bk (f o g) = 0o and the other conditions remain the same.



12 Tanmay Biswas

Corollary 1. Under the assumptions of Theorem 3 and Remark 1,

log[pfl] Mh_1 (Myog (11,72, ,70))

lim I =
T1,72, e =1 10g[p_l] M}? (Mf (rla T2, T‘n))
and 1
1_7 log[pfl] Mh_ (Mfog (Tlv T2, r'fl)) _
im Y =
r1,r2, e =1 10g[p Mh (Mf (7’1,7"2, ",T‘n))
respectively.

Proof. By Theorem 3 we obtain for all sufficiently large values of (ﬁ) , < L ) o

1—ro

and (ﬁ) and for K > 1,

logl?! MY (M pog (71,72, 7))

v

K -loglP! MY (M (71,79, 7))

K
i'e'a log[p—l} M}:1 (Mfog (Tlv T2, Tn)) > {log[p_l] MhTI (Mf (Tla T2, Tn))} )

from which the first part of the corollary follows.
Similarly using Remark 1, we obtain the second part of the corollary. O

Corollary 2. Under the assumptions of Theorem 4 and Remark 2,

log[pil] Mh_l (Mng (rlv T2, ’I"n))

lim : T =
T1,72, T —>1 log[p_ ] M}: (Mg (Tla 2, TTL))
and 1
1.7 1Og[p71] Mh_ (Mfog (7“1,7'2,",7’7;,)) _
im oy E— =
71,72, 1 log[p ] Mh (Mg (T’l,'f’Q,“,"“n))
respectively.

In the line of Corollary 1, one can easily verify Corollary 2 with the help of Theo-
rem 4 and Remark 2 respectively and therefore its proof is omitted.

Theorem 5. If f(z1, 22, 2n), g(21, 22, 2n) be any two analytic functions in U and
h(z1, z2, -, zn) be an entire function of n-complex variables such that 0 < Unﬁgp’q’t)L (fog)

L —\”Y, L s L sds L
<o (Fog) < 00,0 <o, T (f) <0, 0" (f) < oo and o (f 0 g)
= Unpgp’q’t)L (f),wherep,q € Nandt € NU{—1,0}. Then

_(p,g,t)L - —
Uno-glpqt) (fog) < lim loglP~ Mt (Myog (r1, 72, 7n))
Ung}(lp7q7t)L (f)  rirecere—l loglP~1! M,fl (My (r1,72, 7))

o vnagzp,q,t)L (fog) vna}(lp,q,t)L (fog)
= —(p,q,t)L ’ (p,g;t) L
o (f) o (f)

Un~ h Un™ h
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—(p,q,t)L )L
Smax{vnvﬁf’q) (fog) wol®” (fog)}

UnEEijlLt)L (f) Un 0-[(7,p7q7t)L (f)
< m log[p_l] M}:l (Mfog (T17 9, ", Tn)) < Uno-}(lp q,t)L (f ° g)
T ruraernot JoglP UM (M (ry,rg, i) T, @ PO ()

Proof. From the definition of Una,(lp DL (f) and ,, al(lp Dl (f o g), we have for arbitrary

positive € and for all sufficiently large values of (141 ) , (1fr2) - and ( ) that

log[p_l] Mh_l (Mfog (7‘1, o, ", Tn)) > (Unﬁgp’q’t)l' (f o g) — E) X

(p,q,t)L
1 1 1 vn Pp (fog)
logla—1 cexplttU L .
[og ((1—7’1)-'(1—7’”)) P 1—r "1—mr, ’

2.17)
and
logh ™1 My (My (1,73, 7)) < (0,908 () +2)
(p,q,t)L
1 1 1 vn Pp, (f)
logld—1] cexpltti g, ..
{Og <(1—7~1).-(1—7~n)> P - "1—m,
(2.18)

Now from (2.17), (2.18) and the condition vnp(p bl (fog) = vnﬂép bl (f), it follows
for all sufficiently large values of (1 Tl) , ( L ) ,-+-and ( ) that

1—ro

IOg[P—l] Mh_l (Mfog (r1,72,, 7)) < Un?gpqt) (fog) —
log[pfl] Mh_1 (My (11,72, ,70)) vna}(qut) (f)+e

As e (> 0) is arbitrary , we obtain from above that

AL
i O Oy (rran)) TP (Fog) )
o g M, (My (11,72, o O (f)

Again for a sequence of values of (1 = ) , (1fr2> ,-+-and ( ) tending to infinity,

log[p_l] Mh_l (Mfog (7‘1, o, ", Tn>) < (Unﬁgp’q’t)ll (f o g) -+ E) X

(p,q,t)L
1 1 1 vn Pp (fog)
logl?—1] cexplttU L .
[Og ((1—n>~(1—rn>) exp il

(2.20)

and for all sufficiently large values of (ﬁ) , ( L ) ,---and ( 1 ),

1—ro 1-rp
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logh ™ M (M (11,72, 7)) = (0,7 0F () =€) x

(;DJIat)L(f)

1 1 1\
[q—1] . [t+1] ..
{log <<1—r1>--<1—rn>> =P L(l—n’ ’1_%)]
2.21)

Combining (2.20) and (2.21) and the condition Unp,(f’q’t)L (fog)=n, pgp’q’t)L (f), we get

1
1—rg

for a sequence of values of (ﬁ) , ( ) ,-+-and (ﬁ) tending to infinity that

10g[p_1] M}:1 (Mfog (r1,72,,70)) < vnﬁgp’q’t)L (fog)+e '
logl? ™ Mt (My (r1y72yma)) 4, P00 (f) — 2

Un“ h
Since € (> 0) is arbitrary, it follows from above that

- — —(p,q,t)L
llm log[p 1} Mh ! (Mfog (T17 T2, ) Tn)) < UnO'](_Lp Qt) (f o g)
1,2,y —1 lOg[p_I] Mh_l (Mf (7“17 To, Tn)) - E(p,q,t)L (f)

vnOp

(2.22)

Also for a sequence of values of (1_1T1) , (1_1r2> ,---and (ﬁ) tending to infinity, it
follows that

Lo~ Myt (My (r1, 72, 7)) < (0,700 (f) +2) x

(pya,t)L
1 1 1 vn Pp, (f)
logla—1] cexpltt T . )
e () o (e
(2.23)
Now from (2.17), (2.23) and the condition ,,, p\"*"" (f o g) =, pP T (f) we obtain

for a sequence of values of ( 1 ) , ( ! ) ,-+-and < L ) tending to infinity that

1—7r1 1—7ro 1—7rp

log[pil] Mh_l (Mfog (T17 T'Q, A ’rn)) > UnEg)’(Lt)L (f o g) — &
log" ™ Myt (M (r1, 70, 0ma)) 4, 5P (f) + 2

Un~ h

As € (> 0) is arbitrary, we get from above that

gl UM (Myey (2, ) w80 (0 g)
rira, e ra—1 JoglP 1] M,:l (My (r1,7r2,,m0)) Unﬁgp’q’t)L (f)

(2.24)

Also for all sufficiently large values of ( L ) , ( L > ,--and ( L ),

1—r1 1—ro 1—r,

log[p_l] Mh_1 (Mfog (r1,72,+,7m0)) < (vnagp’q’t)L (fog)+ 5) X
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(p,a,t)L
Un (fO )
) ! et (LT
(I—=r1) - (1—mp) 1—mr 1—r,

(2.25)
In view of the condition 1,np(pqt)L (fog) = vnpgpqt) (f), it follows from (2.21) and

(2.25) for all sufficiently large values of (1 7“1) , (1ET2> ,+--and ( ) that

log[”_l] M{l (Mfog (11,72, +,70)) < vnagpqt)L (fog)+e

log[p_l] Mh_l (Mf (’I“l, T2, Tn)) B Uno—l(lpvq,t)L (f) —¢

Since € (> 0) is arbitrary, we obtain that

L
G M (Mg (o)) el F0g) g
rrzm=t logh” ”M (My (ri,ra, )~ o a5 ()

1
1—ro

(p,g;t) L (f)

Again from the definition of ,, o) we get for a sequence of values of (ﬁ) , (

- and ( ) tending to infinity that

logh ™1 My (M (11,72, 7)) 2 (wn 0% () =€) x

1 1 1\
[log ((1—T1)"(1—rn)) exp L(l—m’ ’1—7“n)] (2.27)

Now from (2.25), (2.27) and the condition Unp(p bl (fog) = vnpgp bl (f), it follows
) ) < ! ) ,++-and < ) tending to infinity that

1—7ro

for a sequence of values of (1 —

loglP~1! Mh_l (Myog (11,72, ,70)) < vno,(lpqt)L (fog)+e ‘
loglP WM (M (r1,m9,,m0)) 0PI () — &

v Op,

As € (> 0) is arbitrary, we obtain that

OB My (raro 1) i (F o 9)
im 1 < AL (2.28)
r1,r2, T —1 log[p M (Mf (ri,ma, 7)) O (f)

Again for a sequence of values of (1 o ) ) <1fr2) ,+--and ( ) tending to infinity that

log[pil] ]Mh_1 (Mfog (7"1, T2, Tn)) 2 (Unai(zp’q7t)L (.f © g) - 5) X

(p,q,t)L

1 1 1 vn Py (fog)
logla—1] . expltTl] .. )
[og ((1—7‘1)"(1—Tn)> exp L 1—7r" "1—r,

(2.29)
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So combining (2.18) and (2.29) and in view of the condition pgp DL (Fog) =, p PP (1),
we get for a sequence of values of ( — ) , (1_1T2> ,---and ( ) tending to infinity that

10g[p*1] Mh—l (M pog (71,79, 7)) N vng}(qut)L (fog)—e
logl? ™! Myt (My (11,72, 7)) o PO (f) 4

v Tp,

Since € (> 0) is arbitrary, it follows that

_ _ )L
m log[p 1}]\4' 1(]\4—‘)"og (rlyr27"7rn)) > Ung}(qu (ng)

rira a1 JoglP~ 1]M (Mg (11,79, 7)) Unaép’q’t)L(f)

(2.30)

Thus the theorem follows from (2.19) , (2.22), (2.24), (2.26), (2.28) and (2.30) O

The following theorem can be proved in the line of Theorem 5 and so its proof is omit-
ted.

Theorem 6. If f(z1,22,,2n), g (21,22, 2,) be any two analytic functions in U and
h(z1, z2, -+, zn) be an entire function of n-complex variables such that 0 < ,,, ng at)L (fog)

L ) )
<o) ™ (fog) < 00,0 <0, (g) < 0,0 (9) < 0 and o (f 0 g)
= vnpglpq’ )L( ), where p,q € Nandt € NU{—1,0}. Then

_ )L
vnagp’q g (fog) < lim loglP~11 M1 (Mfog (r1,72,-7n))
Unaépq )L (9) T e, rn—l ]og[p 1] Mh (M (7"1, T2, Tn))

—(p,q,t)L (p,g,t)L
< min{vnah [/ 09) wmon t )}

v,ﬁﬁf 4,t)L (9) ’ vnghp 45
< maX{an’(lMt)L (fo9) wof ™ (f }
- wdf’qi)L (9) ’ o Uhp 45 t)L
_ H log[p Uas (Mfog (r1, 79,7 )) _ vnahpqt)L (fog)
S ot g TN (M, (rrvra, o)) v (9)

Now in the line of Theorem 5 and Theorem 6 respectively one can easily prove the
following two theorems using the notion of relative (p, ¢, t) L -th weak type and therefore
their proofs are omitted.

