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Abstract

We study the critical points of early tumor growth when proliferation rate and

killing rates of tumor cells are not time dependent, proliferation ratc is time dependent
even as killing rate is not so. It is found that critical point of tumor cells decreases when
proliferation rate increases and critical point increases when killing rates arc increuses

fbr both the rates are not time dependent. Critical point also increases when killing
rate increases fbr time independent killing rate and time dependent prolit'eration rates.

We have also studied tumor cells increases when time increases lbr time dependent

prolil'eration rate and killing rate.

Introduction

Modeling of early tumor growth give an insight in to how a tumor develops with tirue.

Critical point plays extremely significant role in early tumor growth theory. Critical point is

a point below which tumor extinct. Now a day's tumor extinction is a challenging problent

for medical practitioners and biologists. Ali et al. (2003) studied the steady state properties

of tumor cell growth and discussed the eff'ect of correlated noise. They investigated that the

degree of correlation of the noise can cause tumor. Fory's et al. (2005) performed a critical
point analysis of for three variable systems the represent essential process of the growth of
the angiogenic tumor such as tumor growth, vascularization, and generation of angiogenic

lactor (protein) as a function of effective vessel density. Cui (2006) studied existence of a

Keywords and phrases : Critical point, proliferation rate, killing rate, Transient statc (Depcnding on

trme).
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statinary solution to a tumor growth model proposed by Ward and King with biologically
reasonable modification. Mathematical formulation of this problem is a two-point fiee
boundary problem of a system of ordinary differential equations, one of which is singular
at boundary points. Cui and Xu (2007) studied two mathematical models for the growth of
tumors with time delays in cell proliferation, one for nonnecrotic tumors in the presence o1'

inhibitors, and the other for necrotic tumors. Behera znd Rourke (2008) sturiied the effect
of noise in an avascular tumor growth model. They considered the growth mechanism is the
Gompertz model. Jing and Yong (2010) have discussed the eff'ect of multiplicative noise
and the time delay on tumor extinction. In this paper, We have investigated the critical
points of early tumor growth when proliferation rate and killing rate of tumor cells are not
time dependent, proliferation rate is time dependent while killing rate is not so and both the
rates are time dependent.

2 Modeling of the Problem

Let us consider proliferation rate (r) satisfies the differential equation

rr-kwithrr(0) :r,,

Where r(f ) is the number of cells within a solid tumor at rime l, r is the rate ar which the
cells prolif'erate and k be the killing rate of tumor cells. r' can be taken constant or a functiop
of time f .

3 Proliferation and Killing Rate are not Time Dependent

First let us assume tumor cells proliferate at constant rate r'.

From eq. ( l), 1.F. : pJ -rdt : s-rt
Then solution of ( l) is given by

tr.e n : [ -n"-"dt * Cr, Where C1 is integrating constant.
.1

r(t):t+Ct"nr
On applying initial condition, the solution reduces ro

r(t):r:oett+L1-,)'1

Let us integrate (2) definitely from I : 0 to I : l, we get

(1)
dr
d,t

(2)

(3)

?,- ik,,-"d,)
f:en (4)

2



Critical Point Analysis of Early Tumor Growth with Time . . . 3

The critical point is given by

7
ro - I ke--"dt.

.t
0

(5)

4 Proliferation Rate is Time Dependent

Now let us take r as a function of f i.e. r(l) : 
=t 

then (l ) becomes

dr1
dr - 5(1 

* sin r)r : -,k (6)

Now I.F. : e/ ]{i+"i"t)at : 6- j(t-"o"r) The solution of (6) is given by

r.e.\kost-t): [-*r,itcost-.t)47 e).t

Instead of integrating indefinitely (7), we will solve it definitely from t : 0 to t -_- f
t:t,t:x t

| , 
["*o (],-,,, -,)) ,] 

: -* / "*o(i,,,.," t - o)at
t:0,2::ro 0

/ 1 \[ ' . Ir: cXp (-;,-. , - ,)) 
l,o"*n1i, - 

* | "*r(1,,"", - ,t) ,r,l (8)

L ,'' / l
Since exp (-](cos t - t)) > 0 therefore r(t) -+ 0, when

t

rspt/3 - A, [*o (1(cosr - 11) ar = o
./ ' \3 /
0

t

r:o - (''np ["*u (]i,',,r, - ,l) ,, (r))

/'\'' /
The critical point is when rs just equals that expression and since the integral is an in-
creasing function which reaches a limit, we can say the following about the critical point
lLr'-

rc: kt' '/'7 ", 
( t ' \

J 
(p (-(r'os, - ,l 

) 
O,

0

r": bk, where b: J.7876e-1/3

Special cases: (i) if we take r(t) : 1*#*, then b : 5.0893e 1/3

(ii) if r(f) : 1t#tl,then b :2.3417e-113
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5 Proliferation and Killing Rates are Time Dependent

If we take r(t) : 
=- 

and k(t) : sin t, then (i) reduce itr

d,r 1

; - ;(, * sin l):r : - sitt t. (10)

The solution of (10) is given by

,.")(ro", ,, - 
.[- 

sirr /ei(<rrr/-/)71 (11)

On solving (11) definitely from I : 0 to I : t, we obtain

/ t, \[ ' I
r: €xp (-i,.",r - r)) 

1,,,",r,t 
;, 1..r,(](,,,,r -,,) o,l

For r(l) -+ 0, we must have

1i
ro exp(, ) - / sin, 

"*o (]tco", - ,)) rlt : 0 (12)

(l

In this case, the critical point is given by

,"I /1 \
f,, : € '/' .l 

si t exn (f (,'ot t - t) 
) 

,lt

0

r" : eall211.gq64

Special cases: (i) k(t) : t2, tr": e 11276.2796

(ii) k(r) : cosfr r.: s-1129.o964
(iii) ,k(r) : 1 * cost, tr.: e-t123.3275

6 Conclusion

In summary we have studied the critical initial tumor below which the tumor will extinct at

various proliferation and killing rate of tumor cells. When we take prolif'eration r21g -b+l
thentumorextinctionpointis 3.7876e-t13 timesof killingrate. I1'wetakeproliferationrate

point for diff'erent time dependent proliferation and killing rates. The present study may be

heipt'ul for biologists and mathematicians in tumor extinction theory.

(1:r)
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Fig. (i) shows that critical points decreases when time independent

proliferation rate increases for different time independent killing rates. Fig. (2) interprets

that the critical points increases while time independent killing rate increases for various

time independent proliferation rate. Fig. (3) indicates that critical points increase even as

time independent killing rate increases for the time dependent proliferation rate. Fig. (a)

is a graph between tumor growth and time for the time dependent proliferation rate and

killing rate. It depicts that the tumor grows as time goes up to infinity.
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Abstract

In the present paper we established bilateral generating relation of Laguerre

Polynomials in to mixed trilateral generating relation in generalized form, from the

point of view of Lie group. Some applications of our result are also discussed, which

are believed to be new.

I Introduction

The Laguerre Polynomials Z,f) is defined by the following generating relation.

, / -rt\(l - r)-o'rexp (, _ r)

Chongdar (1990) has proved the result on

Laguerre Polynomials as fbllows :

: i L[i)@)t"
It:0

bilateral generating relation

(1.1)

involving

Ifthere exists a linear generating relation ofthe fbrm :

G(r,t): i o,tl!14t"
rl:0

Keywords and phrases : Laguerre Polynomials, Trilateral Generating functions.
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then

O + 4a exp(-rz)G[z(1 + z),tz]: i Znon(r,t) (1 3)
n:O

where on(r,t) : #r"* (h) tf-"*^) (r)t^

In the present paper the above generating relation is generalized in the form of mixed
trilateral generating relation by the use oflinear partial differential operator.

2 Main Result

Theorem : If there exists a generating relation

G(r,u,r) : i a,rf)@)s.(u)tn
n:o

then

(1 + z)' exp(-uu).G(* + -u,u,tz) :f z*o.,(r,u,t) (2.2)
n:o

where rt /
o,(r,u,r) : i \a#tfi#)@)g*(u)t*

*--4 m!

The importance of the above theorem lies in the fact that whenever there exists a
generating relation of the form (2.1), then the corresponding mixed trilateral generating
relation can be written down from (2.2), thus it is seen that one can get alarge number of
mixed trilateral generating relation from (2.2) by attributing different values to an in (2.1)

Proof: For Laguerre polynomials fP) @), we consider the following linear partial
differential operator B as :

(2.3)

[cf. Chongdar, 1984]

such that

*: r* -,

(2.1)

(2.4)R&9) @)ao "") 
: - y@+t) (*)y"+t r"

"'R f 
(*,a, z) - exp(-uy)f (r * ug,y, z)

and also

(2.5)
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Let us now consider the generating relation

G(r,u,r):io.Lf)@)s,(u)t, (2.6)

Replacing tby tz in above relation and multiplying it by y* on both sides, we get

aoG(r,u,tz) : ir,1rffl @)y'zn)s.(u)t, (z.T)
n:o

Further on operating both the sides of (2.7)by erR, we have

e*R(yoG1r,u,tz)) : e-Rir,1lfl@)yozn)g,(u)tn (2.8)
n,:o

Applying (2.5), the left side of (2.8) becomes

," (,.T)o "*p7--u)G(r + ruu,u,tz) (2.e)

Similarly applying (2.4) , the right side of (2.8) becomes

t* [: 
e#r*@)t*Lf+*)1r1v'+*)z' (2 10)

which further i"rd on simplification

oo [-! 1-11-r- /^., ^\ It lf #n*1"1t*rfJff)@)a"fulr)*l "" e:1)
":o L-lo ttl' l

Now equating(2.9) and (2.11), and on putting wy-| :1, (q) : 1, rhe rheorem is
readilyesrablished. 

" \z/

3 Applications

(i) By putting w : 0 : e, Z : t,Lf:#)(r) : fn(r) and e#- : Cnin (2.2), we

oo

G(x,u,r) :I Cnf,,(r)gn(u)t" (3.1)

which is due to McBride (1971) 
n:o

(ii) On considering following well-known bilinear generating relarion (McBride, 1971,
p'40)

(1 - 1;-r-""*o [:!("1]4.l .n l-;1 * a; , 
u*t 

.1't 1-t I L \1-t)2)
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: i ,.'l . Lf)1r1tf)1u1t" (3.2)

?-(1* a)n-"

Now putting an : ..-', gn(u) : f.l?) @) in theorem (2.1), and applying the result

(3.2), we obtain

(1+u)o( r-tz)-l-o 
"*p l-r* - 

tzQ !:t!-+ tr)] .., 
[-: 

I r ^; 
Iil##]

: i znon(r,u,t)
rl:0

Further on simplification, we arrive at

(1 + u),(1 -tr)-,-ou*p l-wu-tz\{+u) I u", [-,I +o: 
u({+uu)-i:'l

'^vI r-i: ]"-'L (l-/:)r l

: I znon(r,u,t)
n--O

(3.-1)

(3.3)

where

on(r,u,r) : i ,i ,')T Lf*I'(r)rf?)(u)r''
"^\L+a)mm--l)

which is seems to be new result.

(iii) Finally, we consicler the following generating relation (Weiener 1955, p. 1037).

(r-r;-i-'-'[1 -t(l -z)],*r(*) ," [-t';1*ar 6-#h=n]
oo

: f zFt(-n,u; 1 * rr; u)tf') 1r)t"
n:0

On putting an:7,gn(u) : 2F1(-n', -u:l * a;u) in theorem (2.1), we obtain

(1 +,r)a(1 -t")-r-o-.[1 -l:(1 -u)]?'"rr(-r', -Vi:i)t')

I (t * wu\ut: I
tFt l-a;1 r- a;

L (r-tz)1l -tz(r-")ll
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oo

: I z"or(r,u,,t)
rt:o

Further on simplifying, we arrive at

(1 + u)'(1 - tz)-l-'l'-.,11 - tz(t - u)lu"-, 
[- (T=#)]

I (r * utt\tttz 'l

rFr l-u;1+a: ---# |

L'' *' 
A ttai[t -t.1t -")].i

: i znon(r,u,t) (3.5)
n:o

where

on(r,u,r) : i effq1') @)rFr(-rn, -u:t + a; u)tm
rn:o
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Abstract

The effects ol'Mass transfer and Joule heat on transient tow-dimensional non-
Darcy magneto hydrodynamic convection flow of micropolar fluid over an infinite,
vertical, permeable, moving, flat plate embedded in a saturated porous medium with
constant suction and viscous dissipation are numerically investigateci. The plate nroves
with constant velocity in the longitudinal direction and the free stream velocity is
assumed to have a constant value. A uniform transverse magnetic field acts
perpendicular to the permeable plate, which absorbs rhe micropolar fluid with
constant suction velocity. The effects of material parameters, viscous dissipation and
Joule heating on the velocity profile, temperature fields and concentration protile as

well as on the skin friction, local couple stress and local Nusselt number are analyzed.