Theorem 7. If f(z1, 22, 2n), 9(21, 22, 2n) be any two analytic functions in U and

h(z1, 22, *, 2n) be an entire function of n-complex variables such that 0 < ,, T (p )L (fog)
Y AL :

<o TP (£ 09) < 0,0 < 0,V (£) € IV (1) < o and APV (F o)

= vn/\gp DL (f),wherep,q e Nandt € NU {—1, 0}. Then
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wah P (f 0 ) < lim logl? ™ Myt (Myog (r1, 72, -, 70))
Un?gpv‘Lt)L (f) Crirgee el IOg[p_l] Mh_l (M (r1,72, 7))
< . Un f(Lp7q7t)L (f o g) UTLT}('Lp B t) (f °© g)
= min (p,q;t)L ’ =(p,g,t)L
onTh (f) vnTh (f)
< vnT}EPQt)L (fog) vnngp% * (fog)
> max (p,g,t)L ’ —(p,g,t) L
vnTh (f) vn T (f)

_ = log[p 1] Mh—l (Mfog (r1,72, 7)) - vnTgpqt)L (fog)
= ruraeera—l JoglP— 1l M (Mg (r1,79,,m0)) UnT,gp’q’t)L (f)
Theorem 8. If f(z1, 22, 2n), g(21, 22, 2n) be any two analytic functions in U and

h(z1, 22, *, 2 ) be an entire functlon of n-complex variables such that 0 <, T (p )L (fog)
: )L L )

<P (70 6) < 06, 0 < 4, TP (g) < 0, TPHIE (g) < 0 and y APHE (] 0 )

= vn/\glp DL (g9),where p,q € Nandt € NU{—1,0}. Then

wr ™ (fog) L 1ogP T M (Mg (ra, 2, i)
P () T riraerast TogP U M (M, (r1,7, )
. min{vnT}(Lp,q,t)L (fog) w 7_hpqlt)L )}
ot (g) vnrh””L
gmax{v,né”” (fog) w0 }
o () T TP
~ e Mg (Mo (1, > M (fog)
= riraera 1 JoglP— 1]M (Mg(rl,rg,--,rn)) N vnT,qut)L(g)

We may now state the following theorems without their proofs based on relative
(p, q,t) L-th type and relative (p, q,t) L-th weak type:

Theorem 9. If f(z1, 22, zn), g (21,22, 2n) be any two analytic functions in U and

h(z1, 22, *, 2n) be an entire function of n-complex variables such that 0 < ,, & ;Lp 2L (fog)

S Uno-}(zp’q7t)L (f © g) < o0, 0 < v T (p ¢ ) (f) S Un?glpvq’t)L (f) < Ooandvnpgzp o ) (f O g)
= vn/\gp’q’t)L (f), where p,q € N andt € NU{-1,0}. Then
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—(p.gt)L - -
0 (fog) < lim loglP™ I M (Myog (r1,72, 7))

vn?](lp’q’t)L (f) T oriraern—l log[p_” Mh_1 (My (11,72, ,70))
. vn52p7q7t)L (fog) anf(Lpg’t)L (fog)
< min (pqt)L( ) ’ (Pqt)L( )
DI s

vn Th

—(pat)L )L
SmaX{%gp“ (fog) vo® (fog)}

,q,t) L ’ _(p,q,t)L
vnT}(qu ) (f) vnTl(zpq ) (f)
_ _ L
< im log[p 1 Mh ! (Mng (Tla T2, Tn)) < Uno_}(Lp’th) (f o g)
- Tonaenral log[p_l} Mijl (My (r1,7m2,m)) vnT}(Lpg,t)L (f)

Theorem 10. If f(z1, 22, zn), g (21,22, 2n) be any two analytic functions in U and

h(z1, za, -+, zn) be an entire function of n-complex variables such that 0 < ,,, T,Ep’q’t)L (fog)
_(p,q,t)L —(p,g,t)L ,q,t) L 1q:t) L

< TP (fo g) < 00,0 <, a PO (1) <4, 0P OE () < coand y AP (f 0 g)

= vnpgbp,q,t)L (f),where p,q € Nandt € NU{—1,0}. Then

UnT}(Lp7Q7t)L (fog) < lim loglP~ 1! Mt (Myog (r1, 72, 7n))
ani(zpﬂ,t)L (f) e, ra—l IOg[p_l] ]\/‘i}:1 (M (r1,7r2,,7n))
i [ Fog) WA (fog)
= min —(pat)L ’ (pg,t) L
v Op, (f) v T (f)

i J e (Fo9) b (Fog)
- —(p,q;t)L ’ (p.a,t) L
o (f) (f)

v Op

Un“ h

—1] a1 =(pa,t)L
< Tim log[p ]Mh (Mfog (Tl,?“g,",?“n)) < UnThpq (fog)

T rurzeera—l JoglP—l Mh—l (My (11,72, 7)) vnagp,q,t)L (f)

Theorem 11. If f(z1, 22, 2n), g (21,22, -, 2n) be any two analytic functions in U and
h (z1, 22, -, 2n) be an entire function of n-complex variables such that 0 < vnﬁép’q’t)L (fog)
EE S L 'qs L =\, L »4d, L
< 0,08 (fog) < 00,0 <, P (g) <, TPV (g) < 0 and y, o (f 0 g)

> vy

= vn)\gp’q’t)L (g9),where p,q € Nandt € NU{—1,0}. Then

—(pad) L —1] pf—
T (fog) < lim logl? ™! M (Mjpoq (r1, 72, 7))
?(P:q,t)L (9) T rirera—l log[pil] ]Mh_1 (Mg (7'1, T2, T”))

Un'h
< win { won ™ (fo9) wol™" (fog)

Wil )  9)

v Th
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. vnEgp,q,t)L (fog) vng}(bp ,q;t) L (fog)
= max (p,g;t)L ’ —(p,q,t)L
(9) (9)

Un Th Un Th

< Bim log[p HM (Mfog (7“1,7’2," )) Unahpqt) (fog)
T ra—l log[p 1 M, (M (11,72, ,7n)) van(Lp @) L (9)

Theorem 12. If f(z1, 22, zn), g (21,22, -, 2n) be any two analytic functions in U and
h(z1, 22, 2n) be an entire functzon of n-complex variables such that 0 <, T (p DL (fog)
<0 PV (7 0) < 00,0 <., 70 () < 1,01 (g) < o and o, AP (F )

= Unpglpqt)L( ), where p,q € Nandt € NU{—1,0}. Then

T (o) < lim loglP™ I My (Myog (r1,72,,7n))
an;(qut)L (g)  rirzcerasl logP—1! Mh_l (Mg (r1,72,,70))

(P#th)L (p, q,t)L
Smin{yn h (fog) on T )}

t)L ’ ;
B () Wa#q
vnT}Ep NeD t)L (fog) unfﬁf ,q5t) L
< max —(p,q,t)L ’ (»,q, t
w7 (9) o O}, (9)
o Mg My (riyra ) o (f00)
1m
T, e —l log[p 1] Mh 1 (Mg (7"1, ro, T n)) N vn52p7Q7t)L (g)
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Abstract

The paper considers a double system of exponentials with complex-valued coeffi-
cients. Under certain conditions on the coefficients it is proved that if this system forms
a basis in a weighted Morrey-Lebesgue type space on the interval [—, 7], then it is
isomorphic to the classical system of exponentials in this space if the weight function

satisfies certain conditions.

1 Introduction

Consider the double system of exponentials

{A(t)e"™; B (t) e*i"t}nemeN? (1.1)
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with complex valued coefficients A (t) = |A ()| e’*®); B (t) = |B(t)| e*® on the
interval [—m, 7], where N — is a set of natural numbers, Z, = {0} |J N. The system (1.1)

is a generalization of the following binary system of cosines and sines

1U{cos (nt + () ssin (nt + v (1) }ez, - (1.2)

where, generally speaking, v : [—m, 7] — C— is a complex-valued function. A lot of
work has been devoted to the study of basis properties (completeness, minimality, basicity)
of systems of the form (1.1), (1.2) in spaces Ly, (—m, 7), 1 < p < 400(Loo (—7, m) =
C'[—m, m]), starting with the classical results of Paley-Wiener [1] and N. Levinson [2]
concerning the basis properties of perturbed systems of exponentials. The well-known
”%—Kadets” theorem [3] also refers to this range of issue. The criterion for the basicity
of a system of exponentials

{ei (n + asignn) t} (1.3)

nez ’

inL,(—m,m) ,1<p < +oo, was first found in the work of A. M. Sedletskii [4], where
Z are integers. The same and other results were obtained by the method of boundary value
problems by E. I.Moiseev [5]. Note that, single variants of these systems are the system of

cosine
1 U {cos(n+a)t} cn (1.4)

and the system of sine
{sin(n+a)t},cn, (1.5)

which arise when solving a series of equations of mixed type by the Fourier method (see,
for example, works [6-10]). The basis properties of the systems (1.4), (1.5) in the spaces
L, (0, m),1 < p < 400, are completely studied in the works of E. I. Moiseev [5, 11], when
a € R—is areal parameter. These results were transferred to the case of complex parameter
by G. G. Devdariani [12;13]. When « : [—7, w] — C'is a Holder function, the Riesz
basicity of the system (1.2) in Lo (—7, ), was studied in the work of A. N. Barmenkov
[14]. One of the effective methods for studying the basis properties of systems of the form
(1.1) - (1.5) is the method of boundary value problems of the theory of analytic functions,
which originates from the work of A. V. Bitsadze [15]. This method was successfully used
by the authors of works [5-14, 16-19]. B. T. Bilalov [16-18, 20] considered the most general
case, namely, considering the systems of the form (1.1) and using the results concerning the
basis properties of the system (1.1), he established a criterion for the basicity, completeness

and minimality of a sine system of the form

{sin (nt +v ()} en (1.6)



On the isomorphism of two bases of exponentials in weighted Morrey type spaces - - - 23

in L, (0, ), 1 < p < 400, when v : [0, 1] — C— is a piecewise continuous function.
Similar results concerning system (1.6) were obtained earlier in the paper [21].

The study of the basis properties of systems of the form (1.1) - (1.6) in various function
spaces still continues. The weighted case of L, space is considered in [22-24]. These
problems are studied in Sobolev spaces in [25-27], the basicity of the system (1.3) is studied
in the generalized Lebesgue spaces in [19;28]. It should be noted that, recently, interest in
study of various problems of analysis in Morrey type spaces has greatly increased. There
is a natural need to study the approximate properties of systems of the form (1.1) - (1.6) in
Morrey type spaces. Some problems in the theory of approximation were studied in papers
[29-31]. In the paper [32], the basis property of the classical system of exponentials is
studied in Morrey-Lebesgue type spaces.

In this paper a double system of exponentials with complex-valued coefficients is con-
sidered. Under some conditions on the coefficients, it is proved that if this system forms a
basis for a weighted Morrey-Lebesgue type space on the interval [—m, 7], if the weight func-
tion satisfies certain conditions then it is isomorphic to the classical system of exponentials

in this space.

2 Necessary information

We need some information from the theory of Morrey type spaces. Let I" be some rectifiable
Jordan curve in the complex plane C. We denote by |M | the linear Lebesgue measure of
the set M C I'. Everywhere in the future, the constants (may be different in different
places) will be denoted by c.

By the Morrey-Lebesgue space LP (I'), 0 < o < 1, p > 1, we mean the normed

space of all functions f (-) that are measurable on I' with a finite norm |-/ 15, o (p:

1

/

a—1 p
||f||Lp,a(p)=s;p(\Bﬁr\r / mlf(f)lpldﬂ) < oo,

where B is an arbitrary ball with center on I'.

L (T) is a Banach space and LP* (I') = L, ('), LP9(I') = Lo (). Inclusion
Lpi(T) ¢ LP*2(I") is true when 0 < a3 < ag < 1. So that LP-* (") C L, (D),
Va € [0, 1),¥p > 1. The case ' = [—m, w| will be denoted by L” ¢ (—m, m) = LP“.
More detailed information on Morrey-type spaces can be obtained from [33-38].

Letw = {z € C : |z| < 1} be a unit ball in C' and dw =  be a unit circle. We define

the Morrey-Hardy space H%"“ of analytic functions f (z) within w with the norm |- || Hpe

[l gz = sup [[f (re™)l| oo -
0<r<1
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We denote by LP: the linear subspace LP>® of functions whose shifts are continuous
in L, such that || f (- +6) — f (-)||;p.a — 0, when § — 0. We take the closure of L@
in LP*“ and denote it by MP <.

Let us consider the space H ﬁ’ “. The subspace of LP*® generated by the restrictions of
functions from H%“ to ~ is denoted by L “. It follows immediately from the results of
the preceding items that the spaces H,"* and L are isomorphic and f* (-) = (Jf) (-),
where f € Hﬁ’a, fT are nontangential boundary values of f on v, and .J realizes the
corresponding isomorphism. Let MY “ = MP* (N L% “. Ttis clear that M% is a subspace
of MP»* with respect to the norm ||| ;. o. Set MHY® = J~1 (M~Y®). It is a subspace of
HY® Let f € HY® and f* be its boundary values. It is obvious that the norm || || Hpe
can also be determined by the expression ||f||HﬂO‘ = ||f"l| p.a- Thecasea =1Ap =1

will be denoted by Hy", i.e., H” = H".