Keywords and phrases : MHD, Mass Transfer, Frce convection, viscous dissipation, p,orous mediurn.
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I Nomenclature:

A Dimensionless parameter(lvt + llK*)
Bo Magnetic flux density

C Concentration

C 1 Skin friction coefficient
Cp Specific heat at constant pressure

D Mass diffusivity
Ec Eckert number

g Gravitational body force per unit mass

Gr Grashof number

Grn Modified Grashof number
j Microinertia per unit mass

J Dimensionless microinertia density

k Thermal conductivity
K Permeability of the porous medium
K* Dimensionless permeability of the porous medium

M Magnetic parameter

M. Wall couple stress

Nu Nussult number
p Pressure

Pr Prandtl number

Sc Schmidt number

I Time
T temperature

u,u Velocity components along and perpendicular to the plate respectively

U Dimensionless along the plate

Uo Scale of free stream velocitY

Vs Suction velocity
r,a Axial and transverse coordinate respectively

X,Y Dimensibnless axial and transverse coordinate respectively
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Greek Symbols:

a Effective thermal diffusivity
13 Micropolar parameter (viscosity ratio)

0t, 0z Coefficient of volumetric expansions of the working fluid
Spin gradient viscosity
Electrical conductivity
Fluid density
Coeffi cient of gyroviscosity
Fluid dynamic viscosity
Kinematic viscosity of the fluid
Fluid kinematic rotational viscosity
Dimensionless temperature
Dimensionless concentration
Angular velocity (microrotation)
Dimensionless angular velocity (microrotation)

T Dimensionless time
Ttn Local friction factor
f Forchheimer number

Subscripts:

p Plate

lD Wall
oo Free stream

2 Introduction

The theory of micropolar fluids originally developed by Eringen (1966) has been a
popular field of research recently. Micropolar fluids zre those consisting of randomly

oriented particles suspended in a viscous medium, which can undergo rotation that can

affect the hydrtdynamics of the flow so that it can be distinctly non-Newtonian fluid.
Eringen's theory has provided a good model to study a number of complicated fluids, such

as colloidal fluids, polymeric fluids, and blood, and they have a nonsymmetrical stress

tensor. The analysis of the mixed convection heat transfer for an electrically
conducting micropolar fluid over a vertical plate embedded in a non-Darcy porous medium
has important applications in several geophysical and engineering fields. These

applications include magneto hydrodynamic (MHD) generators, geothermal re-source

extraction, petroleum resources, nuclear reactors, and boundary layer control in the field
of aerodynamics(SoundalgekarandTakhar, 1977). Theeffectsof amagneticfieldof MHD
flow of a micropolar fluid without heat transfer in different configurations, such as flat plates

and wedges embedded in a Darcian porous medium, were investigated by several workers
('Iakhar and Beg, 1977; Kumar, 1998).

Kim Youn (2001a, 2001b, 2001c) studied the case of transient two-dimensional fiee
convection of incompressible, electrically conducting fluid over a permeable, moving,

7
o
p
A

ll
u
ur
0
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a
o
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vertical plate embedded in a Darcian porous medium, neglecting the effect of viscous

dissipation and Joule heating. Raptis and Kafbusias (1982) considered the efl-ect of a

magnetic field on steady free convection flow through a porous mediunt bounded by an

isothermal vertical plate with constant suction. Mohammadien (1999) presented a

similarity analysis of axisymmetric free convection of micropolar fluid over a horizontal

infinite plate subjected to a mixed thermal boundary condition in a clear domain. Sattar et al.
(2001) presented a local similar solution of the viscous dissipation on fiee

convection and mass flow rate of electrically conducting Newtonian fluid over a moving,

infinite, vertical, permeable plate in a clear domain with constant suction. Sattar et al.

(2000) studied analytically and numerically the transient free convection flow of a

Newtonian fluid over a vertical permeable plate immersed in a Darcian porous medium

with constant suction. Al-Odat (2OO2, 2OO3,2W4) analyzed the effect of the Forchheimer

extension model on transient natural convection flow of Newtonian fluid over a vertical,

permeable plate with suction, neglecting the viscous dissipation elTecl Yih (2000)

investigated numerically the effect of viscous dissipation, Joule heating, and heat source

/sink on a non-Darcy MHD flow over an isoflux permeable sphere in a porous medium.

Hossain (1992) considered the effect of viscous and Joule heating on MHD flow over a

semi-infinite plate with surface temperature varying linearly with the distance liom the

leading edge in a clear domain. El-Hakiem et al. (1999) studied the effect of viscous

dissipation and Joule heating on MHD free convection of micropolar fluid over a

vertical plate in a clear domain with a variable plate temperature. El-Hakiem (2000)

investigated the effect of viscous dissipation, thermal dispersion, and Joule heating on

MHD free convection of rnicropolar fluid over a vertical plate in a clear domain with a

variable plate temperature. Recently, Al-Odat and Damseh (2008) have discussed on

viscous dissipation and Joule heating effects on transient non - Darcy magneto

hydrodynamic convection flow of micropolar fluids past a vertical moving plate.

It is worthwhile to note that the earlier studies on MHD flow of micropolar lluid in
a porous medium were based on the non - Darcy model. The reported works that take

into account the effect of viscous dissipation and Joule heating were conducted through a

porous medium. Therefore the objective of this work is to investigate the combincd etTects

of mass transfer and Joule heating on a non-Darcy MHD mixed convection of micropolar

fluid through porous medium over a permeable, moving, vertical, flat plate with constant

suction and viscous dissipation. Also, the effects of different flow and material parameters

on the thermal and hydrodynamic characteristics are investigated.

3 MathematicalFormulation

Consider the transient, two-dimensional, laminzr, non-Darcy mixed convection flow of
incompressible and electrically conducting mircropolar fluid over a vertical, pcrmeable,

moving plate embedded in a saturated porous medium with constant suction. A transverse

magnetic field of strength .86 is acting on the flow, as shown in fig.(a)

The plate is assumed to be of infinite extenq therefore all the flow vzriables dcpend on
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t1 andt only (i.e., the flow variables are not dependent on the vertical or axial coordinate).

Initially, the fluid inside the porous media is stagnant at temperature T,o and concentration

Co,r, and the plate is at rest. At time , > 0 the whole system is allowed to move with
constant velocity, the plate temperature is heated isothermally, and its temperature is raised

to 71,.,(> 7;), which is thereafter maintained constant. The induced magnetic field is
assumed to be negligible so that B : l}(0,.B0,0). The equation of electric charge

conservation V../ gives J, : cooStzlt, where J : (Jr,,Iy,.l"). Since the plate is

electrically non-conducting, this constant is equal to zero, and hence ,ls :0 everywhere in

the flow. Viscous dissipation, Joule heating and the inertial term are taken into
consideration. The permeability of the porous medium is assumed to be constant. All the

fluid properties are assumed to be constant, except that the influence of density

variation with temperature is considered only in the buoyancy force term. Also, it is

assumed that both fluid and solid matrices are in thermal equilibrium. Under the above

assumptions, and along with Boussinesq approximation, the governing equations are (Kinr
Youn, 2001c; El-Hakiem et al., 1999).

Equation of Continuity

-0
Equation of Linear Momentum

(1)
0u
Ay

"Bi
l)

* sgr(l' - T'-,) + sgz(C - C*) + 2r,!
(, ll

Equation of Angular Momentum

Equation of Heat Thansfer

ffi@'*";)
Equation of Mass Thansfer

0u du l}p .02u u F .)

ot*"or: pa*-f\u*u')6rz- Ku fitt-*

AC AC A2C

u+'or:Doy,

/ tlu Duu \ d*tu(a,"or):.0r_

07: 0:r 02?^ u / 0u\2
at*"or:n0,,* "r\A) 

+

(2)

(3)

(4)

(5)

Where r1!J are the dimensional distance along and normal to the plate, respectively,

and (u, rr) are the velocity components along the x-axis and the y-axis respectivelv', u.t.,r,

and .y are the kinematic viscosity, the kinematic rotational viscosity and the spin gradi-

ent viscosity respectively, o is the electrical conductivity of the fluid, i)r and i32 are the

coefficient of volumetric expansions of the working fluid respectively, /30 is the magnetic

induction, C, is the specific heat at constant pressure, p is fluid density, rr is the effective
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thermal diffusivity, D is the effective mass diftusivity, r"., is the component of the angular
velocity normal to the rgr- plane (called the microrotation velocity), and K is the perme-
ability of the porous medium.

The appropriate boundary conditions are

u(t,o) : up, 0r"'!t' 0) : -*, 7.(t,0) : T-, c(t.t)1 - g,,, I0y 0y'' - \"' "/ ^ ul I (6)
u(t, m) - fJro, t,,(1, oc) : 0, t|(f, m) : T*, C(f . cc) : C*, )

and the initial conditions are

z(y,0) :0, (y,0) :0 I
T(y,o): ?*, Ci;,'o;: a | 0)

From the continuity equation, it is clear that the suction velocity normal to the plate
is a function of time only, but for our convenience, we assume it is a constant velocity V6.

Thus integrating eq. (1) results in

u : -Vo (8)

Where Vs is the constant suction velocity normal to the plate. The negative sign in-
dicates that the suction is directed toward the plate. Outside the bounda-y layer, eq. (2)
yields.

10P u F ., oB?

ia*: Kuo*,/K";+-frLn

* -^H: (u * ",)# + fi@n- z) + h,"i- r,r;+ "f ,,0 -,u

+s |t(T - T*) gz(C - C-) + 2r,,!,

,,(X-,uH)-1#

*ar - "r,l

(e)

Substituting eqs. (8) and (9) into eqs. (2), (3), (4) and (5), the governing equarions can

be written as

A'f --Of 02T u /0u\2
a-vooa:"W*A\A) +

(10)

(1 1)

(12)

(13)

along with their
introducing the

ac ..0c ^02ca-uuuo:Dw
For more convenience of the subsequent analysis, eqs. (10) - (13),

boundary and initial conditions, can be written in dimensionless form by
following dimensionless parameters:
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,:uo". y:oYlY, u:+,
u dI' U*

U, -- !2-u*

^ (r-ru)
" (T'' - T*

, (C - C*.)/\-*- (cn-cr")

o- , Ec: UL K*:
Cr(T'' - T*')'

A ui , jv,i
tt

VoU,-

llj 2 . 't)r oD|" 1

't 
:7:r;B'l:;' tt:ff' J=)t-r*,.--PC, ' ''ll-,

KA

Where Q is the dimensionless microrotation, I.f is the magnetic field parameter, 11* is

the dimensionless permeability of the porous medium, J is the dirnensionless micro inertia

density, Gr is the Grashof number, Grn is the modified Grashof number, Pr is the Prandtl

number, Sc is the Schmidt number, 6 is the viscosity ratio, I is the Forchheimer number,

and Ec is the Eckert number (viscous dissipation parameter).