Similarly to the classical case, we define the Morrey-Hardy class outside w. So, let

w- = C\w (@ = wlJ7). We say that an analytic function f in w™ has finite order k at
infinity if the Laurent series of it in the neighborhood of an infinitely removable point has
the form i
f(z)= Z anz" k < 400, a # 0. 2.1
n=-—00

Thus, for £ > 0 the function f (z) has a pole of order k; for k = 0, it is bounded; and
in the case k& < 0 it has a zero order (—k). Let f (2) = fo (2) + f1 (2), where fp (z) is the
major, and fi (2) is a regular part of the expansion (2.1) of the functionf (z). Therefore,
if £ < O0then fy(z) = 0. For k > 0,fy (2) is a polynomial of degree k. We say that a
function f (z) belongs to the class ,, H”> “if f has the order at infinity less than or equal to
m, ie,k < mand f; (1) € H}“. The case « = 1 Ap = 1 will be denoted by ,,, H; ,
ie. H{ =n HY'. The class ,, MH”“ is completely similarly defined to the case of
MHY. In other words, ,, M H”“ is the subspace of functions in ,, H”** whose shifts on

the unit circle are continuous with respect to the norm ||-| ., a(y)-

The weight case Li; “ (T') of the Morrey-Lebesgue space with weight function g () on
I" with the norm ||-|| ;. o(r) 18 determined in a natural way

HfHLﬁ’D‘(F) = [|fell ooy, f € Lp® ().

The inclusion LP> 1 (T") € LP*2 (T") is valid for 0 < oy < ag < 1. Thus, L (T') C
L, ("), Ya € [0, 1], Vp > 1. The case I = [—7, w] will be denoted by LV ¢ (—7, ) =
Lpe,

We also use the following concepts. Let I' C C' be same bounded rectifiable curve, and

t =1t(0),0 < o <1, its parametric representation with respect to the length of the arc o
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and [ is the length of I". We set du (t) = do, that is, y (-) is a linear measure on I". Let

Ft(r):{TEF:|T—t]<r},Ft(S)(r):{T(U)GF:]a—s]<r}.

It is quite obvious that Ty () C Ty (7).

Definition 2.1. A curve X is called Carleson curve if 3¢ > 0, such that

sup p (I's (1)) < er,Vr > 0.
tel’

It is said that the curve I" satisfies the condition arc— chord at the point tg =t (sp) € T
if there exists a constant m > 0, independent of ¢, such that

|s —so| <mlt(s) —t(so)|,Vt(s) €.
T satisfies the condition arc — chord uniformly on I' if

Inm>0:|s—al <mlt(s)—t(o)],Vt(s), t(o) €T.

By St we denote the following singular integral operator

fQd
-7

(5:0) () = 5 [ 5

We shall essentially use the following theorem from N.Samko’s paper [37].

Theorem 2.1 [37]. Suppose that the curve I' satisfies the condition arc — chord and the
weight p (-) is defined by

m

p(t) =TT It —tl™; {te}] CToti £ 1,0 #j.

k=1

A singular operator St is bounded in a weighted space L * (T'), 1 < p < +00,0 < a < 1,

if the inequalities

o< -2 1k=T,m, 2.2)
p p

hold. Moreover, if I is smooth in some neighborhoods of the points tx, £ = 1, m, then the

inequalities (2.2) are necessary for the boundedness of the operator St in L5 (T").

In the future, as I we will take the unit circle v = Ow. Consider the weighted space
LB (y) = L™ with weight p(-). In a completely analogous manner to the weight-

less case, we define the space M5 with weight p. Thus, we denote by M5 “ the set of
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functions whose shifts are continuous in L5 “, that is

155f = Fllp,asp = 1F C+0) = F Ollp, s p = 0,6 = 0,

where S is the shift operator: (S5f) () = f(z + ). Itis easy to see that if p € LP¢,
then C [—m, ] C M} “ holds. In fact, let f € C [—, 7]. We have

[f (@ +0) = f @) <Nf(+0) = ()l = 0,6 = 0.

Consequently
1FC+0) = FOllpasp = I CH) =F ) p O a

IS C+6) = £ Olloe 19 Ol = 0,6 0.

It follows that f € M} .
Thus, the following is true
Lemma 2.1. Let v € LP* (a,b). Then we have the inclusion Cla, b] € ME™ (a,b).

The class of weights p (-), for which there is a continuous embedding H i’fz C Hi,is
denoted by W, that is

wre = {p(-): HYS C H"}.

Let f € Hﬁ’;, 1<p<+o0,0<a<l, and p € WP Itis known that the relation

- " i\ et (it _
rg?lo » |f (re ) f (e )} dt =0, 2.3)
holds, where f* () is the nontangential boundary values of the function f € H 1+ on . It
follows from (2.3) that there exists a sequence {7}
that the sequence {f (rne™)},

Consequently, for an arbitrary interval I C (—m, 7) we have

nen fTn = 1 =0, n — oo, such

converges almost everywhere to f* (') on(—m, ).

p

|f (rne™) p ()7 = |7 (") p ()

, a.e.tel.

On the other hand, we have

m}_a/]‘f (Tneit) P(t)‘p dt < sup <m}_a/l|f (Tneit)P(t)}p dt) < HfH];'Ii(;

IC(—m,m)



On the isomorphism of two bases of exponentials in weighted Morrey type spaces - - - 27

Applying the Fatou’s theorem, we obtain
/‘f‘Ir (e™) p(t)’pdt < Sup/ |f (rne™) p ’pdt < |1 HfHHpa , VI C (—m,m).
I n JI

It immediately follows that f € L® and moreover || f*|, .., < [ f]| g holds. Now, on
the contrary, let g (-) € LP™, 1 < p < 400,0 < a < 1, and cons1der ‘the Cauchy type
integral

211 T—Z

f(z)zl,/g(T)dT, zZ € w. (2.4)
v

Applying the Sohocki-Plemel formula in (2.4), we obtain

F5 (1) = 50(r) +(S9) (7) , 7 € @5)

We denote by M the Hardy Littlewood operator
(M) (@) = My &) = sup oo | o ().

where sup is taken over all intervals / C [—m,7]. Further, we denote by A, , the class
of weights p (-), for which the singular operator S and the maximal operator M behaves

boundedly in the space LY, that is
Apo = {p: HS;MHLg,a_}Lg,a < +oo}.

So, suppose that p € A, ,. Then from (2.5) we obtain fT (-) € LY. Let us show that
fe Y. Let
1 1—r?

PT(SO)Z%l—Qrcosgo%—rQ’ O=sr<i,

be the Poisson kernel for the unit ball. It is known that (see, for example, [27, 41]) the

function f € H f is representable in terms of the Poisson-Lebesgue integral

™
f (rew) = fr (e”) P.(p—s)ds, z=re¥ € w.
—T
Let ', (7) be a nontangential angle with vertex 7 € v and v € (0, 7). Then, as it is known
(see [27])
A, >0: sup |f(2)| <AMFT(r), ae TEH,
z€la(T)

where M f+ (e') = Mg (t) , g(t) = f* (e"). From this we immediately obtain that for
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an arbitrary fixed » € (0, 1) , we have
’f (re“)‘ < AMf+ (eit) , ae te(—mm),
where A > 0 is an absolute constant. From here we immediately obtain

Hf"” (')||p7a;p S A ||Mg (')||p7o¢;p ) VT € (0) 1) 9

where f, (t) = f (re"). From the boundedness of the operator M in L implies

S0 s (Vlpasp < C [Eaal

en?
0< p,a;p

where C' > 0 is some constant. Consequently, f € Hﬁ’z. Thus, we have following
Theorem 2.2. Let f (-) € HY, 1 < p < +00,0 < a < 1,and p € WP*[) Ay . Then
/T (-) € LY and the Cauchy formula

f(2) 1/f+(7_)d7_, zZ € w, (2.6)
2l

2T T—2z

holds, where f* (-) is the nontangential boundary value of f(-) on . Conversely, if
ft () € LY, then the function f (), defined by a Cauchy type integral (2.6), belongs

to the class H ﬁ’z, and we have

/1

D,a;0 <C Hf—’_Hp,a;P’

where C' > 0 is some constant. Let f (-) be the given function on [a, b]. In determining the
Zorko type subspace we will assume that the function f (-) is continued to [2a — b, 2b — d]
with the following expression (and this function is also denoted by f (-)

) fRa—=z),r€2a—ba),
f(x)_{ F2b—2),z€(b2b—a.

Since ME™ (a,b) is a closed subspace of L2 (a, b), it also contains the LE™ -closure of

C§°la, bl; in fact, M} X (a,b) is precisely that closure.

Proposition 2.1. Let v be given by the formula

.
v(t) =[] It —tl™, te[-mn], titt;,i#],
k=0
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and the conditions

o € —,—+1>,k=0,r, 2.7)

hold. Then the set C§° [—, 7] is dense in ME™ (—mr, 7).

We need the following lemma.

Lemma 2.2 [Minkowski inequality for integrals in weighted Morrey spaces] Let (X; X,; )
be a measurable space with an o-additive measure 4 (-) on a set X, v = v(t) a weight func-
tion, dy a linear Lebesgue measure on an interval (a,b) and F(x,y) is i X dy-measurable.
If1 <p < oo, then

H/X F(z,y)du(x)

s/M@wmwm»
PV X

Proof. By using the Minkowski inequality for integrals in L,(a,b),

HA”“W@M@ < [ 1F G, o)

LP
we have

</BT-(m) pdy> = /x (/B,,(I) [F(z, y)v(y)l” dy) dp(z),

where B, () is a ball with a radius 7 > 0 and the center at z € X. Then

: P\ 1 , »
(TA /BT(I) dy) S/X (T,\ /BT(:C)\F(wvy)V(y)! dy) dp().

The required result follows by taking the supremum over all z € (a,b) and r > 0 in the last

=
=

/F@W@M@
X

[ Plprdue
X

inequality.
It is now easy to provide the proof of Proposition 2.1.
Proof of Proposition 2.1. Let f € Mﬁ”\ (—m,m), and ¢ > 0, be a sufficiently small

number. Consider the function

_e2 )
cge(EQ—t2 .t <e,

we(t) =
0, t| > ¢,

where c. is chosen such that [*°_w.(t)dt = 1. Define the function f.(t) as

fo(t) = / " we(5) f(t — 5)ds.

—00

As € > 0 is sufficiently small, this definition is correct. In fact, it is enough to prove
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thatf € L; (—m, ). It follows from f € ME? (—x, ) that (fv) € Ly (—m,7). Sup-
pose that conditions (2.7) are satisfied. Then, it is not difficult to establish that v e
(LPA (=, 7)) . Since (fv) € L, » (—m, ), itis clear that f = (fv)v~—! € Ly (—m, ).

It is clear that f.(¢) is infinitely differentiable function on [—, 7], and

1fe = Fllyw = H | weiste-sas— s

PV

_ H /_ Z we(s) [f(t — ) — F(£)] ds

PAY

Applying Lemma 2.2, we get

1o = Fl o < / T we(s) [F( = 8) = FOlllp o ds <

—00

< sup [ 5) = 1Ol [ (o)

|s|<e —&

= ‘S&p 1Lf(-=8) = F()lllpn, — 0 ase = 0.

This completes the proof.
By similar way we can define M} A (0, 7) and prove the following proposition.

Proposition 2.2. Let v be given as

v(t) =1t —tel™. telon], ti#t;i#], (2.8)
k=0

where tg = 0,t, = 7, and t;, are arbitrary finite points in the interval (0, ) for all k¥ =
1,2,...,7m—1land oy € Rforall K = 0,1, ..., and the conditions (2.7) be satisfied. Then
the set C°°[0, 7], of all infinitely differentiable functions with compact support in (0, 7), is
dense in M2 (0, ).

Concerning the basicity of the system of exponents in MY A (—m, ), we have the fol-
lowing theorem.
Theorem 2.3. Let v be given as in (2.9).
(I) The system {emt}nez is minimal in L5 (=7, 7) if o € {ﬂ, =A )\)
forallk=0,1,...,7.
(ID) The system {e"™ } = is complete in My A (=, ) if the following conditions ag ; oty €
(—%, —1;% + 1) , i € [—%, —1;% + 1) ,k=1,r —1 are satisfied.
(L) The system {e"™}  _ forms a basis for MP? (=, ) if and only if the following

conditions o, € [—1;%, —% + 1) , k=0,r are satisfied.
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We need the Sokhotskii-Plemel formula for the boundary values of a Cauchy type

integral

®(2) = 1 f(r)ydr
O =i 7

)

where f (e') € Ly (—m, 7). Then the boundary values ®* (1), 7 € ~, satisfy the follow-
ing Sokhotsky-Plemelj expression

o (r) = % F(O) 4+ (Sf) (), aeon Ten, 2.9)

where S (-) is the singular integral

L[ F()de
Sf)(r) = — T )
(Sf) () / €

271

We show that if all the conditions of Theorem 2.2 are satisfied, then the following direct

decomposition

I = HIG G PG <p< e 0<a <, @10

holds, where p € WP () A, , is some weight function. In fact, let f € L§®. Then it is
clear that f € L, ,. We consider the Cauchy integral (i.e., the Cauchy formula)

o+ (z) = - [ 2°0)
211 N T—2

dr, |z| < 1.

Then, by Theorem 2.2, we have ®* (2) € HY  for [2] < 1. In a similar way, we have that
the Cauchy integral

o (2) = 1 o~ (1)

= — dr, > 1,
214 7 |2l

~ T —Z

belongs to the class _1 H” ;‘ It follows from the Sokhotski-Plemelj formula (2.10) that

f(r)= dt (1) —®~ (1), almosteverywhere on T € . (2.11)

Thus, the expansion (2.4) takes place. It is easy to see that HY' ' C H A HP o C aHp
holds. Then it follows from H;" () —1H; = {0} that the decomposition (1.1) is unique.

The subspace of Lj;“ generated by the restrictions of functions from _1 H” 7 to « is
denoted by _1L71’7';. Hence, we have Liz N _1L71,‘; = {0}. Then, from (2.9) follows

immediately a direct expansion

Lhe = LS4+ L7 2.12)
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Identifying HY " «» LY T and 1 L7 < 1 H” 7, we obtain the expansion (2.10).

We similarly establish that, there is also a direct expansion
MPe MHp’ _1MHp’ (2.13)
Let P* be the projections
Pt MPY — MPSAPT MDY — _ MP

generated by the decomposition (2.13). We denote by T+ : M}** — MP*® the multiplica-

tion operators defined by the expressions
TYf=AfANT™f=BfYfeM)

Suppose that the condition A*!; B¥! € L, (—m, 7) holds. Assume that the system (2.3)
forms a basis in M}**. We take Vg € M}, and expand it on this basis

Zgn mt+B Zg nefznt

Since A*! € Lo A B! € Lo, it follows that the series fT (t) = > o0 gne™ and
() =3°0° ) g—ne ™ represent some functions of M}, We set

+o0 A
Z gne'™ t € [~7, 7).

n=—0oo

It is clear that f € M5 Let us show that the inclusions
FreMPEAS € g

occur. In fact, we have

/ fT(argé) £"de =i f+ (t) ety — ng/ WktntDtgr — 0,¥n € Z,.
~

Then it follows from Privalov theorem [40] that fT (¢) a boundary value of F* € H;, and

_ 1 [ f(argg)
Ft(z)= M[ygzdg,m <1 (2.14)
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We have
+ 1 ety 1 §"d n
F =/ ——det = — S s § <1.
(2) 271 [ynogn et — z € 271 = gn/ £ — gn?" |2

Since f € M, it follows from (2.14) that ' € M HY'{. Similarly, we can prove that
F~ ¢ ,1MH3’7;“, where

Zg nz 2l > 1.

Consider the operator 7' = T+t P+ + T~ P~. We have
Tf=T P f+T P f=T f"+T f~=A0)f"+B()f =g

Consequently, the equation
Tf=g,9€ M), (2.15)

has a solution for Vg € MY in M5“, thatis, Rp = M}**, where Ry is the range of the
operator T'. Let f € KerT. We expand f with respect to the basis {emt}n cz

+0o0
Z f eint
n

n=—oo
We have
0=Tf= A Zf eint + B fone_lnt

Since the system (2.3) forms a basis in Mg’a, it follows that f,, = 0,Vn € Z, i.e., KerT =
{0}. Since T € L (M}Y®), it follows from the Banach theorem that T-1 € L (M}“),
which in turn means the correct solvability of equation (2.15). Now, on the contrary, let
equation (2.15) be correctly solvable in M5**. We take Vg € M}**, and let f = T~1g. We
expand f with respect in the basis {e"} oz in M

+oo .
Z fne™ t € [~m, 7.

n=—oo
We have
P-‘rf — Z fnemt; P f= Z fﬁne—mt’

n=0 n=1
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and hence

Tf = A an int —|—B Zf_nefznt ( )’

i.e., an arbitrary element of M?® decomposes along the system (1.1) in M}*. We show

that such a decomposition is unique. Let

Zfemt—FB Zf—ne in:

We set

+o0
§ : f eint
n

n=—oo

It’s clear thatf € M. We have

Tf=A(t an oy B(t Zf_ne*mt_o;»f T-'0=0= f,=0,Vn € Z.
n=0
Thus, the following theorem is proved:
Theorem 2.4. Let A*1;B*! € L (—, m),and p € WP A, 4. The system (1.1) forms
a basis in M} if and only if equation (2.15) is correctly solvable in M}, 1 < p < +o0,
0<a<l.
Now let’s prove the following theorem.
Theorem 2.5. Let AT™;B*! ¢ L (—n, 7)), and p € AM,,. If the system (2.3) forms a
basis in M}, then it is isomorphic to the classical system of exponentials {e”} _  in
MPE®, and the isomorphism is given by the operator Tp:

(TOf Z . zna: znt + B Z 71n:):) efmt (216)
n=1
where .
G0 =5 [ rwsta

Proof. Let the system (2.3) form a basis in M, 5 . We take Vf € M. Since the system

{ei”t}n . forms a basis in M, 59, it is clear that the series

00 o]
f znx znt —znx —int
E ’ ) E )

n=1

converge in M5, and moreover,

1= 0 < €l a

P, —
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holds. Then it follows immediately from the expression (2.16) of the operator Tj that
Ty € L (MBP™). We show that KerTy = {0}. Let f € KerTy, i.e.,

% 0o
TOf - A (t) Z (f, einz int + B Z —mx —mt —0.
n=0 n=1

Since, system (2.3) forms a basis in M5, it follows that

(f; ei”x) =0,Yne Z= f=0.

Since, the system {e"m}n <, forms a basis in M, . Therefore, KerTy = {0}. And now,
let’s show that Ry, = MJS®. Let g € M) be an arbitrary element. By Theorem 2.1
3f € MY Tf = g. On the other hand, it is not difficult to see that 7, = 7', and as a
result Ry = M, ,’; "“. Then it follows from the Banach theorem that T is an automorphism
in MJ®. 1t’s clear that Ty [e"™*] = A(t)e™, Vn € Zy, & Ty [e7"™*] = B(t)e ™,
Vn € N. The theorem is proved.

This theorem immediately implies following

Corollary 2.1. If the perturbed system of exponents

{ei (n 4+ asignn) t}

nez’
forms a basis in M},’ Y1 < p< 400, 0< a <1, thenitis isomorphic to its classical
exponents system {ei”t }n ez

This work was supported by the Science Development Foundation under the President
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Abstract

The concept of visible points of a convex set was introduced and discussed in
normed linear spaces by Frank Deutsch, Hein Hundal and Ludmil Zikatanov [Visible
Points in Convex Sets and Best Approximation, Computational and Analytical Mathe-
matics, Springer (2013), 349-364]. Extending this concept to metric spaces, we study
some basic properties of such points, besides giving some characterizations of visible
sets. We also study the connection between visible points and best approximation in
such spaces. Moreover, we show that in linear metric spaces, those closed convex sets
C for which the set of visible points to each point not in C' is the whole set C' are

precisely the affine sets.

1 Introduction

Let C be a closed convex subset of a real normed linear space X and x € X. An element
v € C is said to be visible to = with respect to C' if [z,v] N C = {v} or, equivalently,

Keywords and phrases : Linear metric space, convex space, strongly convex space, M -space, best ap-
proximation, visible point
2010 AMS Subject Classification : 41A65, 41A50, 52A27
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[z,v][NC = ¢. The notion of visible points was introduced and discussed in normed linear
spaces by Deutsch et al. [2]. As remarked in [2], this concept is useful in the study of best
approximation, and it also seems to have potential value in the study of robotics.

Geometrically, one can regard the set Vo (z) = {v € C : [z,v]NC = {v}} = {v €
C : [z,v[NC = ¢} as the "light” that would be cast on the set C' if there were a light
source at the point # emanating in all directions. Alternatively, one can regard the set C' as
an “obstacle” in X, a robot is located at a point z € X, and the direction determined by
the interval [z, v], where v € Viz(x), as directions to be avoided by the robot so as not to
collide with the obstacle C.

In this paper, we extend the notion of visible points to metric spaces, study some basic
properties of such points, give some characterizations of visible sets and study the connec-
tion between visible points and best approximation in such spaces. We also show that in
linear metric spaces, those closed convex sets C' for which the set of visible points to each
point not in C' is the whole set C' are precisely the affine sets.

2 Notations and Definitions

To start with, we recall a few definitions.

Definition 1. [4] Let (X, d) be a metric space and x,y,z € X. We say that z is between x
and y if d(x, z) + d(z,y) = d(x,y). For any two points z,y € X, the set

{ze X :d(z,2) +d(z,y) = d(z,y)}
is called a metric segment and is denoted by [z, ).

Definition 2. [1] A metric space (X, d) is said to be convex if for every x, y in X and for
every t, 0 < t <1 there exists at least one point z such that d(x,z) = (1 —t) d(x,y) and
d(z,y) = td(z,y).

The space X is said to be strongly convex [1] if such a z exists and is unique for each
pair x, y of X. Thus in strongly convex metric spaces, each t, 0 < t < 1, determines a
unique point of the segment [z, y).

It was proved by Menger [4], that in a complete convex metric space (X, d), each two
points x,y € X are joined by a metric segment [X,y] i.e. by a subset of X isometric with
the real line interval of length d(z,y).

Definition 3. /3] A convex metric space (X, d) is called an M-space if for every two points
x,y € X withd(x,y) = A, and for every r € [0, \|, there exists a unique z, € X such that

Blz,r]N Bly, A\ —r] = {2},

where Blx,r] = {y € X : d(z,y) <r}.
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Clearly, every normed linear space is an M -space.
It is known (see[8]) that a metric space (X, d) is an M -space if and only if X is strongly
convex.

Definition 4. In a metric space (X, d), we define

[z,y] = {z€X:d(z,y)=d(z,z2)+d(zy)}

[z,yl = {ze€X:dzy)=d(x,2)+d(zy),z #y}

Jz,yl = {ze€ X :d(z,y) =dz,z2)+dzy),z # =z},

le,yl = {z€ X :d(z,y) =d(z,2) +d(z,y),z # x,z # y}.

Definition 5. (see [5]) A subset C' of a metric space (X, d) is said to be convex if for every
x,y € C, any point between x and y is also in C' i.e. for each x,y € C, the metric segment
[x,y] lies in C.

Definition 6. [2] Let C' be a closed convex subset of a metric space (X,d) and x € X. A
point v € C'is said to be visible to x with respect to C' if [x,v] N C = {v} or, equivalently,
[x,v[NC = ¢. The set of all visible points to x with respect to C'is denoted by Vi (x). Thus
Vo(x) ={veC:[z,v)NnC ={v}} ={veC:[z,v[NC = ¢}.

Definition 7. [9] A point y, € C is said to be a best approximation to xz in C if d(x,y,) =
d(xz,C) = inf{d(z,c) : ¢ € C}. The set of all best approximations to x in C'is denoted by
Po(z) ie; Po(z) ={y € C:d(z,y) =d(z,C)}

The set C' is said to be proximinal if Pc(x) is non-empty for each x € X. For examples
of proximinal and non proximinal sets, we refer to Singer [9].

3 Visible Points in Metric Spaces

In this section, we give some auxiliary results

Lemma 1. Let C be a closed convex set in a metric space (X,d), if v € C then Vo (z) =

Proof. Suppose z € C, then [z,z] = {z} and [z,z] N C = {z} N C = {z}. Therefore
x € Ve(z)ie. {z} C Vo(x).

Conversely, let v € Vio(x) be any element and = € C. To prove v = x. On contrary, let
v # x. Now v € V() implies [z,v] N C = {v}. Butz € C, therefore z € [z,v] N C. So
x = v and hence Vg (z) = {z}. O

It may be remarked that an analogous result is true for Po(z) i.e.; Po(x) = {z} if
x € C. Whereas the set Po(z) may be empty if = ¢ C (see [9]), the following theorem
shows that the set Vo () is always non-empty.
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Theorem 1. Let C be a closed convex set in an M-space (X, d), then

(i) Vo(z) # ¢ for each x € X and
(ii) Vo(x) C bdC for each x € X\ C.