Moreover, the spin gradient viscosity 1, which relates the coefficients of viscosity and

micro inertia, is defined as

/ L\ / d\ A,: (r:;)i - pt ('.;) ,o:', (1r)

Where is the coefficient of vonex viscosity or gyroviscosity. Then the dimensionless

forms of the governing equations become

# - #: (1 + il# + A(rp - u) :t@2t' - u2)

af)
*Gr? -t CmO -f2J .-- 0Y

ao ao L a2o 
+ E,(Y\ + EcL't(t)' - uil (17)

a"- oY: PraYr-"'\N) 
-rDt

ao ao t 026

a, - aY: *# (1rr)

The corresponding boundary conditions are

a({,.0) :_(f!\ okn) :1U(r,0): Up, -i-: - (*r7r__u
(J(r,oo) : l, O(r, cc) : 3' 0(r' oo) : Q,

a() ar) 1 a2Q

0r 0Y \ 0Y2

(1I-r)

(16)

o(r.0) : 1 \
o(r,,:c) :0 I

( 1e)

I
l
*
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and the dimensionless initial conditions are

U(Y.0) :0, 0(y,0) = 0 ')

g(Y, O; : g, OV,O): 0 J 
(20)

The physical quantities of great interest are the local skin triction coefficient and thc
local Nusselt number. Once the velocity field in the boundary layer is obtained, the skin
friction at the wall of the plate can be written as

The Iocal mass transfer coefficient in terms of the sherwood number can wriil.en as

C!:
PLInVt

The local heat transfer coefficient in terms of the Nusselt number carr written as

*0ul_Nl,_o

(*\
Ntt,:r '"'uT--Tn

Nuue^l : ?0 |" 0Y ly-o

/ ac:\
*7,.-, \W)''

C. - C,n

ShRt:,l :

Where Re;l :70' i, the Reynolds number.
U

The wall couple stress is defined by

^r _tu2oul _ao1lvtlt) - offd lr:o: Nlo:o

(21)

(22)

(23)

(24)

Qrr)
dol
Nl,,-u

(26)

By analogy with the ordinary friction factor, the wall couple stress can be explained as

a sort of friction factor associated with the angular velocity. This factor represents another
type of flow irreversibility that results from the angular velocity gradient at the wall-

4 Solution Methodology

The dimensionless governing partial differential eqs. ( l5) - ( l8) with rhe rclevant initial and
boundary condition eqs. (19) - (20) were solved numerically by means of an implicit finitc
difference technique that was described by Patanker ( 1980). Applying central dift-erences
for time zrrd spatial derivatives in the governing equations, a nonlinear system of equations
is set up over a non uniform grid to accommodate the steep velocity and temperature at the
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wall. The produced nonlinear algebraic system of equations was solved using the Gauss

Seidcl iteration schenre. The velocity, the angular velocity. and the ter-nperature at an lcj-
vance point in time 7: (n + 1)Ar werecomputed using the solution at r: (rr)Ar (note

that rr : 0 corresponds to the initial condition). The basic tirre step used in this calculation
was Ar - 5 x 10 L. The iteration continucd until the dcsired results wcre obtainccl with
thc followi ns c()nvergencc critcrion:

,.1

(27 )

Where ./ stands for U. O. 0 and o. 'n refers to tiule, and I refers io space coordinatc.

A grid independence study was carried out with 41 x .11. (ri ;,< (ji. and lil x Ii mesh

sizes. The results obtained using a finer grid of 81 x d1 do not reveal discernible changes iri

the predicted heat transl'er and flow field. Thus, owin-e to computationai cost and accurucl
considerations, a 41 x 41 mesh size was used in this investigation.

5 Results and discussion

In the present investigation, the condition lbr )' -+ ,rc is replaced by an identical t)oc itt

\.,,rar, which is a sufflciently large value of u where the velocitv profile approaches thc

relevant tiee stream velocity. In this study, ll,,,a.r:.: 1.-1 has been chosen.

The effects of viscosity ratio ;1, on the velocity and microrotation arc shown fig.-t l)
and (2).It is obvious that the velocity decreases with increasing the vaiue of viscosity ratitr
(ll) fbrmicropolar fluid. Furthernlore, the nricrorotation increases as thc viscositr, ralio (,i)
increases. The eff-ect of the viscosity ratio (,J) on fluid temperature is insignificant anci thus

not presented here.

In figures-(3), (4) and (-5), shows the effect o1'the Forchhcirncr number (inc-rtial pa-

rameter) l' on thc velocity, microrotation, and temperature prolile. It is clear that the axial
vclocity decreases as l increases because l represents an additional resistance fbrce to the

flow, thus slowing down the fluid. This. in turn, decreases the fluid temperature (as shown

in fig.- 4). However, the effect of the inertial pararneter (I') on the nricrorotation is plotteti

in fig. - (5), it shows that angular velocity of micropolar fluid increases with increasing the

values of the inertial paranreter (f ).

For differe nt values ol'the permeability parameter 1{. increases, the velocity and mi-
crorotation profiles are plotted in figures - (6) and (7). Obviously, as 1i* increases, the

boundary layer tends to increase, then decays l.o the free stream velocity.

In figures - (8), (9) and (10), illustrates the variation of velocity, nricrorotation and

temperature for diflerent values of the magnetic parametcr i1. it is clear that increasing

the magnetic parameter results in decreasing velocity and microrotation profilc across the

f { .lJn+t.t Jn.t l< l(t-,;
Jr,+1.i l-
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boundary layer. However, an increase in ,4.,1 results in a significant increase in the tempera-
ture, which may be attributed to the increase in the Joule heating effect with ,t{.

Figures - (11), (12) and (13), shows the effect of Eckert number Ec (viscous dissi-
pation factor) on velocity, microrotation and temperature distribution. As expected, an in-
crease in Ec leads to an increase of the velocity and microrotation decreases with increasing

of the values of Eckert number Ec. The viscous dissipation has a particularly significant
effect on the temperature. A sort of self-heating may be notified, which may raise the

temperature locally above the wall temperature before it decreases to the free stream tem-
perature.

Figures - (14), (15) and (16) presents the effect of plate velocity [i, on velocity, mi-
crorotation and temperature profiles across the boundary layer. It can be seen that the peak

value of the velocity decreases as the plate velocity increases. However, the microrotation
increases as the plate velocity increases. For Uo ) Un, the velocity behavior is reversed

(i.e. the fluid velocity decreases with Y until it reaches the free stream velocity), and the rni-

crorotation has a positive value and a reversed behavior. The ternperature profile decreases

due to increasing the values of plate velocity (Uil in figure - (16).

The effects of Grashof number Gr on axial velocity, microrotation and temperature
distributions are displayed in figures - (17), (18) and (19). It is clear that an increase in Gr
leads to a rise in the values of both velocity and temperature but decreases the microrota-
tion. The positive values of Gr correspond to a cooling plate by natural convection.

Figures - (20), (21) and (22) present the effects of Gm on the axial velocity, microro-
tation and temperature across the boundary layer. It is observe that an increase in Gm leads

to an increase of the velocity, but microrotation prolile decreases with increasing the value

of modified Grashof number. However, an increase in Gm results in a significant increase

in the temperature profile of boundary layer.

Figures - (23), (24) and (25), shows the effect of Prandtl number Pr on velocity,

microrotation and temperature profiles. It can be seen that as Pr increases, the velocity
decreases, but the microrotation increases. AIso, as Pr increases the therrnal boundary
layer thickness decreases and a more uniform temperature distribution across the boundary

layer is established. The reason is that reducing the value Pr is equivalent to increasing

the thermal conductivity, and hence rapid heat diffusion from the heated plate is obtained.

Therefore the boundary layer is thicker and the rate of heat transfer is reduced.

Figures - (26), (27), (28) and (29), shows the effect of Schmidt number Sc on velocity,

microrotation, temperature and concentration distribution resp. As expected, an increase

in ,Sr: leads to decrease of the velocity and microrotation increases with increasing of the

values of Schmidt number ,9c. Schmidt number (,Sc) has a particularly significant effect on

the temperature. It decreases to the free stream temperature. The concentration distribution
decreases with increasing the values of Schmidt number Sc.
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The dimensionless velocity, angular velocity, temperature and concentration distribu-

tion at different dimensionless times are shown in figures - (30), (31), (32) and (33). It
can be concluded that the velocity increases with time. Near the surface, the velocity pro-

file increases to maximum, and them it decreases and, finally takes an asymptotic value

(free steam velocity). In addition, the momentum boundary layer thickness increases as

r increases. Moreover, the thermal boundary layer thickness increases, and microrotation

decreases with increasing the value of time (r). The temperature gradient at the wall de-

creases; hence the heat transfer rate decreases as r increases. The temperature profile is

large near the surface of the plate and decreases far away from the plate, finally taking as

asymptotic value. However, an increase in r results in a significant increase in the Concen-

tration profile ofboundary layer.

Finally, the effect of the Eckert number (Ec), Forchhiemer number (f), rnagnetic

parameter (M), Prandtl number (Pr), Schmidt number (^9r) and viscosity ratio (J) on the

skin friction coefficient (Cy), wall couple stress (/V1.-) and Nusselt number (liu) rue shown

in figures - (34), (35) and (36). The skin friction coefficient (C7 ), wall coupled stress (114,,)

and Nusselt number (N,,) increases due to increasing the values of magnetic parameter (r'11)

and Eckert number (Er:), However, As decreases with increasing the values of Forchhiemer

number (l), Prandtl number (Pr), Schmidt number (,Sc) and viscosity ratio {,'i).

6 Conclusions

The theoretical solution for studies the effects of mass transfer and Joule heating on tran-

sient, two - dimensional, non - Darcy MHD mixed convection flow of electrically conduct-

ing micropolar fluid over a vertical, permeable, moving, flat plate embedded in a saturated

porous medium with constant suction and viscous dissipation and subjected to a transverse

magnetic fleld are numerically investigated. The study concludes the tbllowing results.

l. The velocity of micropolar fluid decreases with increasing the values of viscosity ratio

(0), Forchheimer number (f), magnetic parameter (,Lf), Prandtl number (Pz') and

Schmidt number (Sc). But the velocity increases due to the increasing the values of
permeability parameter (K*), Eckert number (.Bc), Grashof number (Gr), modified

Grashof number (Gm,) and time (r).

2. The peak value of the velocity decreases as the plate velocity increases-

3' The microrotation increases as the viscosity ratio (iJ) increases'

4. The angular velocity of micropolar fluid increases with increasing the values of the

inertial parameter (f), plate velocity (t/p) , Prandtl number (Pr), Schmidt number

(Sc) and permeability parameter (7(*).

5. The microrotation decreases with increasing of the values of Eckert number (Ec),

Grashof number (Gr), modifled Grashof number and time (r).
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6. The etfect of the viscosity ratio (r/) on fluid temperature is insignificitnr and thus not
presented here.

The temperature of micropolar fluid decreases with increasing Forchheinter nun.iber
(f ), plate velocity (Li,), Prandtl number (Pr') and Schmidt number (5r:).

An increase in J1 results in a significant increase in thc temperaturc, which may be
attributed to the increase in the Joule heating eflect with (11). The viscous dissipation
has a particularly significant eflect on the temperature. A sorl of self--heating may be

notified, which ntay raise the temperature locally above the wall tentpcraturc beforc
it decreases to the free stream tenrperature.

The temperature profile increases due to increasing the values of Grashol nurnber
(Gr'), modified Grashof number (Grn) and time (r.1.

10. The concentration profile decreases with increasing the values ol'schrnidt nuntbc-r
(Sr). An increasc in tirne (r) results in a significant increase in the Corrccntration
profile of boundary layer.

In Micropolar fluids, the skin fiiction and heat transf'er rate arc lower than Newtonian
fluids for smaller vortex viscosity but higher fbr larger vor-tex viscosity. The numcrical
result shows that the micropolar fluid reduces the drag and surtace heat transf'ct'rate. Fur-
thermore, this study indicates that the presence of a magnetic {icld in micropolar fluids can
serve as an effective drag reduction mechanisrn.

The hydrodynamic and thermal boundary layer thicknesses increase progressiveil,
with time. As time elapses, the local skin friction coclficienr increases, whcreas thc io-
cal heat transfer rate decreases.

7.

8.

9.
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1111;.
the p.'oblem under consicieration.Fig.- (a): Schematic of
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Abstract

If we know (n - 1) independent solutions of the homogeneous equation associated

to an arbitrary n,th order linear differential equation, tI : 3,4. then here we give

expressions to construct one more solution of homogeneous equation and the particular

solution for the original equation. It is easy to generalize our approach to 'Ir, : 5, 6, ' ' '

I Introduction

If for the second order linear diff'erential equation

p(*)y" + q@)a' + r(y) : a(r), (1)

we have the solution 91(r) of its homogeneous equation

Pa" + QUt * r'Y :11' (2)

then it is well known [] how to obtain g2(r) satisfying (2), and the particular solution

er(r) of (1) is

Keywords and phrases : Linear differential equation, Wronskian.

AMS Subject Classification: 34405, 34430.

az(r): r,@) I #or,ap(r) 
: r,@ I T** - vt@) l" T**. (3)
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where li' i. tt 
" 

non-null Wronskian of the indepenclent solutions of (2)

(4)

Here we generalize the results (3) to linear diflcrential equation of third and tburth grder.