Proof. (i) Letz € X. By Lemma 1 we may assume that z ¢ C as if z € C then Vi (x) =
{x} # ¢. Fix any y € C. Then [z, y] contains some points in C' (e.g. y) and some points
not in C' (e.g. x). Lett, = sup{t,0 < ¢t < 1,z € [z,y],d(z,2) = (1 — t)d(z,y) and
d(z,y) = td(z,y),z € C}. Let z, € [x,y] be such that d(z, z,) = (1 —t,)d(x,y) and
d(zo,y) = tod(x,y). Sucha z, € C as C'is closed and [z, z,] N C = {z,} i.e. z, € Vo (z)
and hence Vo (z) # ¢.

(ii) Fix any x € X\ C. To show that v € bdC for each v € Vi (z). If it is not so,
then there exists some v € V() such that v € C\bdC. Hence v is in the interior of C'
i.e. there exists an open ball B(v,¢) C C. Let v, € B(v, €) be such that v, € [z, v]. Then
clearly [v,, v] is a subinterval of [x, v] which lies inside C. Hence [x,v] N C' # {v}, which
contradicts the fact that v € Vo (z).

O

It may be remarked that result analogous to (ii) is true for Po(x) even if C' is not convex
(see [6]) but it is not true in metric spaces (see Singer [9] )
The following theorem gives a characterization of visible points:

Theorem 2. Let C be a closed convex set in an M-space (X,d), x € X\C and v € C.
Then the following are equivalent.

(i) v is visible to x with respect to C.
(i) z¢ Cfort,0<t <1,z € [z,v],d(z,z) = (1—t)d(x,v)and d(z,v) = td(x,v).

(iii) max{t,t € [0,1] : z € C,z € [z,v],d(x, 2) = (1 —t)d(x,v),d(z,v) = td(z,v)} =
1

Proof. (i) = (ii). If (i) holds then [z,v][NC' = ¢, then clearly, no z € [z,v], satisfying
d(z,z) = (1 —t)d(z,v) and d(z,v) = td(x,y), 0 <t < 1, belongs to C'i.e. (ii) is true.
(ii) = (iii). Since v € C, (iii) is an obvious consequence of (ii).
(iii) = (i). If (iii) is true then [z, v[NC = ¢ i.e. v € Vo (x). O

It is known (see [6]) that if C' is a convex set in a convex metric space (X, d), then
Pc(x) is convex. It is also known (see [9]) that in any metric space, the set P () is closed
if C' is closed. However, analogous results are not true for Vi(z) even in normed linear
spaces (see [2]).

The following theorem connects visible points and points of best approximation.

Theorem 3. Let (X, d) be a convex metric space and C' a closed convex subset of X. Then
Pco(z) C Ve(x) foreach x € X.
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Proof. Theresultis trivial if Po(z) = ¢.If z € C, then clearly Po(z) = {z} and Vo (z) =
{z} by Lemma 1. Now suppose z € X\ C and let z, € Pc(x). Then z, € C and x, # z.
If [z, 2,[NC # ¢, then there exists a z) for 0 < A < 1 such that

d(z,zy) = (1 = N)d(z,x,) < d(z,x0).

This is a contradiction to the fact that x, is a best approximation to x in C. Therefore
[z, 2,]NC = ¢ and hence x, € Vo (z). O

4 Visible Points in Linear Metric Spaces

The following result shows that in linear metric spaces, the visible set mapping V¢ satisfies
translation property which is also satisfied by the set mapping Pc (see [7]).

Lemma 2. Let (X, d) be a linear metric space, C a closed convex set and x,y € X. Then
Ve(z) = Vogy(z +y) —y.

Proof. Forx,y € X andv € C,

v € Vo(x) [z,v][NC = ¢
[z +y,v+yN(C+y) =¢
v+y S VC+y($+y)

v € Voyylz +y) —y.

(R

O]

Next, we explore those closed convex sets C' having the property Vo (z) = C for each
x ¢ C'i.e. we find answer to the question: For which sets is the whole set visible from any
point outside the set? For this we recall the following notion(see [2]):

A set A of a linear metric space (X, d) is said to be affine if the line through each pair
of points in A lies in A i.e. if the line

aff{ara; + agag : a1 + g = 1} C A for each pair a1, ag € A. Equivalently, A is
affine if and only if A = M + a for some unique linear subspace M and a € A.

The following result gives the class of sets C' for which Vi (z) = C.

Theorem 4. Let C be a closed convex set in a linear metric space (X, d). Then the following
statements are equivalent:

1. C is affine.
2. Ve(x) = C for each v € X\ C.

Proof. (1)= (2). Let us first assume that C' = M is actually a subspace i.e. 0 € C. Fix
any © ¢ M. Since Vj/(z) C M, it is sufficient to show that M C Vj,(z). For this, let



44 Sangeeta & T. D. Narang

m € M.If m ¢ Vyr(x), then [z, m[NM # ¢. Hence there exists A, 0 < A < 1 such that
Az 4+ (1 — X\)m € M. Since m € M, \x € M and hence x € M, a contradiction. This
proves (2) in case C'is a subspace . In general , suppose C' is affine. Then C = M + ¢ for
some subspace M and ¢ € C. For any x € X\ C, we see that x — ¢ ¢ M and by the above
proof and Lemma 2 we obtain

Vo(x) = Varge(lz) =V(x —c¢) +ec=M +c = C.

(2) = (1). Assume (2) holds . If C' is not affine, then there exist distinct points ¢1, ca €
C such that aff{c;,cp} ¢ C. Since C is closed convex and aff{ci, ¢} is a line, it follows
that either aff{c;, co }NC = [y1, y2] for some distinct points y1, y2 in C. or aff{cy, co }NC =
y1 +{p(y2 —y1) | p > 0} for some distinct points 31, y2 in C. Therefore z = y1 + p(y2 —
y1) ¢ Cfor—1 < p < 0.Buty; = ﬁx — py2 € [z, y2[NC proves that yo ¢ Vo (z). This
contradicts the hypothesis as Vo (z) = C'if x ¢ C. Hence C is affine. O

Remarks: In the Euclidean space R?, if S is the unit sphere, then Pg(0) = S. It will be
interesting to explore the class of sets C' for which Po(x) = C for each x € X\ C.

Acknowledgement: The authors are thankful to the learned referee for valuable comments
and suggestions leading to an improvement of the paper.
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Abstract

In this paper, we establish some fixed point and common fixed point theorems for
rational contractions in the setting of b-metric spaces. Also, as a consequence, some
results of integral type for such class of mappings is obtained. Our results extend and

generalize several known results from the existing literature.

1 Introduction and Preliminaries

Fixed point theory plays a very significant role in the development of nonlinear analysis. In
this area, the first important result was proved by Banach in 1922 for contraction mapping
in complete metric space, known as the Banach contraction principle [3].

In [2], Bakhtin introduced b-metric spaces as a generalization of metric spaces. He
proved the contraction mapping principle in b-metric spaces that generalized the famous

contraction principle in metric spaces. Czerwik used the concept of b-metric space and
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generalized the renowned Banach fixed point theorem in b-metric spaces (see, [5, 6]).

In this note, we establish some fixed point and common fixed point theorems satisfying

rational inequality in the framework of b-metric spaces.

Definition 1.1. ([1]) Let X be a nonempty set and let d: X x X — R, be a function
satisfying the conditions:

(Al)d(z,y) =0 & z=1y;

(A2) d(z,y) = d(y, z) forall z,y € X;

(A3) d(z,y) < d(z,z) +d(z,y) forall z,y, z € X.

Then d is called a metric on X and the pair (X, d) is called a metric space.

Definition 1.2. ([2]) Let X be a nonempty set and s > 1 be a given real number. A mapping
d: X x X — Ry is called a b-metric if for all z, y, z € X, the following conditions are
satisfied:

(Bl)d(z,y) =0 & z=y;

(B2) d(x,y) = d(y, );

(B3) d(x,y) < sld(x, 2) + d(z, )]

The pair (X, d) is called a b-metric space.

It is clear from the definition of b-metric space that every metric space is a b-metric
space for s = 1. Therefore, the class of b-metric spaces is larger than the class of metric

spaces.

Example 1.3. ([1]) Let X = {0,1,2}. Define d: X x X — Ry as follows d(0,0) =
d(1,1) =d(2,2) =0, d(1,2) =d(2,1) =d(0,1) =d(1,0) =1, d(2,0) = d(0,2) =p >
2 for s = 5 where p > 2, the function defined as above is a b-metric space but not a metric

space for p > 2.
Example 1.4. ([7]) Let X = (P with 0 < p < 1, where P = {{xn} CR:Y 2 |zalP <

oo}, Letd: X x X — Rdefined by d(x,y) = (220:1 |Zn,—Yn|P > ,where v = {zp}, y =

1
{yn} € IP. Then (X,d) is a b-metric space with the coefficient s = 2» > 1, since by an
1
elementary calculation, we get that d(x,y) < 2¢[d(x, z) + d(z,y)], but it is not a metric

space.

Example 1.5. ([7]) Let X = {1,2,3,4}. Defined: X x X — R? by

-1 -1 .
d@,y):{('”ﬂ vl 6|x ul™h) ;Z@;



On common fixed point theorems for rational contractions in b-metric spaces - -- 49

Then (X, d) is a b-metric space with the coefficient s = g > 1. But it is not a metric

space since the triangle inequality is not satisfied,
d(1,2) > d(1,4) +d(4,2), d(3,4) >d(3,1)+d(1,4).

In our main result we will use the following definitions which can be found in [1] and

[8].

Definition 1.6. Let (X, d) be a b-metric space, x € X and {z,,} be a sequence in X. Then

(C1) {zy} is a Cauchy sequence whenever, if for ¢ > 0, there exists a positive integer
N such that for all n,m > N, d(xp, xm) < €;

(C2) {z,,} is called convergent if for ¢ > 0 and n > N, we have d(z,,z) < &, where
x is called the limit point of the sequence {x,}. We denote this by lim,_,~ z, = x or
Ty, — T AST — OO,

(C3) (X,d) is said to be a complete b-metric space if every Cauchy sequence in X
converges to a point in X.

Remark 1.7. In a b-metric space (X, d), the following assertions hold:
(i) a convergent sequence has a unique limit;
(i1) each convergent sequence is Cauchy;

(iii) in general, a b-metric is not continuous.

2 Main Results

In this section we shall prove some fixed point and common fixed point theorems for rational

contraction in the framework of b-metric spaces.

Theorem 2.1. Let (X, d) be a complete b-metric space (CbMS) with the coefficient s > 1.
Suppose that the mappings S, T: X — X satisfy:

d(z, Sx)d(z, Ty) + [d(z,y)]* + d(x, Sx)d(z, y)]

T < k
d(Sz,Ty) < d(z, Sz) + d(z,y) + d(z, Ty)

2.1)

forall z,y € X, k € [0,1) with sk < 1 and d(z, Sz) + d(z,y) + d(z,Ty) # 0. Then
S and T have a common fixed point in X. Further if d(x, Sz) + d(x,y) + d(z,Ty) = 0
implies that d(Sx,Ty) = 0. Then S and T have a unique common fixed point in X.

Proof. Choose xg € X. Let 21 = S(z¢) and z2 = T'(x1) such that

Tont1 = STon, Tont2 = Txoni1, n=0,1,2,....
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Let d(x, Sx) + d(x,y) + d(x,Ty) # 0. Then from (2.1), we have

d(xon41, Tont2) = d(Szon, Troni1)
k [(d(@n, Sxon)d(2on, Troni1) + [d(@2m, Toni1)]?

+d(z2n, Sxon)d(z2n, 902n+1)>

IN

1
X (d(xzn, Sxon) + d(xan, Tant1) + d(z2n, T$2n+1)> }

= k [(d(mn, Ton+1)d(Ton, Tont2) + [d(T2n, Toni1)]?
+d($2n, 902n+1)d(332m $2n+1))

1
X (d(iﬁzn, Ton+1) + d(Tan, Tant1) + d(x2n, $2n+2)) }

= kd(z2n, T2n41)
o {d(ﬂfzm Tont2) + 2d(z2n, 332n+1)]
d(x2n7 $2n+2) + 2d(l'2n’ 332n+1)
= kd(xan, Tont1). (2.2)

Similarly, we have

d(zon, Ton+1) = d(Szop—1,Tz2p)

k [(d(xanla Sxon-1)d(w20-1, Tn) + [d(z2n-1,T2,)]?

+d(z2n—1, Sxon—1)d(x2m—1, 362n))

IN

1
X (d(imn—l, Ston—1) + d(xon—1,x2n) + d(z2n—1, Tiﬁ2n)) }

= k [ d(z9n—1,720)d(T2n—1, Tan+1) + [d(z2n—1, T2n)]?
+d($2n717 $2n)d($2n71a xQn))

-1
><<d (xon—1,%on) + d(z2n—1, T2n) + d(T2n— 1,562n+1)> ]

= k‘d(l’gn 1,:82n)
« [d(l?nfla $2n+1) + 2d(l’2n,1, 1"271)}
d(l'anla -T2n+1) + Qd(l‘anlv $271)
= k d(l’anl, {L‘Qn). (23)

By induction, we have

d(l‘n+1,l‘n) < kd(xnaxnfl) < k2 d($n717xn72) <...

S k" d(xl, .CL‘()). (2.4)
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Let m,n > 1 and m > n, we have

d(p, Tm)

IN

IN
»

v

IN

IN

sld(zn, Tni1) + d(Tns1, Tm)]

sd(xp, Tpy1) + sd(Tpi1, Tm)

A(@n, Tnt1) + 7 [d(Tn11, Tnt2) + d(@nr2, Tm)]
AT, Tng1) + 5°d(Tng1, Tnya) + P (Tnr2, Tm)
sd(xp, Tni1) + 2d(Tpy1, Tnio) + SSd(Tpi2, Tniz)
o+ ST (@ 1, )

[sk™ 4 s2k" T 4 3K T2 4 s d (2, )

sk™[1 + sk + s%k? + $3k3 + -+ + (sk)™Yd(z1, 20)

[15—1{;} d(@1, o).

Since 0 < sk < 1, therefore taking limit m, n — oo, we have

mlrlgloo d(Xm, ) = 0.

Hence {x, } is a Cauchy sequence in complete b-metric space X . Since X is complete, so

there exists p € X such that lim,,_,~ ,, = p. Now, we have to show that p is a common

fixed point of S and 7T'. For this consider

d(z2n41,Tp) =

g

k[d(x2n7x2n+1)d<x2n7Tp> [d(z2n, p)]? +d($2n7x2n+1)d(x2nyp)}.

d(S:EZn) Tp)
d(zan, Sxon)d(zon, T'p) +

[ (x2n7p) 2 + d(xQn’ S$2n)d($2n,P)

]
d(xan, Stapn) + d(on, p) + d(z2n, T'p)

|

d(z2n, Tant+1) + d(xon, p) + d(x2n, T'D)

Taking limit n — co, we have

d(p,Tp) < 0.

Thus T'p = p, that is, p is a fixed point of T'.

In an exactly the same fashion we can prove that Sp = p. Hence Sp = T'p = p. This

shows that p is a common fixed point of S and 7.

Uniqueness

Let ¢ be another common fixed point of S and 7', that is, Sq¢ = T'q = ¢ such that p # q.
Suppose that d(z, Sz) + d(z,y) + d(z, Ty) = 0 implies that d(Sz, Ty) = 0. Now, we

take © = p and y = ¢ in the hypothesis, we have

d(p, Sp) + d(p,q) + d(p,Tq) = 0 = d(Sp,Tq) = 0.
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Therefore, we get
d(p, q) = d(Sp,Tq) = 0.

Hence p = ¢. This shows that p is a unique common fixed point of .S and 7". This
completes the proof. 0

Putting S = T in Theorem 2.1, then we have the following result.

Corollary 2.2. Let (X, d) be a complete b-metric space (CbMS) with the coefficient s > 1.
Suppose that the mapping T: X — X satisfies:

d(x, Tz)d(x, Ty) + [d(z,y)])* + d(z, Tx)d(z,y)
d(z,Tz) + d(z,y) + d(z,Ty)

d(Tz,Ty) < k (2.5)
forallz,y € X, k € [0,1) with sk < 1 and d(x,Tz) + d(z,y) + d(z,Ty) # 0. Then
T has a fixed point in X. Further if d(x,Tz) + d(z,y) + d(z,Ty) = 0 implies that
d(Txz,Ty) = 0. Then T has a unique fixed point in X.

Proof. The proof of corollary 2.2 is immediately follows from Theorem 2.1 by taking S =
T'. This completes the proof. 0

Corollary 2.3. Let (X, d) be a complete b-metric space (CbMS) with the coefficient s > 1.
Suppose that the mapping T : X — X satisfies (for fixed n):

d(z, T x)d(x, T"y) + [d(z,y)]* + d(z, T"z)d(z, y)
d(z, T"z) + d(z,y) + d(z, T™y)

ATz, T") < k| 2.6)
forallz,y € X, k € [0,1) with sk < 1 and d(x,T"x) + d(z,y) + d(z, T™y) # 0. Then
T has a fixed point in X. Further if d(x,T"z) + d(z,y) + d(z,T"y) = 0 implies that
d(T"z,T™y) = 0. Then T has a unique fixed point in X.

Proof. By Corollary 2.2, there exists v € X such that T"v = v. Then

d(Tv,v) = d(TT"v,T"v) =d(T"Tv,T"v)
< & rd(Tv, T"Tv)d(Tv, T™) + [d(Tv,v))? + d(Tw, T”Tv)d(Tv,v)}
- L d(Tv, T"Tv) + d(Tv,v) + d(Tv, T™v)
rd(Tv, TT™0)d(Tv, T™) + [d(Tv,v))? + d(Tw, TT"v)d(Tv,v)}
d(Tv, TT™) + d(Tv,v) + d(Tv, T™)
— rd(Tv, Tv)d(Tv,v) + [d(Tv,v)]? + d(Tv, TU)d(T’U,U)}
] d(Tv, Tv) + d(Tv,v) + d(Tv,v)

k
B d(Tv,v)

kd(Tv,v).

IN
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The above inequality is possible only if d(T'v,v) = 0 and so Tv = v. This shows that T’
has a unique fixed point in X. This completes the proof. O

Theorem 2.4. Let (X, d) be a complete b-metric space (CbMS) with the coefficient s > 1.
Suppose that the mapping T: X — X satisfies the contraction condition:

d(Tz,Ty) <  max {d(:c,y),

d(z,Tx),d(y, Ty) d(z,Tx),d(y, Ty) } 2.7)

1+d(z,y) = 1+d(Tz,Ty)

forallz,y € X, B €0,1) is a constant with s < 1. Then T has a unique fixed point in
X.

Proof. Choose xo € X. We construct the iterative sequence {x, }, where x,, = T'xy_1,
n > 1, thatis, x,1 = Tz, = T 2. From (2.7), we have

d(xn;xn+1) = d(Txn—laTwn)
d xn—lvTxn—l 7d w’men)
S /8 max {d(xn—laxn)v ( 1—|—d((1} )_1 (I' ) )

d(xn—la Txn—1)7 d(w’m Txn) }
1+ d(Txn_l, Ta:n)

(2.8)

_ d(xnflal‘n)ad(‘fmffmrl)
= 8 max{d(za1,20), L+ d(@n 1, 20)

d(l'n*l? xn)a d(IBn, $n+1) }
1+ d(zn, Tnt1)

< B max{d(acn_l,wn),d(:ﬁn,an)}. (2.9)

If max {d(wn,l, Tn), d(xp, aan)} = d(xp, Tny1), then from (2.9), we have

IN

B d(xnv xn-i-l)
1
gd(xnv xn-i-l)

d(Tp, Trt1), (2.10)

d(xm mn—l—l)

VANVAN

which is a contradiction.

Hence max {d(mn,l, X)), d(Zp, mn+1)} = d(xp—1,xy), so from (2.9), we have

d($naxn+1) < /Bd(xn—lyxn)' (211)
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By induction, we have

d(JIn,CCn+1) < /Bd(xn—la$n) < 62 d(xn—Q’xn—l) <...

Let m,n > 1 and m > n, we have

d(xn, ) < sld(@n, Tni1) + d(Zni1, 2m)]
= sd(zp,Tni1) + SA(Tnt1, Tm)
< sd(zp, @) + 87 [d(@ns1, Tog2) + d(Tn2, T))]
= 5d(Tp, Tni1) + 52d(Tpi1, Tngo) + 52d(Tnio, Tm)
< sd(xp,Tpy1) + 8 d(:an, Tni2) + S d(mn+2, Tpt3)
44 ST 1, )
< [P+ 2B 4 P s s BT d (2, o)

= sB"Ml+sB8+ B+ 5B+ + (sB)™ d(z1, m0)

[155715} dx1,z0)-

Since 0 < s8 < 1, therefore taking limit m,n — oo, we have

lim d(zp,z,) =0.
m,n—00
Hence {z, } is a Cauchy sequence in complete b-metric space X . Since X is complete, so
there exists ¢ € X such that lim,,_,~, £, = q. Now, we have to show that ¢ is a fixed point

of T'. For this consider

d(rnt1,Tq) = d(Tzn,Tq)
< {0, 0 T )
= [ max {d(xn, q); d(xniﬁgt;’:(qq)’ TQ), d(iinix;(;;);i(;];ql;q) }
Taking the limit n — oo, we have
d(q,Tq) <0.

Thus T'q = ¢, that is, ¢ is a fixed point of 7.

Uniqueness
Let ¢’ be another fixed point of T, that is, Tq’ = ¢’ such that ¢ # ¢/, then from (2.7), we



On common fixed point theorems for rational contractions in b-metric spaces - -- 55

have

d(g,q) = d(Tq,Tq)
< f max {d(q,q’),

d(q,Tq),d(q',Tq") d(q,Tq),d(d, TQ)}
1+d(q,q") T 14d(Tq,Tq)

_ n dg,9),d(dq) dlg,q),d(dq)

o Bmax{d(q,q), 1+d(q,q¢) = 1+d(q,q) }

3 max{d(q,q’),o,o}

< Bd(g,q).

The above inequality is possible only if d(q,¢") = 0 and so ¢ = ¢’. Thus ¢ is a fixed point
of T'. This completes the proof. O
d(z,Tx),d(y,Ty) d(z,Tz)d(y,Ty)

1+d(z,y) ' 1+d(Tz,Ty)
have the following result as corollary.

If max {d(x, y), } — d(x, y), then from Theorem 2.4, we

Corollary 2.5. Let (X, d) be a complete b-metric space (CbMS) with the coefficient s > 1.
Suppose that the mapping T': X — X satisfies:

d(Tz,Ty) < Bd(z,y)

forall x,y € X, where 8 € (0,1) is a constant with s < 1. Then T has a unique fixed
pointin X.

Remark 2.6. Corollary 2.5 extends well known Banach contraction principle from complete

metric space to that setting of complete b-metric space considered in this paper.

We give an example in support of Theorems 2.1 and 2.4 as follows.

Example 2.7. Let X = [0, o) be endowed with b-metric and d(x,y) = |zr—y|* = (z—y)?,
where s = 2. We consider the the mappings S, T': X — X defined by S(x) = In(1+ %)
and T'(xz) = In(1 + §). Observe that S(X) = T'(X) = [0,00). For each z,y € X with

T # ¥y, we have

d(Sz,Ty) = (Sz—Ty)*=[In(1+ g) ~In(1+ %)]2
T Y\
< <§ - 5) , since In(1+x) <z
1
= 3 — (22 — 3y)?
< Lz —ayp

36
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— 16 2
4

4 [d(w, Sz)d(z, Ty) + [d(z,y)]* + d(z, Sz)d(z,y)
9 d(x, Sx) + d(z,y) + d(z,Ty)

where % <k < 1lands = 2. Thus S and T satisfy all the conditions of Theorem 2.1.
Moreover (O is the unique common fixed point of S and T.

Example 2.8. Let X = [0, c0) be endowed with b-metric and d(x,y) = |z—y|* = (z—y)?,
where s = 2. We consider the the mapping T': X — X defined by T'(x) = 5. Observe that
T(X) =1[0,00). For each x,y € X with x # y, we have

d(Tz,Ty) = (Tz—Ty)*= (g - %)2
1
= 1(37 ~y)°
1
< B (z —y)?
= Jdy)
1 d(z, Tx),d(y, Ty) d(x,Tz),d(y, Ty)
= g {d(:c, ) 1+d(z,y) =~ 1+d(Tz,Ty) }

where 3 = % < 1and s = 2. Thus T satisfies all the conditions of Theorem 2.4. Moreover
0 is the unique fixed point of T..