2 Third order linear differentiil equation

Now we consider the linezr diff'erential equation

u.(r)g/" + p(r)a" + ,t@)a' + rQ): p(r). (5)

with y1(r) and y2(r) verifying the corresponding homogeneous equarion

try"' + plJ" + Q,g' 1_'rt1 : 11. (6)

rv: exp (- l'i")

and we must find one more solution of (6) and the particular solution of (5). In fact, it is
possible to prove that

as(t:):r,td / ##0, - atk) .[' ff;,,,, (7)

f'' u't3d, , , , l'' tr'31 a. !"'' u,t.,,.tvr(r) : ,,@) J .;;0, * az(r) : art*) J l=un,, * y,'(,) .f ;;,t, (d)

with the Wronskians

r4l: exP (- l' i,n)

W : -V;1 : gi!/1 - yjyl, i *.i.
It is importanr to note the identities

ArWzs * azWs-t * a:tWn : 0,

u'rWzt * azl\';tt * a'rW'rz : 0.

a'iwzz + arwy * u'.twp : l4'.

3 Fourth order linear differential equation

This case is for the linear differential equations

,,Q')llI\' * u,(r)y"' I p(r:1,1y" * q(t:).y' * r(.:r)u : e\r:), (iZ)

and we know that llt(r').'yz(r) k'u:t(t:) are solutions of its homogeneous cquarion

(e)

( 10)

(11)
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,t,,,.11\' + uy"' + p,y" + q,a + ru :0.
therefore

*t(r) = vr(r)f'ffinr*v.(;rt f 
'l!!!-;,,t

+yr(.r') [',u'"'b,o,r,1.
J ( u)t:;l j-

ape) : -yr(.,.) l. +?,or*u,e) | T?,,,,-

-yt(r) [' 
u'"'t 9art + yoel I 

tt't'):t Q 
r,t.

Ju'r'.Ju'i'
verify (13) and (12), respectively, such that

(i3)

( 1-1)

(15)

w : exP (- l" ln) , wtj*:

with the interesting identities

-'ytWzt,r + y2wr47 * AtlVtl2 -t AtWt23 : 0.

-y|Wzsq * U'zWt^, * A|Wuz * lJ'rWrz, : 0,

(17)

-y'iWzzq * U'rWr+, - .u|!W'nr, + y'nl,I;rr, : 0.

-?)''' 14"l,t''' I Y'2'Wg41 - Y''' \\'o''- I 'r1't'I4'''"t' : I{ '

We consider that the relations (7), (8), ( I 4) and ( l5) are originals, which can be extended to
linear differential equations of higher order.
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Abstract

A simple method to obtain the Lewis invariant associated to Ermakov -Milne-
Pinney equation is given.

We accept that 91 and yz are independent solutions of the second order differential
equation

p(u)a" + q(*)y' * r(r)y : g. (1)

then [1 ,2]

verifies

pa"+qa'*ry:6,
where

W =YrY'r-Azar: exP ,- l"'rOrr.
For the Ermakov [3]-Milne [4]-Pinney [5] equation, we have

ap(r) : o,rd I #i r, - at(r) f' #f, or, (2)

p:r, q:o, d:\, o>0. IV:1,

(3)

(.1)

that is

Keywords and phrases : Lincar diflerential equation, Lewis invariant
AMS Subject Classification : 34A05, 34430, 34C14.
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'y" + r.u *

and from (2), we get

with

ai+rY,:0, J:1,2.
It is easy to calculate the Wronskian, from (7)

ApU'') - az9'7,: - l' 'ff ,,,,

becauseW:1,then

*e)
therefore

: ;t ffu"

thus ff : 0 where 1 is the Lewis invariant [6-81 given by

t -. t,2
I:"(:\ +fup!)L-utu'r)'). (i(r)

\Ap /
We thus have obtained the Lewis invariant given by ( l0) in a simpler manner. From
[9, l0] we find that

ut i- r,osin (- J" t' # * ,r,) .

(11)

ltz : ;ly, Cos (- A f' fi * .t,) .

which verify (7) and (8) ; besides [5]

ao : Jcra? *2c2y1E2 + caa'|, ct : c3 : rt. cz : tt. (12)

In (10) we can employ the expression (11) for 92 to deduce the exacr value ol Lewis
invariant

u.-.
U''

er': e: l' ff ,t,t - e, l"; u,,

(6)

(i)

(8)

(e)

#*H : -fr l' ff ct1 : -+,* ([' # 0;)'

:*(#)': - |{,w,,,- !tz!t',,),

I:rt (13)
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Abstract

A mapping I" : R - -+ rR acts as a multiplicative homomorphisrn 1rcsp. a nrulti-
plicative anti-homomorphism)on a subser S of a ring Rif I'lr u): I'(;:)l'(y) tresp.
F(ry) : F(y)F(.r)) for all e', y € S. Suppose that r/ is any tunction on R and ,.i is
a non-zero Jordan ideal o1?. If a 2-torsion free prime ring l? admits a function f' sat-
isfying lr(ry): F(*)y + t:d(u) forall:r:. y e ,1, which also acts as a multiplicative
homomorphism ( or as a multiplicative anti-homomorphism) on ./. then it is shown
that either d : 0, F : 0 or F is an identity map on fi.

1 Introduction

Let r? be an associative ring with center Z(R)..R is said to be 2-torsion free il' 2r : 0
yields :i: : 0. Recall that 7? is prime if o,Rb : 0 implies a : 0 or b : 0. For r. y € Il .

l*,'y): x;?J - yx: and e-'o '!J : x,y f yr. An additive subgroup ,t of R. is aJgrdan ideal if
roreJforallre,Iandr€.B.WeshallusewithoutexplicitmentionthefactthatifJ
is a Jordan ideal of ,?, then 2[R, R],1 C ./ and 2.f lR, R) C J ([8], Lemma 11. Moreover,
frorn [l] wehave 4jR3 c J, 4fRc ./and 4Rj2 c./ fbrall j € .I.An additive mapping
d:R---+Eiscalledaderivationifd(ry):c|(r),y+.rd(u)holdsforallpairst:.yeR.
An additive mapping F : R ----+ R is said to be a generalized derivation associated with a
derivation dif F(ry) : F(r)'y + rd(y) holds for alt pairs r.t1 e R.

Keywords and phrases : derivation, gcncralizcd derivation, multiplicativc cndomorphism, Jordan idcal
AMS Subject Classification : 16W25, 16U80.
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A mapping F : R. --+ R acts as a rnultiplicative homomorphisr-r-r (resp. a multiplica-

tive anti-homomorphism) on a subset S of R if F(t:y) - f(r:)F(y) (resp. F(r'y'1 :
F.(y)F,(r)) for all r.y € S.

In l2l, Bell and Kappe proved that if r/ is a derivation of a prirne ring B which acts as a

homomorphism or as an anti-hornomorphism on a nonzero right ideal 1 of Ii. then r/ : [) on

R. There has been a great deal of work concerning specified derivations acting as a hotnr,'-

rnorphism or an anti-homomorphism on some distinguished subsets of 1l (scc lbr example ,

t3l, t5l, [6] and [7]). tn this direction, Rehman in [6] considereci generaiized derivations ol'

a 2-torsion free prime ring R acting as a homomorphism or as an anti-hontontorphistn on a

non-zero ideal of .R. This result was further extended by Gusic [4] in a rnore general set-

ting by assur-ning a function ,F on R (not necessary a generalized derivation nor an additive

function) which acts as a homomorphism or as an anti-homomorphisin on a nortzero ideirl

of a prime ring 1?. Our purpose in this paper is to extend above mentioncd re-sult lo a Jordan

ideal of R.

2 Main results

Throughout this paper, R denotes a 2-torsion liee prime ring, ./ a nonzero Jordan ideal and

F: R --+ Randd: R ----+ Rarefunctionssuchthatf(z'g) - F'(r)y-, r!(u) forall
r,y e R.

We shall make some use of the ibllowing well-known facts:

Fact 1. ([8], Lemrna 2.6) lf aJb :0, then a : 0 or b : (1.

Fact 2. ([8], Lemma 2.7) lt lJ,.I1 : {0}. then .l C Z(R).

We leave the proofs of the following easy facts to the reader.

Fact 3. If E is nonconlmutative such that o,ir',ryjb '- 0 for all t.ry € .1. r' € fr, then

n,:0orb:0.
Fact 4. lf ,I C Z(R), then Il is commutative.
Fact5. If[a,,r2] :0forall :r€J,thenaeZ(R.). Inparticulaqifi.rz.tl2j:}tbrall
:r','y €.,I, then R is commutative.

Theorem I Let Rbe a2-torsionfree prime ring crnd d be un_v-J'undion on Il (not neL'as-

sarily additive). let F be emy.function on R.(not necessurily additit'e) satisjj'ing F(.r"u\ :
F (r)y + rd(y) for all r. y e R. and ier .I be (I non-z,ero Jordan ideul in I? .

(r)IfFactsasamultiplicativ'ehomomorphi,smon'J,thend,:0utclF:0rtrF:Iri-
(i'i,) If F acts as muLtipliccttive anti-lnmontorphism on .1, tlrcn al -- 0 trncl F - {) or
F(r') : r for all r' € R. (in this case R is commutative).

For the proof of our theoretn we need the following Lentmas.

Lemma I If F actsosuhomomrsrphismon J antl d(rr) :0fbrall :t'e ,l,tlrcncl .=0an<1

( either F : 0 or F(r') -- r Jor ull r < R).
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Proof. From d(.r) : 0 tbr all z € J it follows that

FQ:)F('Y): FQ,)y torall :r:. y €.i

and thus

F(.r)(f (,v) - y) :0 for all r, L1 e .T. ( l)

If 1l is comurutative, then equation (1) together with prinreness yield

F(r:) : 0 lbr all r e .I or F'(;z:) : r' lbr all r: € ./.

Usingthefactthat2rr-rox.€Jforallre,I.r'eRtogetherwith2-torsionfreeness,
in both the cases, it is easy to see that d : 0 and F(r) : r fbr all t. e R..

If 1? is not commutative, then replacing rby 2:rlr,'u,u] in (l), in light of 2ir. rirl € .,r. we
get

F(.r:)[r. ur'](F(y) - y):0 fbrall u. r,.:r, y e .1. r'e ]?. (2)

ln view of the Fact. 3, equation (2) implies that i-("r:) : 0 fbrall .r.€ .l or F(t) - .r, : t)

for all r € J. Assurne that F(-f,1 : i0).Since 4;:2r e .,I for all r' € .l.r' € /?. )-rorsion
freeness forces

:lrt1r):0 forall r € ,I.r e It.. (3)

Rcplacing .r'hy .r' + y in(3t we obrain

(r o'y)d.(r): 0 for all :r:.,y € ,1. r € R. (-1)

Substituting 2l.s.t)y fbr.y in (4), where s,l € /?. we ger l;r, [.s. i]]ud(r) : 0 so that

j.ls.t)]Jd(r) : 0 fbr all r e ./. s. /, r' € /?. (-5)

In light of Fact. l, equation (5) implies that either rl : 0 or i.r'. is.l]t - il ibr all .r' ir
J. s.t € .1?. As the later case forces R to be commutative, which contradic:ts our hypothesis.
then d - 0.

From 0 : F'(4r't]) : LF(r)i2, it follows that

F(r):r2:0 fbrall r€,I.re I?. O)

As equation (6) is similar to equation (3), arguing as above we arrive ar -F - 0.
Now assume that I'(:r:) : r for all r € ./. Using F'(4ti2 r') .,. -!.121' wc get

I,r2r': I(4.r2)r' + 4id,(r) - 4tlr'* 4t.'2dQ.)

which, becausc of 2-torsion freeness. forces

,,2r11r1:0 fbrall -r'€ ,l.r e ll. (11

Since equation (7) is the same as equation (3), reasoning as ahove r,1,g get 11 : 0. Usin-s
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4r'12 : F(r(ar)) : 4F(r):r2, it follows that

(F(r) - r):r2:0 forall r €.1.r'€ R

which leads to F(r) : r for all r e .R.

r
Lemma 2 Assume that F acts as aruultiplicative homontorphisnr on .l . lf I:(2ir. ri,rl ) -.
2lr,uu)forallu,u e J, r e R,thend:0and leither l' : i) or I-(r): r'.lbrull
reR).
Proof. One can assume that R is not commutative, otherwise our Lemma is without interest.