Other consequences of our results for the mappings involving contractions of integral
type are the following.

Denote A the set of functions ¢: [0, 00) — [0, 00) satisfying the following hypothesis:

(hl) ¢ is a Lebesgue-integrable mapping on each compact subset of [0, 00);

(h2) for any £ > 0 we have [ o (t)dt > 0.

Theorem 2.9. Let (X, d) be a complete b-metric space (CbMS) with the coefficient s > 1.
Suppose that the mappings S, T: X — X satisfy the condition:

d(Sz,Ty) [d(x’ Sz)d(z, Ty) + [d(z,y)]* + d(z, Sz)d(z,y)
/ , P(t)dt <k / d(xz,Sx) + d(z,y) + d(z, Ty) B(t)dt
0 0

forall x,y € X, where k € [0,1) is a constant with sk < 1 and ) € A. Then S and T

have a unique common fixed point in X.

If we put S = T in Theorem 2.9, then we have the following result.
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Theorem 2.10. Let (X, d) be a complete b-metric space (CbMS) with the coefficient s > 1.
Suppose that the mappings T': X — X satisfies the condition:

d(Tz,Ty) [d(% Tz)d(z, Ty) + [d(z,y)]* + d(z, Tz)d(z, y)]
/ Cmdt <k / d(z,Tx) + d(x,y) + d(z, Ty) S(t)dt
0 0

forall x,y € X, where k € [0,1) is a constant with sk < 1 and ) € A. Then T has a
unique fixed point in X.

Theorem 2.11. Let (X, d) be a complete b-metric space (CbMS) with the coefficient s > 1.
Suppose that the mapping T: X — X satisfies:

d(z,Tz),d(y,Ty) d(z,Tx),d(y, Ty)
T, max 3 d xT, y 3
[ voa < s | I X

forall x,y € X, where 3 € [0,1) is a constant with sf < 1 and ¢ € A. Then T has a
unique fixed point in X.

Theorem 2.12. Let (X, d) be a complete b-metric space (CbMS) with the coefficient s > 1.
Suppose that the mapping T: X — X satisfies:

d(Tz,Ty) d(z,y)
/ Y(H)dt < B / (t)dt
0 0

forall z,y € X, where € [0,1) is a constant with s < 1 and ¢ € A. Then T has a
unique fixed point in X.

Remark 2.13. Theorem 2.12 extends Theorem 2.1 of Branciari [4] from complete metric
space to that setting of complete b-metric space for integral type contraction considered in

this paper.

3 Conclusion

In this paper, we establish some unique fixed point and common fixed point theorems for
rational contractions in the setting of b-metric spaces. Also, as a consequence, we obtain
some results of integral type contraction for such mappings. Our results extend and gener-

alize several results from the existing literature.
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Abstract

Let Z be a ring with involution '+’. An additive map = — z* of & into
itself is called an involution if (i) (zy)* = y*x* and (ii) (z*)* = z holds
for all x,y € Z#. An additive mapping 0 : # — Z is called a derivation
if 6(zy) = d(z)y + xd(y) for all z,y € Z. The purpose of this paper is to
examine the commutativity of prime rings with involution satisfying certain
identities involving derivations.

1 Introduction and Notations

In all that follows, unless specially stated, % always denotes an associative ring with
centre Z(Z). As usual the symbols s o t and [s, t| will denote the anti-commutator
st + ts and commutator st — ts, respectively. Given an integer n > 2, a ring Z
is said to be n-torsion free if nx = 0 (where x € %) implies that z = 0. A ring
Z is called prime if aZb = (0) (where a,b € %) implies a = 0 or b = 0 and is
called semiprime ring if aZa = (0) (where a € %) implies a = 0. An additive
map z — z* of Z into itself is called an involution if (i) (zy)* = y*a* and (ii)

Keywords and phrases : Prime ring, *-ideal, involution, derivation
2010 AMS Subject Classification : 16N60; 16W10; 16W25
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(x*)* = z hold for all x,y € Z. A ring equipped with an involution is called ring
with involution or *-ring. An ideal / of R is said to be *-ideal of R if [* = 1.
An element x in a ring with involution is said to be hermitian if x* = = and skew-
hermitian if #* = —x. The sets of all hermitian and skew-hermitian elements of %
will be denoted by H(#) and S(Z), respectively. The involution is called the first
kind if Z(#Z) C H(Z), otherwise it is said to be of the second kind. In the later
case S(Z) N Z(#£) # (0). Notice that in case x is normal i.e., xzz* = z*z, if and
only if » and £ commute. If all elements in Z are normal, then # is called a normal
ring(see [15] for more details).

An additive mapping 0 : #Z — Z is said to be a derivation of Z if §(st) =
d(s)t+so(t) forall s,t € Z. A derivation ¢ is said to be inner if there exists a € Z
such that §(s) = as — sa for all s € #. For an automorphism «, an additive map-
ping 0 : #Z — Z is said to be a skew derivation of Z if (st) = §(s)t + a(s)d(t)
for all s,t € Z. Over the last some decades, several authors have investigated the
relationship between the commutativity of the ring & and certain special types of
additive maps like derivations, skew derivations and automorphisms of %. The cri-
teria to discuss the commutativity of prime rings via derivations has been studied
first time by Posner [23]. In fact, he proved that the existence of a nonzero cen-
tralizing derivation(i.e., §(z)x — xd(z) € Z(Z) for all x € Z(X) on a prime
ring forces that the ring to be commutative. Since then many algebraists studied the
commutativity of prime and semiprime rings via derivations, skew derivations or
automorphisms that satisfying certain identities (viz.; [2, 4,5, 6,7, 8, 13, 14, 19, 21]
and references therein). In [9], Bell and Daif showed that if R is a prime ring ad-
mitting a nonzero derivation 0 such that §(st) = d(ts) for all s,t € Z, then Z is
commutative. This result was extended for semiprime rings by Daif [11]. In 2016,
S. Ali et. al [3], studied these results in the setting of rings with involution involving
derivations(see also [12]).

In this paper, our intent is to continue this line of investigation and discuss the
commutativity of prime rings with involution involving derivations in more general
situation .

2 The results

We shall do a great deal of calculation with commutators and anti-commutators,
routinely using the following basic identities:

2y, 2] = ly, 2] + 2, 2ly and [, y2] = [z, y)2 + yle, 2] forall 2, y, = € R.
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Moreover
zo(yz) = (voy)z — ylx, 2] = y(xoz) + [x,y|z forall z,y, z € R.
and
(xy)oz = (zoz)y + x[y, 2] = x(yoz) — [z, z]y for all z,y, z € R.
We start our investigation with some well known facts and results in rings
which will be used frequently throughout the text.

Fact2.1. If Z is a prime ring and 0 # b € Z(#) and ab € Z(X), then a € Z(X).

Fact 2.2. If a prime ring Z contains a nonzero central ideal, then % is commuta-
tive.

Fact 2.3. Let Z be a prime ring and I be a nonzero x-ideal of Z. If x is an element
of I such that [z, [y, z*]] = 0 forally,z € I, then x € Z(X).

Proof. Substituting yw for y in the given condition, we obtain
[z, y|[w, "] + [y, 2¥][x,w] = 0 forall y, z, w € I.

In particular, for w = x, we have [z, y|[z, z*] = 0. Replacing y by ry, where r € %,
we get [z, r]y[z, 2*] = 0forall y,z € I and r € Z. This implies that [z, %] = {0}
or [z, I] = {0}. In both the cases, we can conclude that x € Z(Z%). O

Fact 2.4. Let # be a 2-torsion free ring with involution'x’. Then every x € % can
be uniquely represented as 2o = h + k, where h € H(Z) and k € S(Z).

Fact 2.5. Let # be a prime ring with involution 'x' of second kind such that
char(#Z) # 2. Let 6 be a nonzero derivation of # such that 5(h) = 0 for all
heSRZ)NZ(R). Then 6(x) =0 forall x € Z.

Proof. By the assumption, we have §(h) = O forall h € S(Z)NZ(Z). Substituting
k*(where k € S(Z) N Z(X)) for h, we get §(k* = 6(k)k + kd(k). This implies
that 2kd(k) = O forall k € S(Z) N Z(%). Application of Fact 2.1 yields 6(k) = 0
forall k € S(#Z) N Z(Z#). In view of Fact 2.4, we conclude that 26(z) = §(2z) =
d(h+ k) =0(h)+ (k) = 0 and hence §(x) = 0 forall z € Z. O

We begin with the following lemmas:

Lemma 2.1. Let Z be a prime ring with involution '’ of the second kind such that
char(#Z) # 2 and I be a nonzero x-ideal of R. If [x,x*| € Z(Z) for all x € 1,

then Z is a commutative Integral domain.
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Proof. Linearization of the relation [z, z*] € Z(Z) gives that
[z, y*] + [y, 2*] € Z(Z) forall x,y € I. (2.1)
Replacing y by yk, where k € S(#) N Z(%), we get
—|z, ¥k + [y, 2"k € Z(XZ) forallz,y € [and k € S(Z) N Z(Z). (2.2)

Combining (2.1) and (2.2), we obtain 2[y, z*|k € Z(Z) forall z,y € [ and k €
S(#) N Z(R). Since Z is a prime ring of char(#) # 2 with second kind invo-
lution, the above relation gives [y, z*] € Z(#) for all z,y € I. This implies that
ly, x| € Z(Z) forall x,y € I. This implies that / is commutative and hence % is
commutative. ]

Lemma 2.2. Let Z be a prime ring with involution '’ of the second kind such that
char(Z) # 2 and I be a nonzero x-ideal of R. If vox* € Z(Z) forall x € I, then
Z is a commutative Integral domain.

Proof. Linearize the given condition, we have
rzoy +yoxr € Z(X)forall z,y € I. (2.3)
Replacing z by zk, where k € S(Z) N Z(Z), we get
(xoy )k —(yoa")k € Z(Z)forallx,y € Iand k € S(Z)NZ(X#). (24)

Multiplying by £ to (2.3) and combining the obtained expression with (2.4), we
obtain 2(z o y* )k € Z(Z) forall x,y € I and k € S(#Z) N Z(X). Since X is a
prime ring of char(%) # 2, we obtain x o y* € Z () for all z,y € I. This implies
that x oy € Z(Z) for all z,y € I. That is

[zoy,r]=0forallz,y € [ andr € Z. (2.5)
Replacing x by 2t in (2.5), we get
(youx)[t,r] +y[[t,z],r] + [y, r][t,z] = 0forall z,y € [ and r,t € Z.

In particular, for ¢ = x the above relation reduces as (y o z)[x,r] = 0 forall x,y €
I'and r € Z. In view of Fact 2.1, either y o x = O or [x,r] = 0 for all x,y € [ and
r € % . In both the cases, we conclude that & is commutative. O]

Lemma 2.3. Let #Z be a prime ring of char(%#) # 2 and I be nonzero ideal of %.
If Z admits a nonzero derivation § such that [6(x),0(y)] € Z(Z) forall x,y € 1,
then Z is a commutative Integral domain.
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Proof. By the assumption, we have
[0(x),0(y)] € Z(Z) forall z,y € I.

Since [ and &% satisfy the same differential identities (see [17, Theorem 2]), then

we have
[0(z),d(y)] € Z(Z) forall z,y € Z%.

Thus, in view of [18, Theorem 2] % must be commutative. ]

Corollary 2.1. Let Z be a prime ring of char(%) # 2 and I be a nonzero ideal of
X. If 0 is a nonzero derivation of % such that §(z)6(y) € Z(Z) forall z,y € I,
then Z is a commutative Integral domain.

Theorem 2.1. Let % be a prime ring with involution 'x" of the second kind such
that char(#) # 2 and I be a nonzero x-ideal of Z%. If § is a nonzero derivation of
X such that [6(x),d(x*)] € Z(Z) for all x € I, then X is a commutative Integral
domain.

Proof. By the assumption, we have
[0(z),0(x")] € Z(X) forall z € I. (2.6)
On linearization of (2.6), we get
[0(x),0(y")] + [0(y),6(x)] € Z(X) forall z,y € I. (2.7
Replacing y by yh (where h € Z(Z) N H(Z#)) in (2.7), we obtain
([0(x),y*] + [y, 0(z")])d(h) € Z(R) forall z,y € I.