We are given that

F(2lr,uu)) :21r,'uu) forall Tr,'D € J, r'€ /?. (8)

Replacing u by 4i)'r in (8) we get [r, 'utiz)d(r) : 0 and thus

ulr,t2)rt(r) +lr,'u)t2d.(r'):0 forall u. r,€ J. r € R. (9)

Substituting 2ls,t)u, for u in (9) we find that lr,ls,t)lut.ld,(r') -- t) and hence

[r.ls.t)]Ju2ct(r) :0 fbr all 1r € .1, r'. s.1 € -B' (l0t

Using Fact. l, the last equation implies that fbr all r € R, either d(.r') -- 0 or [r'. i.s,l]1 : 1;

for all s,t e R in which case we find that r € Z(R).
Letr e R;if r e Z(R) as F(2[sr',zu]) : 2lsr,uul by (8), then it follows that

ls,uu)d(r):O fbr all u,u e .1. s € R. il,.1

Replacing s by st in (11) we arrive at

ls,uulRd(r): 0 for all u.u e .1, .s € B. (12.1

In light of primeness, as -R is not commutative, equation (12) assures that d(r') : 0. Hencc,

in both the cases we have d(r) - 0 for all r e Rand thus d : 0. Applying Lemrna l. we

have either F : 0 or F(r) : r for all r e R.

I

Proof of Theorem l. (i) lf niscommutative, then 2r;j e J lbrall'r e R..:j e .1. Since J? is

2-torsion free and f'acts as ahomomorphism on.l arguing as in (a) ol ([4], Theorem l),
then weconclude that d : 0, and either .F. : 0 or .F.(r) : r forall r e R.

Suppose that,R is noncommutative; for u,u,r,A, Z € J, and r". s € R we have

F (41r, uulls . ry)z) : F (21r, uu)(2[s . ry)z))
: F(2lr,u,ul)F (21s, ry)z)
: F(2lr,uul)F(2ls,ry])z + 2F(2lr'. uu])[s, r'yld(:).



Function acting as a multiplicative homomorphism (or anti-homomorphism) "' 6l

On the other hand

F(41r, ur)ls. r'ylz) : FQlr,uu)ls. rul)z * 'lir. luji'- .ruidl:)
: F(21r. u,r.,])F, (21s. ru)); * 11r'. iri'lis..ru)d(z)

In such a way that
(F-'(2h". rrr,l) - 2[z'. ur])[.s. t:yld(z) - Q. ( 13)

Using Fact. 3 together with equation ( l3) we deduce that

F(2lr.z.,]) - 2lr..lzj:0 lbrall z,t' € J. r e R. or r1(:) :0 lor all z e J. (l4l

Applying Lemma I together with Lemma 2, equation (14) assures that d : 0 and ( F : 0

or,P(z:) : :r for all t e R).

(ii) Suppose that -F-acts as niultiplicative anti-homomorphism on ./. Using the Iact that

F(4r'[r'. u,t,]2) : F((2tlr.ut'])(2[r. ur:]))

: 2F(t:(2lr. ur,]))[r,ut,] f 2rtr.. rtrkl(2ir'. rrr'l)

: 2F(2lr.uu])F(.r,)[r.zrl + 2:r:lr. ucl,d(2ir'. ur'])

together with

F(4rlr', ur;)2) : F(2lr.rzr,l)F(2r[r. ur'])
: 2F(21,r, u.t,])F(e;)[r',ur,] + F(2lr', url)r'd(2il, ur,l)

we deduce that

2rlr,rruld(2ir', ur,]) : F(2lr',u't:l):rd(2lr,utr]) fbrall tr, r'^.r e .1. r'€ fi. (l-s)

Replacing e: by 2[s,l]z: in (15), where s. f € -R, we get

2ls,t)rlt',uu)d(.21r. uu]) : F(21r.r.li,])[s, tjtd(2ir.ut'1) forall rr.r'. .r e ,1,r.s.t € R.
(16)

Left multiplying equation ( l5) by [s, l] we find that

2ls. f]:r:[r', ut)d(21r. trr']) : ts. t]F(2[r'. 1v])tcl(2lr'. ttt'),). (11J

Comparing ( l6) with (17) we conclude that

lF(2lr.zt,]. fs. t.fl,f dQi'r.ur'l) : 0 fbr all u.. L' € ,l.t'. s.t . R. i i8t

By virtue of Fact. l, equation (18) yields d(2lr.utl\ : 0 or F(2ir. ui'l) e Z(R'1.|n the

later case we claim that d(2lr,uu)) :0. Indeed, suppose that d(2ir. urr') * 0: we irave

2F(t:y)lr'.u;t;) + .ryd(21r,'ur.']) : F(:r(2ut1r,u L:)))

: 

{'${l.[*,,,,r,ij, '
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This yields that

:r'yd(2lr.u'u]): F(u)rd,\2lr.Trul) for all :t'.q e .1. (19)

Replacing rby 2ls,t]r in (19), where s. i € R. we obrain

l:;.t)ryd(21r, rr,'ul) : F(y)lt,tlr:d(2lt'.ut,)). (20)

Left multiplying equation (19) by [s,l] we obtain

ls,tlryrl(2lr', u?,]) - ls.t)F|u)L:d (2[r'. ur,]). (21)

Comparing (20) with (21) we conclude rhat

[f (y). is,t])Jd(2|r, zul) : i). {.221

Inviewof Fact. l,since d(2lr.uul) +0.Q2) yieldsF(.r) e Z\R) fbrali .r: €-../.Thus
.F' acts as a multiplicative homomorphism on J and (r) fbrces ri -_- 0 whicir eontracliur\
d(2lr,uul) I 0. Therefore, in both the case, we have d(2ir',rnl) == 0 for all rr. rr € .1. r e
R,
Now from

F(21'r,u,u))F(u)F (t:) : F(2t:y|r. u r:'t)

2F(;t:y)lr, u.r,l

: 2F (u) I'(t')lr'. tt r''t

: F ( q) f'(2.r1'. u t'', i

: F' fu)r- Qlr,ui'l)F1r')
it follows that

lF(Zlr, uul), F(y)]I,(Lr) : tl fbr all u, 'r:\:t:. tt e ..I. r' e 11. (23)

Replacing rby 2lt,ap)r in (23), where <t, ! e ,1, t e Il. we ger

lF(21r. ur,],1, .F (y;][r. o.i1t1(.r') - r). (]l;
Now Fact. 3 together with equation (24) forces lF(21r, uu]).r'(y)i : 0 fbr all rr. r.. 17 r::

J,r e Rord(r):0forallr € J.WeclainithatthelatercaseleadstoiF(2ir. 111:1i.il'(11'l -.
0. Indeed, it rl(r) : 0 for all r € ./ then using our hypothesis we havc

F(8ry2 z2) : FQ:(8u2 z2))

: BF(r)y2 z2 (,si,'n,u' d(8y2:r) : i1.1.

On the other hand

F(8ry2 z2) : F@(2a'2)(4:2))
: F(t:(2'y2))(422) (s'inrr: d(.i22) - 1;1

: F(zsl)F(r)(4r')
: r(Y27r(uz2)
: F(grz2y2)
: 8F(r)22u2
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and thus

F(r)[A2, r'] : 0 for all r,y e J.

Replacing r by 2rfr,uu) in rhe last equation we ger

F(r)[r,u,u]1y2, 
"21:0 (26)

using Fact 3 together with Fact 5, we concrude that _r? is commutative or F(t:) :0 for allr € J. Hence in all the cases we get

[F(2lr,uu]),F(r)): 0 for all u.u,r e J,r € .R.

Therefore, in lighr of d(2lr,uu)) :0, we have

2F (r)[r. u,,u) : F (2rlr,u.rr]) : F (2[r..ut:))F (r) : F (t:) F (2[r., uu] )

in such a way that

F(r)(F(2lr,uul) - 2[r, u,u]) : g.

Replacing rby 2r[s.yz]in (27), where y, z e J, s € ,R, we ger

F (r)[s, y z)(F (21r, u,u]) - 2lr, uul) : g. (28)

Hence Fact. 3 yields thateither F(r) : 0 forall z € ..I, so rhat F : rl,: 0 or F(2lr.ri1,]) _
2lr',uul:0forallu,u € J. r e R.
Assume that

F(2lr.,uu)) -2lr,uu):0 forall u,1 e J, r e I?. Ogt
Replacing u by 4u2r we ger [r,ut:2lrt(r): 0 so rhat

ulr.itd.(r1 + [r,u]u2d,(r) : 0 for all u,,r,- e .1. ,r e R. (30)

Since equation (30) is the-same as equation (9), reasoning as above we get rJ : 0. Using
Br[r,'u.2u]: 8]'(r)[r, u2u]. irfollows that

(.F(r) - r)[r,du): 0 for atl u,,u e ,].r. e R.

which leads to F(r) : r for all r e Rand our hypothesis reduces to lJ, J11: 0. Using Fact
2 together with Fact 4 we conclude that .R is commutative.

I
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Abstract

We consider the space-time obtained by Pandey-Sharma and Modak. with spheri-
cal symmetry and zero Weyl tensor, to show that the Sen's Theoreln is incorrect.

Pandey-Sharma [2] and Modak [] have obtained the space-time with sphericai symmerry
whose metric is given by

ds2 - tli +r2rl02 + r.2si,2 0tle'2 - (1 + B{t)r2'irlt) (il

where B(l) is an arbitrary function. With the relations of Synge [4], it is possible ro cai-
culate the corresoonding non-null components of Rieniann, Ricci and Einstein tensors, and
the scalarcurvature [(r'') : (r.0.o.t)]. These colnp()nenrs are given hy

Rt,ttt :28(1 + Br'2). R3a3a: sin2 LRtnt: rl siu2 dfir.,r n 28
ll...tti: l)_. Bi,

Es3 : sin20E22 : 12sin20Rrr, l?.r.r : -68(l + B/). 6: lD 
.1+ [)iJ

Grt : -f ,"r, : sin2 0G,2:r2 sin2 0G11. G11 -- 0

From equations (2), it can easily be shown that the Weyl tensor equals to zcro. This clearl,v
implies that the spacetime metric given by (l ) is conformally flat.
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On the other hand, the Sen Theorem is given by (t3l)
"lf Ra is conformally flat and its curvature tensor has the structure

R,i.jk,,,: E(R*Ri* - Ri*Rjx) + F(g*S.irn - 9tm!).ik), (3)

with E I O and F scalars, then Ba has class one (that is, it accepts a local and isometric

embedding into Es)".
With (2), we find that the Riemann tensor verifies t3) for E - -$ ancl f' : *. However,

the spacetime (1) is not of class one; and thus it is a counterexample for the theorem of Sen

(t31).
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Abstract

In this paper, a new class of diagram algebras which are subalgebras of G-Brauer

algebras called the " Cyclotomic Brauer algebras of C(r,p,n) type" are introduced.

the structure and representations of such algebras are studied and the matrix units tbr

the Cyclotomic Brauer algebras of G(r.p,n) type are also computed. For that, we

constructed matrix units of the Complex reflection group (J(r, p, n ) by extending the

results of the generalized symmetric group.

I Introduction

The complex reflection group G(r. p, zr,) is a normal subgroup of the generalized symmetric

group G(r,1,n). We can restrict the inequivalent irreducible representations of the gen-
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eralized symmetric group G(r,1,rz) defined in [7] to get rhe inequivalent irreducibie rcp-

resentations of the complex reflection group G(r',p,n). Also we cornpute the primitive

idempotents fbr all the paths in the Bratteli diagram of the complex Reflection group using

the primitive idempotents of the generalized symmetric group cornputetl in [9] and hence

finally we find the matrix units for the complex Reflection group.

In [8], the representations of Zr-Brauer algebras are studied. These aigebras are now

known as Cyclotomic Brauer algebras. In this paper, we introduce a new class of Brauer

algebras over the field K (rc,)o<n<"_r, which are sub algebras of 2,. - Braucr algebras

overthe fieldK(rr)r.7, where {rs)sez, and {rq,}o.i<.-, are indeterr-uinates and ( is the

primitive rth root of unity. This new class of Brauer algebras will be called as Cyciotomic

Brauer algebras of G(r,p.n) type and it is denoted by I)(](r't'n'). Moreover, the ideal gcn-

erated by ("r) in p{;(r,p,n) coincides with the ideal generated by (c1) in Dz, . where l):,,

is Zr-Brater algebra.

As in [6] and [l2], rhe semi-sirnplicity of these algebras over K (r.c,)n<,s, 
1 are es_

tablished, whererq;.0 ( 'i S r - l are indetenninates and ( is the rtl'primitive rot'rtoi'

unity.

Using the matrix units of the complex reflection group compuled in this papcr and the

matrix units of Zr- Brauer algebras computed in [9], we compute the matrix units lbr the

Cyclotonric Brauer algebras of G(r., p,.n) type.

Preliminaries

Definition 2.1. (U11, tj2.1)

A partition of non - negative integer n, is a ,\equence ofnon - negatir;e inregers A :

l)l : )r *,\z i... *.17 : 71.

The non-zero ),;'s are called parts of \ and the number of non - zero purts i.s c.ulletl the

length of ),. The notation ), I n denotes that A is a partition oJ'n.

In other words, the partition of .n. can also be definetl as

,, ^: 
(nrn,(n _ l)r*-r,...,2r2,f))

such thatLr.ro: nfor ri's ) 0,ri denote the number of tintes i ttccur as u part.
;-1
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2.1 generalized symmetric group

Definition 2.2. ([4], \4.1 )

S,,isthe symmetric group onn.svrnbolsandputU;: {.f lt: {r.2.....Ii} - Z,\
then define

Z,lS,,: {(.F, ")lf eZ').o e Sn}.

Zr l Sn is a group under the composition de.fined bv

(f ,o)(f',o') -- ff f'"'oo')
where(f f')(i): f (i)+ f'(i),, e {1,2,...,rt} and fo: f oo 1.\bro e S,,and

I e Z?.This group is called the generalized svmmetric group. The group 2,. I 5,, c(ln ulso

be denoted as G(r,7.n).

Note l. lG(r, 1, n)l : lZ,l" lS"l : r".nt.

The following are the generators of the generalized symmetric group.

h,:],1'1'1"1'l"l'
i

si:1" I. 1" X
The abOve n generators h1, s1, s2, . . ., s12-1 of the generalized symmetric group satisty

the following relations.

1. h\:ra
2- s|:Id 

'<iSn*l3. s?si : sisi li - jl > 2

4. siSillsi : Si+7si.si+l, 1 < i < n, * 2.

5. h1s1h1s1 : stfi,ts'rlr't

6. h1s3: sih1 j > 2
Another set of generators and relations for the generalized symmetric group is given as

follows:

Proposition 2.3. ([7], Proposition 1.1)

Put p(r) : E(-,n, - 
l+(-thr+( 2th?+ +((--r)' I/i' l

whereC' :Idand e ,: *.1 < i < n - 1.
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ThenVft),0 ( f 1 r - 7 and ei,,1 < i < n - l. generate the grutup argebrctK[G(r.. 1.n)]

and the following relations hold good.

1. [E(r)]2:p(t) o<l<t.-1.
, -2 - -.ui--1, 1<i<n.--1.
3. eiei+7e.i- eilyeieiyr: iko- et+t), 1 <i <,n-.2.
4. eiej : ejei li - .jl >,2

5. e1E(,)e1E(r) - p(t)rrp(t)et: j(e,E(tl - E(r)er).

6. E(i)er:etg(t,), .j>2.

2.1.1 Irreducible Representations of G(r. 1, n )

Notation 2.4. ([7], Definition 2.10)

Let l1r,r,n): {^,, 
: (^3,)?,...,)l-,) I 

^i, 
I k; and\o,,. : rr}, rnror1,.r,,,,1

denote the indexing set for the complete set of inequivalent iiihucink repre.setfiations oJ'

G(r,7,n).

Let B be the Bratteli diagram whose vertices on the kth floor are rnembers of 11,.,r.*;.

An edge from ith vertex of the kft floor and .fth vertex of (k - 1)th floor is drawn by

removing one node from one of the residues of zth vertex of kth floor to obtain .i 
th vertex of

(k - 1)n floor.

Definition 2.5. ([7], Definition 2.7)

{-et p be an ascending path starting from @ and ends at ) which is gi,en as Jbllows:

p: {e,Ar,)r,... , )r, : )},
where the multi partition )i is obtained from the multi partition \i+1 by removing one

nodefrom one of its residues and \i : (^b,^i,... ,)l_r) € f1r,r.i). 7 { i I n.

Notation 2.6. ([7], Notation 2.8)

Let the path [ci1a2 be given as follows:
r 1i.1i+r.;i+z].Qi,i+z: \, )

where the multi partition )i+1 is obtained from the multi partition 
^i+2 

by removing a

node from one of its residues and the multi partition \i is obtained from rhe multi partition

^i+r 
by removing a node from one of its residues where \i+1 € f 1.,r,r+r).



Representations and Matrix units for the Cyclotomic Brauer Algebras . . . 1l

The distance associated with the path gt,i,i12 means the distance associatetl betyveen

two nodes a and b where the nodes a and b are removed from the path ut the (i, -r 2)th und

(i, + l)th ltoor respectively and the nodes o. anrJ b belong to same residue.

Definition 2.7. ([7], Definition 2.2)

Let the rutdes o, and b belongs to same residue of ct vertex ln I-1r,r ,.i,+.4 a:; in Notation

2.4.

Suppose the node o, is at (i, ),i.) and b is at (.i, )r) antl a lie above b, then the di.vtance

betvveen the nodes a and b is denoted bv d/a,b)

d{a,b): (4, - ,) - (}, - r)
where A: )'+2 € 11r.r.i+z).

If the node o" lie below b, then the distance between the node.s b and o. is denoted by

ds(b, u),

d;(b,a): -ds(u',b),

where 1 * 1i+2 € f1r.r.i+z).

Notation 2.8. ([7], Notation 2.9)

Let {)g1.r,1 denote the collection of all paths starting.from the }th .floor ancl encling at

the'nth floor We define,

4i",,,,1 : tP e Qg1,,1lQ ends at '\ € f 1,.r.,,;)'

Definition 2.9. ([7], Notatinn 2.9)

Fix ), e l1r,r,,,;;, a vertex on the 'ith .floor of the Bratteli diugram.

Let Vs be the K vector space with K basi.s {ur,l . where p runs throug,h all the ust:ending

path,\ p starting.from Q and ends at \.

Now, we shall define a representation z1 : KIG(r, 1, n)] + End\\'s) for that first we

should define endomorphisms r1(h1) and a'1(e;). 1 < i I n, - 1 of Vi.

Definition 2.10. ([7], Definition 2.13)

Let g.ti denote the path starting, from @ and ends at pi where

/,r;: iD0o1 ...o,-l[t]ioi*r...o'-1, 1< i .-r'-1,

then

rro(h1)'u*,: p'1)6,,, 0 <'i( r-1.



72 N. Karimilla Bi

Note2.LetgtbethepathstartingfromQandendsat):()ti,l'r',...,.U]_l)€f1",r,,r),

then

ns(h1)uo: dup
since when the path p is restricted to the first floor it will coincide with one of the puth

g j,0 < j < r * l, where gi is as in DeJinition 2.10.

Definition 2.11. ([7], Definition 2.15)

Let gL be a patlx tn {ll,1,,1.The path gc is given as follows:

g : {e,}1, A2,...,}r-r,;i,tri+l,...,,\', : )},
where,\i e f1",r,r1 and \i is obtained frorn S'i+l by removing a node frcm one of its

residues then there exists a unique path pt starting from Q and ends at ), which differs Jrom

the path gc, only at the'ith floor where the path pt is given as follows:

p/: {O,)1,}r,...,)i-1 ,lri,\i*1 ,...,,\r,. : )},
where the multi parrifion X is obtainetl from the multi pafiirion Si+t 6, removing a

node a from one of its residue say ,\l+l and the multi partition \i-t is obtainecl .f'rom the.

multi partition \i by removing, a node b frorn one of its residue.ral' )i,.

similarly, the multi partition pl is obtained from the multi partition tr'i+ r 6, renrwing

the node bfrom one of its residues ro-r, li.+1 and the multi partition )i-1 is obtainedfrom

the multi partition pi by removing the node afrom one of it.s residues pi,.

Case (i) : Suppose k + l. i.e., The nodes a and b are removed Jrom dffirent residue.s

then

r s(e1)uo : lruo + !,ur,,,

where,\: (Ab*t, )i*',...,^111) and p'isthe unique pathwhichdillbrsJiomthe path

gc onl1, at the ith floor

Case (ii): Suppose k : l. i.e., The nodes o, and b qre removed frorn same resiclue. Then

Ts(e1)ug, : adup * a y'ur,,

where
d+ Iud : 
Za ford>O.

a-d : 1- ad.,

rl : ds(a,b) (as in Definition 2.7 ) and g/ is the unique path which dffir.s from the path

p only ut the'ith floor

Note 3. Suppose the rutdes o, and b are removed J'rom sttrue row, then
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ad: 1 and a-6: Q.

ThereJbre,

T;(e;)u*: us,.

Also if the nodes o, and b are removed from sanxe column, then o"4 : 0. Thus,

rs(e1)u* : g.

Lemma 2.12. ([7], Lemma 2.17)

The following relations hold good for rs(e).

1. "^("?):1r^(ei), 1<i<n-7.
2. rs(e;)rs(ei) : ns(ei)rs(e1), li * .il > 2.

3. r s(e1)r s(ei+l )7r'^ (ei ) - r s(e41)r1 (e,; )lr1 (r:ia 1 )

:i["xkt) -zr'.r(ee+r)], 1< i < n-2.
4. 7r)(E(t))zr)(ei):rs(ei)zr1(U(t);, i>2.
5. zr1 (e1 )zir(E(t) )zr; (er )n 1 (Ett) ; - n1(tr(t) ;zr'1 (e1 )21 (E(1) )r.r (", )

: ] [zrr(er)ur.r(nttl; - ;r1(E('))n.r(rr )].

6. zr1(n(t);z : n^1P(t);.

Theorrem 2.13. ([7], Theorem 2.19)

{r,r},1 € f1r,r,rr; is a complete set oJ'inequivalent irreducible representations r4

G(z', 1, n). Let rn: @ rs, then rn is afaithful representation.
.\€1.1., r,",)

Equivalently, Vs is irreducible as G(r,\,n)- module, where lgt,ny i.r as in Notation

2.4, Vs is as in Definition 2.9 and ) € l1,,r,n;.

Example 2.14. The following example is an illustration of the irreducible representations

of generalized symmetric group diagrammaticall-v using the Bratteli diagram.

The Bratteli diagram of the chain

Z:t l So,Zs l S t,Z:t l 52, . . .

is the graph where the vertices in the kth .floor are lobeled by the elements in lhe set

l1r,r,r;,k>0andlgl,o):Q.Letp€f1r,r,,r)and),el1r,r,r+r;,anedgefrom\toltis

drawn if a node is removed from one of the residues of ), to obtain p..
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([z]oo';rti ([r21o6t;r,1 ([r]oIt]'w
([r]oo t;t tt

2.1.2 Primitiveldempotents

Lemma 2.15. ([9], I*mma 2.2)

Let ), : [r]l'1t1t' . . . [t]'' und o be the path **hich starts.frcnn @ anti ends at ),

given as.follows:

,, : {o.ltlrr.ltlrr [t]',,....l1l/r It1rz ...Ir]r,.... .ltl',itli, .. i1l', ].,tTJLJLJ'LJrrLJlrr)rr)

then

trs(h)rto - CIt','0,.

where f, € 01,,,,, and {11,1,11 is u,s in Noration 2.8.

Corollary 2.16. ( [9], Corollary 2.7)

E(-,n, are primitive idempotents for all the paths which sturt .frutm Q and

p,;,0 { i, { r - I where pi, is a.s in Definition 2.10.

Definition 2.17. ([9], Definition 2.8)

Define, Eo : 1.

which is

ends at

Definition 2.18. ( [9], (iv) - (a) of Proposition 2.12)

Let ), be a multi partition and p be a path which sturts from Q and ends ut ), vvhich is

given as follows:

trr: {), \orr\oror,...,)u,(12...at, r,)r,u.r....,, : O}

where ),o, denote the multi partition obtainedfrom )aJier remrn,ing tlrc node a t. Let the

nodes a1 and a2 belong to same residue, then the primitive idemprttent E, can be compute{l

as Jbllows:
F^Prr-1E" - ad,,,

(oo1t1';t't

Er, -
fi

I1
.s.il/ t)

O,dr, - &d,,,
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1 * 's'-l dL' + | 
. d,.- is tlte distant'e obtained between thewhere f)n_ t : , anel tt4u : -2rlr, \.

nocles ay and o,2,lrl e Q1",,,r,1,1,, e 0f,.,r ,; such tlutt'nt, : Q, E" -- El' ttnd Ofr.1.,r, i-t rr.t

in Notation 2.8.