Fact 2.1 gives that [0(z), y*] + [y, 0(z*)] € Z(Z) forall x,y € I or 6(h) = 0 for
all h € Z(#) N H(Z). First, we consider the case

)-
5(2),y"] + [y, 6(2")] € Z(R) forall 2,y € I. (2.8)
Substitute y by yk (where k € Z(%Z) N S(Z)) in above relation, we obtain
(—[0(x),y"] + [y, 0(z")))k € Z2(Z) forall z,y € 1.
Using Fact 2.1 and the condition Z(%) N S(#) # {0}, we get
—[0(x), y*] + [y, 0(«)] € Z(Z#) forall x,y € I. (2.9)

Adding (2.8) and (2.9), we get 2[y,d(x*)] € Z(Z) forall x,y € I. This implies
that [x,0(z)] € Z(Z) forall x € I. Hence # is commutative (see [10, Theorem
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4]). Now, consider the second case 6(h) = 0 for all h € Z(#) N H(Z), and
hence §(z) = 0 for all z € Z(#) by the Fact 2.5. Replacing y by yk (where
ke Z(Z)NS(Z))in (2.7), we get

(—[0(x),0(y")] + [0(y),d(z"))k € Z(#) forall x,y € I.
This implies that
—[0(z),0(y")] + [0(y),0(z")] € Z(R) forall z,y € I. (2.10)

Combining (2.7) and (2.10), we obtain [0(y),0(z*)] € Z(Z) forall z,y € I. The
last expression gives [6(y), d(z)] € Z(Z) for all x,y € I. Thus in view of Lemma
2.3, #Z is a commutative Integral domain. O]

Corollary 2.2. Let # be a prime ring with involution 'x" of the second kind such
that char(#) #+ 2 and I be a nonzero x-ideal of %. If § is a nonzero derivation of
K such that §(x)d(z*) € Z(Z) forall x € I or §(x*)d(zx) € Z(Z) forall x € 1,

then Z is a commutative Integral domain.

Corollary 2.3. Let Z be a prime ring with involution '’ of the second kind such
that char(#) #+ 2 and I be a nonzero x-ideal of %. If § is a nonzero derivation of
R such that [0(z),6(x*)] + x o x* € Z(X) for all x € I, then X is a commutative
Integral domain.

Proof. By the assuption, we have [§(z),d(2*)] + zoz* € Z(Z) forall z € I.
Interchanging the role of x and z* and using the fact that [z, 2*] = —[z*, x|, we
find that [6(x),0(2*)] — z o 2* € Z(Z) for all x € I. On combining the last two
relations, we get [d(z),d(z*)] € Z(Z) for all z € I. Application of Theorem 2.1
gives the required result.

O

In [1], first author together with N. A. Dar proved the following theorem.

Theorem 2.2. Let Z be a prime ring with involution '’ such that char(%) # 2.
Let § be a nonzero derivation of % such that 6([x,z*]) = 0 for all x € % and
S(Z)N Z(#) # (0). Then X is commutative.

In the following theorem, we prove the same result in a more general setting.

Theorem 2.3. Let # be a prime ring with involution '’ of the second kind such
that char(Z) # 2 and I be a nonzero x-ideal of Z. If 6 is a nonzero derivation
of Z such that §([x,z*|) € Z(R) for all x € I, then X is a commutative Integral
domain.
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Proof. By the hypothesis, we have
d([z,z*]) € Z(Z) forall x € I. (2.11)
Substituting x + y for x in (2.11), we get
[z, y*]) + 0([y,z"]) € Z(Z) forall x,y € I. (2.12)
Replacing y by yh (where h € Z(#) N H(Z)) in (2.12) and using it, we obtain
([z,y*] + [x,y*])d(h) € Z(ZR) forall x,y € I. (2.13)
Taking x = y in (2.13), we arrive at
2[z,2*)0(h) € Z(X) forall z € I. (2.14)

Since char(#) # 2, so the last relation gives [z, z*]6(h) € Z(Z) for all z € I.
In view of Fact 2.5, we have either [x,2*]| € Z(Z) forall x € I or 6(h) = 0 for
allh € Z(#Z) N H(Z). If [x,2*] € Z(R) for all x € I, then by Lemma 2.1, Z is
commutative.

On the other hand if §(h) = 0 for all h € Z(#) N H(Z), then 6(k) = 0 for all
ke Z(Z)N S(Z). Replacing y by yk in (2.11) and using it, we get

20(ly, "))k € Z(#) forall x,y € I.

This implies that §([y, z*]) € Z(Z) forall z,y € I. By taking = z*, we have
My, z]) € Z(X) forall x,y € I. By [4, Theorem 3.12], # is commutative. This
completes the proof of the theorem. [

Corollary 2.4. Let Z be a prime ring with involution 'x" of the second kind such
that char(#) # 2 and I be a nonzero x-ideal of %. If ¢ is a nonzero derivation of
X such that 6(xx*) € Z(R) forall x € 1 or §(z*x) € Z(X) for all x € I, then

Z is a commutative Integral domain.

Corollary 2.5. Let Z be a prime ring with involution 'x" of the second kind such
that char(Z£) # 2 and I be a nonzero x-ideal of Z. If § is a nonzero derivation of
R such that §([x,2*]) + x o x* € Z(X) for all x € I, then X# is a commutative
Integral domain.

Theorem 2.4. Let Z be a prime ring with involution'«" of the second kind such that
char(Z) # 2 and I be a nonzero *-ideal of Z. If ¢ is a nonzero derivation of %
such that 6 (zox™) € Z(Z) forall x € I, then Z is a commutative Integral domain.
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Proof. By the assumption, we have
dxoz*)e Z(X)forallz € 1.
Linearize the above relation, we have
dzroy")+d(yox™) € Z(#) forall z,y € I. (2.15)
Substitute y = yh in (2.15), where h € Z(Z%) N H(Z), we obtain
(xoy* +yoxz*)o(h) € Z(X)forall z,y € I.

This implies that z o y* + y o z* € Z(#Z) forallx,y € [ or 6(h) = 0 forall h €
Z(Z)NH(Z). Firstly, we consider the case xoy*+yox* € Z(Z) forall z,y € I.
In particular for z = y, we have 2(z o 2*) € Z(Z#) forall z € I. Application of
Lemma 2.2 yields the required result.

On the other hand if 6(h) = 0 for all h € Z(#) N H(Z), then by Fact 2.5 we
conclude that §(k) = 0 forall k € Z(#) N H(Z). Replacing y by yk in (2.15), we
get

(—0(xoy*)+o(yoa™))k e Z(Z) forall z,y € I.

This implies that
—0(xoy")+d(yox*) e Z(X)foral z,y € I. (2.16)

Adding (2.15) and (2.16), we obtain 20(y o z*) € Z(#). Hence 0(y o z) €
Z(X) forall z,y € I. Therefore % is commutative in view of [22, Theorem 7].
U

Corollary 2.6. Let Z be a prime ring with involution 'x" of the second kind such
that char(#) # 2 and I be a nonzero x-ideal of %. If 6 is a nonzero derivation of
R such that 6(x o x*) + [x,x*] € Z(Z) for all x € I, then X is a commutative
Integral domain.

Theorem 2.5. Let # be a prime ring with involution '’ of the second kind such
that char(#) #+ 2 and I be a nonzero x-ideal of %. If § is a derivation of # such
that §([x, x*]) + [x,2*] € Z(X) for all © € I, then % is a commutative Integral
domain.

Proof. By the assumption, we have

O([x,x"]) + [x,2"] € Z(#) forall z € I. (2.17)
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If § = 0, then by Lemma 2.1 % is commutative. Now, assume that § # 0. Lin-
earization of (2.17) gives that §([x, y*]) + d([y, z*]) + [z, v*] + [y, 2*] € Z(Z) for
all x,y € I. Taking y = y*, we get

[z, y]) +0([y*, *]) + [z, y] + [y, 2*] € Z(#) forallz,y € I.  (2.18)

Replacing y by yh in (2.18) and using it, we obtain ([z, y] + [y*, 2*])d(h) € Z(Z)
for all z,y € I. By Fact 2.1, we have either [z,y| + [v*,2*| € Z(Z) or §(h) = 0.
Consider the first case

[,y + [y*, "] € Z(X) forall z,y € I. (2.19)
Taking yk for y in (2.19) (where k € Z(Z) N S(Z), we get
([z,y] — [y, "))k € Z(Z) forall x,y € I. (2.20)

Multiplying by % to (2.19) and combining it with the obtained relation, we get
[z, ylk € Z(Z#) for all z,y € I. This implies that [z,y] € Z(R) for all z,y € I.
By the Fact 2.3, I C Z(Z). Therefore in view of Fact 2.2, % is commutative.
Now, consider the second case 6(h) = 0 forall h € Z(#) N H(Z). By Fact 2.5,
we have 0(z) = 0 for all z € Z(Z). Replacing y by yk in (2.18) using the fact that
d(k) = 0, we obtain

O([z,y]) = o([y*, «*]) + [z, y] — [y*, 2] € Z(Z) forall z,y € I.  (2.21)

Adding (2.18) and (2.21), we get 0([z, y]) + [z, y] € Z(Z) for all z,y € I. Thus in
view of [16, Theorem 1] % is commutative. ]

Similarly, we can prove the following:

Theorem 2.6. Let # be a prime ring with involution '’ of the second kind such
that char(#) # 2 and I be a nonzero x-ideal of %. If § is a derivation of # such
that §([x, x*]) — [x,2*] € Z(Z) for all v € I, then % is a commutative Integral
domain.

Corollary 2.7. Let Z be a prime ring with involution 'x" of the second kind such
that char(#) # 2 and I be a nonzero x-ideal of %Z. If ) is a derivation of % such
that §([x,x*]) + x o x* € Z(R) for all x € I, then X is a commutative Integral
domain.

Theorem 2.7. Let # be a prime ring with involution '’ of the second kind such
that char(#) #+ 2 and I be a nonzero x-ideal of %. If § is a derivation of # such
that §(x o x*) + x o x* € Z(ZX) for all x € I, then X is a commutative Integral
domain.
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Proof. By the assumption, we have
d(xox")+zoa* e Z(X)forallz € 1.

If 9 = 0, then by Lemma 2.2 &% is commutative. Now, assume that § # 0. Lin-
earization of the above condition gives that

droy ) +o(yox")+xoy +yox' € Z(X)forallz,yel. (2.22)
Putting yh for y in (2.22), where h € Z(Z£) N H(X), we get
(xoy +yoz)i(h) € Z(Z)forallz,y € 1.

This implies that (z o y* + yoz*) € Z(Z) forall x,y € [ or 6(h) = 0. Consider
the first case (x o y* + y o z*) € Z(#) for all z,y € I. In particular for x = y, we
have 2(x o z*) € Z(Z) for all z € I. Since char(Z#) # 2 and in view of Lemma
2.2, % is commutative.

Now, consider the second case §(h) = 0 for all h € Z(#) N H(#). By the Fact
2.5, we have §(z) = 0 for all z € Z(Z#). Replacing y by yk in (2.22), where
ke Z(%#)N S(#), we obtain

(=0(xoy")+d(yoa™) —(xoy")+yoa")k € Z(X)forall z,y € I.
Since Z(Z) N S(#Z) # {0}, and in view of Fact 2.1, we conclude that
—0(zoy)+d(yox™) — (zoy*)+yoa™ € Z(X) forallx,y e [. (2.23)

Adding (2.22) and (2.23), we obtain §(y o z*) + y o x* € Z(Z). This implies that
dyox)+yox e Z(X) forall z,y € I. Therefore % is commutative in view of
[22, Theorem 10]. This completes the proof of the theorem. 0

Similarly we can prove the following theorem:

Theorem 2.8. Let % be a prime ring with involution 'x" of the second kind such
that char(#) # 2 and I be a nonzero x-ideal of %Z. If ) is a derivation of % such
that §(x o x*) —x o a* € Z(X) for all x € I, then X is a commutative Integral
domain.

Corollary 2.8. Let # be a prime ring with involution '+’ of the second kind such
that char(#) # 2 and I be a nonzero x-ideal of %. If § is a derivation of # such
that 6 (xa*) +xa* € Z(X) forall x € I, then X is a commutative Integral domain.

Corollary 2.9. Let Z be a prime ring with involution 'x" of the second kind such
that char(#) # 2 and I be a nonzero x-ideal of %. If § is a derivation of Z such
that 6 (xa*) —xa* € Z(R) forall x € I, then Z is a commutative Integral domain.
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