Lemma 2.1g. ( [9],(iv) - b(i) of Proposition 2.12)

Let ), be a multi partition and g be a path which starts from Q and ends at \ vuhich is

given as follows:

g2: {), lo,,}oror' ..-,\urrrr...,r,,,r,^uro....,. : o}

where ),o, denote the multi prtrtition obtained J'rom ), aJier removing tlrc notle a,1. l,et the

nodes a1 and a2 belong to different residues. Let ),"1 ) 2. Then the primitive idempotent

E, can be computed as follows:

ErL: Srt-t+l '' 'S2 2Erlsrt-2 " ' Sn-L*1

where t is the first integer such that the nodes u1 and o4 belong to same resi.due und the

path q is g,iven as follows:

q : {^, )r,, )oro,, \uro,,rrr... )oror...r,, : O}.

Lemma 2.20. ( [9], (iv) - b(ii) of Proposition 2.12)

Let \ be a multi partition and e be a path which starts from Q und ends ut ), vv'hich is

given us folktws:

[-J 
: {), \or, \o,or,.,,,\o,or...',1-1., 

^aya2...o. 
: o}

where ),o, denote the multi partition obtained froru ) after removitrg the node e,t. Let

the nodes a1 and o,2 be removed from different residues. Let ),rl : I where a1 is a node itt

the residue ),i then the primitive idempttent can be computed as.follows:

rrL[t : ln- t+lsrt-1*2'''Srt-'2Sn TEqStt-lSn,-2'''Sn-Li2Stt t+l

where t is the.first integer such that llt, I 2 2, the node. a1 belongs to the residue ),1, untl

the path q is given as follows: g : {), \or, \uror,. . ., },,,.r...,r,, }.

Lemma 2.21. ( [9],(iv) - b(iii) of Proposition 2.12)

Let \: [t]l,Jl1t, ..[t]', and pbe the pathwhich.startsJ|ontQ cnclend.s ut Avt'itic'li i.s

given as fitllow.s:

6r : {O, [t]rr. [t1tr [1]',,..., [1]"[1]r, .. [t]',,.... [t]', lt]', ... 1t1', ]

The prirnitive ide.mpotent E, can be computed as.folbws:

E{, : Ep IBa-{r, +r,,+ .+ tr) 
th1tt2...hs)
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where gt is the restriction of the path p to the (f - \)th floor.

Proposition 2.22. ([9], Proposition 2.12)

Let Eo be as in Definition 2.I B, Lemma 2.19, Lemma 2.20 and Lemma 2.2l. Then

l. EpEm: ErnEp:0 tf m * Lr,

2. I Er,: z^,

l"€O.,r

3. L Er: t.
9€Q,,

2.1.3 Matrix Units For The Group Algebra K[G(r, 1, n)]

Definition 2.23. ( [9], Definition 2.13)

Define Epp : Eofor all gt e 01r,r,,r;.

Case (i): If m, p e C)f,,r,,y and m,6r e Af",r,"_ t7 then define

En,p: E6, inductively .

Case (ii): If m,p € Ql,,r,,),* , Alr,r,n_t1,p e Qf,,r,,-rr. choo.se nr,'antlp'

lr,r,n) ,rrh that mt : -/ and n' ,m e Qlr,r.r .r) andB' ,p e Qfr,r.,,- 11. Define

D E"*'en-1Er'o
L' tnp -_ a_do,

where

d+lad : 
U if the nodes belong to same residue;

: ! ,7 rn" nodes belong to different residues.2"

and en-1:

Theorem 2.4. ( [9], Theorem 2.14)

{E^p}*,eeo1".,r,,; is as in Definition 2.23, forms a complete set of rnatrix units for the

groupalgebraK[G(r,1,rr)], whereKisthefieldQ(O,( isaprimitiverth rootof uni4,.

1 * .sn-r

2
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2.2 Z,-Brauer Algebras

Definition 2.25. ([8],53).

Let Z, be a group. A Zr-Brauer diagram is a Brauer diagram in which the edg,es are

indexed by the group elements of Zr. i.e., Suppose at)a2)...an are the n edges of the

Brauer diagram d, define

dz" :: {f , {or} u {oz} U ... U {a,,} -+ Z,}

then the pair (d,, f) where d € D,, arut f e dz' is called Z,-Brauer diagram.

Let En: {(a, f) I d e Dn, f € {d?"}\

Definition 2.26. (t81, S3).

The linear span of En over the field K(re, g e Z,) where {rs}sez, is the set of in-

determinates indexed by group elements called Zr-Brauer algebras and it is denoted by

Dft, where Z, is cyclic group. The Zr- Brauer algebras are now called Cyclotomic Brauer

algebras.

Note 4. l,et G* denote the group Zr l S,n.

Pmposition 2.27. ( [8],Proposition 5.1 )

(i) For eachi € Dz', there exists a unique uk; e Dk-t such that

"*6"*: r.€k'-t(6)e^ and uk ,6) :6fo' alti e Dk-r'

(ii) There exists a linear functional rz" on Dz; defined inductively by

,z'71"1 : 1"

and

,z'(i) : rz" (r\;-rfal) P, a e oi; .

(iii) rz" is uniquely determined by

,'' Gr*r) : ;,2" (6rir) ,* ir,6, e D1;-,,

,u' Qri,,ir) : Tr'' (o't) f or 6t,62 e Dz,;-1'

(iv) rz,' (tr* .t1 : "u' 06) f or i e Dfr;,T e Dk'-r-

Definition 2.28. ( [8], Definition 6.1 )

teti be aZr-Brauer diagram in Dz;. Join each upper vertex to the corresponding

lower vertex ofi, where eclges ofi are indexed b1t the elements of group Z, and the resulting



18 N. Karimilla Bi

graphisdenotedOy l$) Aloopoin J(i) isag-loop if h(") - qwhere h isasin De.finititm

3.1 of [B].

Lemma 2.29. ( [8], Lemma 6.2)

Let b be a diagram in Dft;- and let r"s, g € Z, be the number of g loops in .l (b) then

ll"7
,2"(i): e 

;.
xT,

Notation 2.30. ([8], Notation 7.1)

Let l71,rr) denote the set of all inequivalent irreducible represenlution.s oJ'G,,.,_.nr) rr.r

in Notation 2.4. Let f1r,t,rr; denote the set of all inequivalent irretlut:ible representatitms

of Dz" , where

i1,,,,-; : Ul:l r(r.r.nr-zry.

Let ), e i1",r,,,,; and pr, € i1".r,-+i 1an edgefrom ).to 1t is drawn *^henever a itrrle is

removed or added to one of the residues of \ to obtain p.

Theorem 2.31. ([8], Theorem 7.4)

TheF-algebra Dfu is split semisimple

D*[ : ^G b,n.x,
)€r.(,. r,m)

where fi*,s are full matrix alg,ebras overF . A simple firr.s module i',rr.s can be written

as a direct sum of fi*-1,s modules in the following way:

t'',s: @i^' t,t''
lt

where t r-r,, is a simple fi*-.t,t, module and pr, is obtained from ), either by removing

or adding a node from one of its residues.

2.2.1 Matrix units for Z, - Brauer algebras

Notation 2.32. (tgl)

Let Qft' denote the collection of atl paths in the Bratteli diagrurn oJ the Zr.-llrauer

algebras starting from the Oth fioor and ending at the n.th floor We deJine,

A1:^: {r, e AK. I g.t ends at 
^ 

e f1,,,,,,;}

and

a'.'-ru,^: {t . a|'^l p ends at.\ € l1r,r,n-zr;,0 < * 
= [;] ]
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Definition 2.33. (tgl)

Define F(riW : l. Let m, s, e Q7,1>,,) € 11,.r,,,- zg fttr sonte k ) 1. then

cZ,' - ";7 "-2t"!'-"" -1F:i-
' I]Lp .t.,.J4;-TC;tr | ',

whered).rr.:r'' (e?;).r e Qf'-2,) € 11,,r.,,-z1.rn.s € Q;'- t,1L{uttlt.5t€Qi' r.1,,

such theil s : t € Q!' .rz' i.s defined as in Proposition 2.27 aml ,'s.,, is tleJined inductit,eb,

as.follows:

(t\,n: ,#"
Since k ) 1. suc'h s ancl t exist, for that takes : t € Q|r' .,.^

Definition 2.34. (tgl)

lf rn,. gt e Qvr-r'.^where A e ii..r.r; then de.fine

p,?;t: (l - z(,) E,,r,

where E*.r, is as in Definition 2.23 and zfi' : t f3;
oest'i'^

.\€1.11. r .,r1

Theorem 2.35. (tgl)

{Fk{,} ,rr,e.rrz-,^, forms a complete set oJ nrutrix units Jbr Dii' where Ffi; is a.s in De.fi-

nition 2.33 und Definition 2.34, K : K(rr), e2,., and {rs} !t€1,, are intleterminates.

2.3 complex Reflection Group G(.r,p.rt)

Delinition 2.36. ([2], [1], [3]).

I.et r,p,n a"td d be positive integers (7t need not be prime) such that r : prl. The

complex reflection group is de.fined as.folktws:
(,,)

G(r.p.") : { l.f,o) eG1r. 1.") | I f(i) =0 nrrt. pl
l,)

and it is derutted as G(t',p,n).

The complex Reflection group G(r,p,n) is a nonnal subg,ruup ofG(r,l.n).

Note 5. The order of the group G(r,p,r1 i, t4.
p

The following are the generators of the complex reflection group G(r. p. n).

s1, : rzf : lqn 1. 1" T, i, I,r,rl'l'l'lJ"
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where ( is the primitive rth root ol'unity and 1.r need not be a prirne.

sr :hr.srhi,:x I" I" i. i, i,, j, a,,r

i

i, l,, l,.r -r,-r-1.
lir

si:l"i,l"
The following are the relations satisfied by the above zr. i- 1 generators of the cornplcx

reflection group G (r, p. n).

1. (so)d: 1.

2. (",)':1 (L<'i,<n-1)
3. .5?sz+1s? : si+l.sisi+t Q < i< rr. - 1)

4. .5?.sj: sis? li * jl>2
5. 5ss1:s3511 (2<i <rr-1)
6. (s1s1s2)2 : (s2s1s1)r.

7. .51sy : s;51 (3 S; <, - 1)

8. 5651s1 :51s1511.

9. 51s251 : s25Is2.

Definition 2.37. ( [5], \4)

The relations in K[G(r. 1,n)] itnply that there is a unique alg,ebra uutotrutrphism o tlf'

orderp dK[G(r. 1,n)] suchrhat o(1t,1): eht ando(si): si..fbr L I i'- rt 1v';hert'

e is the primitive p'h ntot rf unity. By deltnition, o is an autonusrphism of'oruler p. F.itrther

applving the deJinitions

K[G(r. p,n)): K[G(r, r,r))" : {h, € K[G(r. 1, n)] i o(.1r,) : 1,5 .

Thnt is, K[G(r, p,n)] is the.fixed point subctlgebrct rfKlCir', 1, n)l under the group rf'

aut(),nlrplti*ns of order p.

3 Cyclotomic Brauer algetrras of G(r, 'p, n) type

In this section we define a class of diagrams denoted by p(]tr.a'rt)1,i',.,) over the ficld

K(r:("), where K is any arbitrary field, ('is the primitive rtr'root of unity,.r:., is an indc-

terminate &fld e:" : J:6r). p{}(r,v,n)1r1,) are subalgebras of the G-Brauer algebras Dl;ii., ''.
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Also we show that the ideal generated by ("r) ir 1lc(r'p'rt) coincides with the ideal -cener-

ated by (r:1) in D,f.

Definition 3J. DG(',p'")(;r'1,) is the subalgebra of the Zr.-Brauer ulgebra generuted bt'

,0.h,!,hilr.;l ,si.1( i, j {n -lot,erthefieldK(ra,),iistheprimitive rth rootofunirt.

G is the c'vc'lic g,roup 2,,. and r;i is an indetenninate.

The generators ei. t( . t, itt;l, s1. 1 ( i.. j I rt - 7. are git'en os fbllot;s.

II(i: le ,,,
tt

Iiii- 
1" i,

?

l(.

i--e -
(:

i

)a

//,\

1lr: ...
I
a

?
I

i(
I

I

e,l(rl (rr-1.

e.1(i1n-L.

hT: I"

hih.r 1 .si,i :1,, '

,l

T, '1. l,r, 
I..I r i' i

I

t(,

i i.( "' lr

!
l(:
I

where si,j :.sdsi+t . . . sJ-t sjsj' t. . . Si+t.s; and ( is the primitive rtl' root ot unity'

The above generators satisfy the fbllowing relations:

i.l

i"c)F=.€

1. e-'l : ,r"",

2. (:i('i+r?i : t'.i

3. ci€4-yei : Pi

4. eiei : siei

-,)b. .si:t

6. siS.;11.si : .9i+ I ,gi.,si+l

7. .s2sy : 5y.e';

8. (hf)d:t
9. (hJt,,1si,)z : t

10. e,isi: siei.: ei.

11. e.ihe, : 11!"'.

12. e1(h1h21sy): (hahrlst)e1 : e1

(1<r(n-1)
(1 <,(rr-1)
(1<r(rr-1)
li-il>2
(1<rSn-1)
(1 <, <n -1)
li - ii>2
(1 <z<n)
(1<r.j<n*7)
(1<r<n-1)
(2<i<n-1)
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13. ei(t4h,;1s) : (h1hr1s)r:i (3 < i <
74. sih!:1',4"u (2 < i S

15. s;(ttahrls1) : (ht h,rl.s1)sa (3 <, <

16. ((h1h!1s1)srsz)2 : ("2(h,/r, 1s1)s1)2

17 . h!(h1hr1 s1)"r : (hr h,rt s 1)s1h,e,

18. (hftrt s1)s2(h1hj 1"r 
) : s2(h,1h2t s1)s2

19. elltle1 - .xq,c1

20. sis.i+tsieisi,Si,+t.5i,: ei.+t (1 < , S
21. sisr.+r (hihr|rs).sia1s; : (hia1h,l.si+) (1 < , <
22. (hih:o|r$h,!(h,;h-o|rs): ili*, (1 < i <
23. eihle,r: tcPei (1 < , <

24. ethf,+tei: :r:<pei (1 < i <
25. e.1(ttJt:o|rsi)ei: ree,i (1 < , <

26. eJt-t: h?t-r", (2 < i, <

27. ei(hiho]rs,): (hihr|rs1)ei.: et. (1 <, <

28. ",hl-r: hf,-tto (2 < ,i, <

29. s.i(hi-2h1)1s;-z) : (hi-2hi:t",-z)", (3 < , <

30. ((hihj;frsl)s,.s*t)2 : (s,+r hrhi|r.sr)s,)l
31. n?n1n.in-r|rsi\si: (hilt.u|rs.;)s1hli (1 < , <

32. ltfe,: h!*r"i (1 < i <
33. eih? : eih|+t (1 S , <

34. sisialhllsiarsi : hf,+t (1 < , <

Remark 3.2. The generaror hihilsi.1 can be repluc.ecl bl, the

hih;t si,i is the product oJ lq,hr1 and s.,,i.

Note 6. Any diagram ;, pG(r,n'n) 1rq") is denoted by d\,,a.'") .

Definition 3.3. The set of all diagroms p pG(r'p'n)(t:q,) w-hose mtclerlving Brauer gruph

does not contain any horizontal edge is denoted by. g(t(r,u'n).

Lemma 3.4. g{;Q,1t,") 
= G(r.p,n).

Proof. Theelementshl,hl,rrhit,s;,1 ( j 1n,l < i l rt- igeneratethegroup

5G(r'p'rr) i, p(:(r'p'rt) which is ison-rorphic to complex reflection group G(r. p. zr ). since the

n-l)
n-1)
n-1)

rt, - 2)

n -2)
rr * 1)

rr - 1)

n-1)
n*1)
rr - 1)

n-1)
rr - 1)

rr - 1)

n-1)
rr - 1)

n - 1)

rr-1)

ge,'terufior hih.., 1 sint'e
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generators satisfy the relations in section 2.3.

Any elemenl in 5c(r,r,n) is of the form gh.\'h,t' . . .n,i,;' where t a, = 0 nt.rxl 7t anc) q

is a permutation.

Since ^gal(r,p,n) 6 gG(r,i,a).

Any diagram in 5G(r,r',) is of the form (d, /), where d is a permutation where

"f , {1, 2,. .. ,n\ -+ Z,

such that !ff;l : o rrncl p.

i
Thus, we have

;t,;lr,P'rt) I G (r, p,.n).

T

Note 7. Instead of using d?'nJt) for an C ,-c'lotumic Brauer cliagram ,rf G (r, p. rt) tvpe we'

shatl use d.

Proposition 3.5. Let JG(r.p'rr') be an ideal of DG1"a'n)(rq,) generated bt' (e:1). Then

p()(r,pp) - 1G(r,p,n) r+ gG(r,p,rr1.

Moreover, the irleal 1G(r'p'n) p pc(r,p,,) coincides with the ideal Iz' , the itleal ot'

Zr.-Brauer algebra ,provided n > 2.

Proof. The proof is by induction on n.

When rt: !.
pG(r'p'1) : G(r..p.1).

Any diagram i, pc(r'n't) has no horizontal edge and the group generated by /ip, is

precisely isomorphic onto G(r, p, 1).

When n:2, The group generated by rr, hl,tr.1h; I.s1 is isomorphic to the complcx

reflection group G(r, p, 2).

Fix elhprt ,then ft,r h2r sp1 : et,eth,lp 6 1(;?'n'2),0 ( .s ( d - 1.

1(;\r.p.)\ : e,l- | \',t,
s:u

1d I

where Vi, is the linear span of \Eie1l,1'),,.r., 1 anrl -E; : i t ,, ')'1lrt,'i'.

rhe irreducibirity or y{;(r.p'2)rouows;;" tui,;r; ,},, ,-! 
^ser'or 

orrhosonar

idernpotents in K(r;,-; ) where (l is the rth primitive root of unity.

When /l :3,
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Let d be any Brauer diagram in Iz, in which everv edge is labelcrj bl the idenrit-v

element.

Let n be any horizontal edge joining the lth vertex and 7'h vertex of r/ in the top row, u

be any horizontal edge joining the lth vertex and rnth vertex of d in the bottom row and .: be

any vertical edge joining ,kth vertex in the top row of d to the rTth vertex in the bottonl row

of d.

Let s be an integer such that s is not congruent to i) mod p.

Then

hih;" dhAh; ct,nt : ahid e 1( l Q'P'rt)

for some a € K(r6" ) which implies that

htod e IG(''n'"),

where e1,* is a diagram in which each row (top and bottom) has a horizontai edge

connecting the lth vertex and the nzth vertex and all the remaining edges are vertical edges

connecting the ith vertex in the top row and the ith vertex in the bottom row and hf is a

diagram whose underlying brauer graph is identity graph in which the ith edge is indexed

by (' and all other remaining edges are indexed by the identity elemenr r:.

Similarly, we can prove that dhil e 1c(r,p'n).

We can also show that h,rs d E 7c(r,r,n) sings,

ei,rh,iho"d : h;"d,, J()Q'P'rt'),

which implies that Iz' c JG\r,p,rt).

Thus,

fz' - 1G(r'P'n).

By the vector space decomposition

pG(r,p,n) :7G(r,p,n) @S;c(r,r,n).JG(r,pl.) o 12,., 2 ) iJ.

I

Note B. t. The Dimension p{;(r,p,n),, (?) rn.nl + r,, .(2rr.)n.rr ) il.

2. The Dimension PG(r,P,2) 6

(a) When r : p, *# * ,.
(b) Whenr*p,#*O
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4 Construction Of Irreducible Representations of G(r'. p, n) - A

Different Approach

To find the complete set of inequivalent irreducible representations of the Cyclotomic Brauer

algebras of G(r'.p,n) type, we require the complete set of inequivalent irrlducible repre-

sentations of the complex Reflection group G(r,p,n) which we construct in this section.

Our approach is differcnt tronr that ol'[2] and [3].

Definition 4.1. Let ) € 11r.r,,,; wherelg.L,r.l l.s a.s in Notation 2.1. The.single indexed

r'-tttple oJ'rnultipurtition,\: ()0,)r,...,)r-t) cunhe arrang,edttsu r-tuple of'doultle

indexed multi partition \ : (^(u''))9;I-a 1t t.\uch rhat\ lfit.,trl 
: n whcre rlrc tlouhle

l<I<d kJ '

indexecl multi partitit,n \&'t) is given as Jbllows:

tr(tu,J) - \*a+;t.
This can be viewetl as d t'irc'les, with p partirions o; each c'ircle os.follou'.s:

/l(0.d)\
/t\/\1\

.2) . . . tr(pr I.d) 
1t i.a;

1,\/
/\triz 

'r'r--'

)'l

//^(t)'tI

;{r,l t. r t

\1(2'r)

//^to'2\

r) 
^(Pr 

t.2)

\1(2'2t )

We cull tlrc multi partition,\ a.s (d. p)-partition of siz.e rt.

Notation 4.2. Let f1r.p.,.i tlerutte the t:ollectionof oll (d.p)-partitions o.f'\ofsize n,.w,here

) € l1r,r,r,; and I 6 .r.,,) is as in Notation 2.4-

Delinition 4.3. (A ZlpZ action on Qt,p) partition of size n )

Let \ be a (rl,p)-partition. We deJine mupping, o 1Tg.1,.r,1 - f ,,..;,.,,, tt.r.lltlltnr'.t;

,r.( 11,u.',)0.r..,,) : 1uru.',),,.A.., r.\ tstsi / '1'.1{i

where 1r@J) : )(tu+ l'l).

The order of o is 7t.

Definition 4.4. If 5t is a path in {lgt,rr) then cr(gL) is the path wlto,se .ittt t'ertex is o (\') and

X is the jth vertex of the path gl where 01r, r,r,; is as in Notation 2.tl and o is as in DeJinitiort

4.3.
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o also acts on the basis vector uo of the vector space Vswhere A € l1r,i n1 and p t
Qt",r,,l where Ot ,r,rl is as in Notation 2.8 and Vs is as in DeJinition 2.9.

o(,ur,) : uo1r1.

Lemma 4.5. The map o : Vi -+ Vo67 is a GQ',p,n) ntodule isomorphi.snt. i.e.. o com-

mutes with the action of G(r,p, n) where Vs is as in DeJinitiut 2.9.

Proof. It is enough to check that o commutes with the generators of G(r.p,rr) and hencc

can be extended linezuly to the whole space.

The complex reflection group G(r. p. n) is the normal subgroup of the generalized syrn-

metric group G(r,l,n) generated by \fi,fus1h11,s;,1 ( i, I t't - 1.Thus, the restriction

of the irreducible representations of 11 of the generalized symmetric group givcs the repre-

sentation of the complex reflection group G(r,p,n).

First we shall restrict zr1(K[G(r, 1,")]) -+ End ([) to obtain the representations

n1(K[G(r,p,n)]) -+ End V;.

From Definition 2.10,

np,lht) ,,r,, : pi,,{,.

where pl : o0o1 . . . o'- t 
[11i61+t . . . o'- I 

, gr,; is the path which starts iiom o and

ends at

ilt,O 1i I r - 1 and p is the rth primitive root of unity.

Thus,

rr,(h!)uo,: (7rp,(tta))eur,: dirr.,,. r :0, 1.2..... r'- 1.

Let'i: kd+ I - 1, where k:0, 1,...,p - l and l:1,2,...,d. Fix tl, then

Tt,"a+t-r(h!)ust"..a,-", : (n"oo*,-r(hr))''uK,k,i..t-,.

: (phd+l-l)PuKrket+t-l

: f(l-') roou*,--, v k.

To(r"oo*,-)(hl)uo@oon, ) : (noi,run,-r) (h, ))' r'o(o(6,6,1*1 
1 ))

: (p(k+,)d+I-t )P,o(or,r*,,,)

: f('-')ro(rur*,_,) vk.

Thus, the rearrangement of the partition pr, from single index to double index is in such
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a way that

o(trr(her))uetA,.r) : n,i"1(hti)o(?rs,i1..r1), (.t.ll

where r,, : (rr(a''j))o<r.sp r .
\ / l<l<d

Therefore, rr commutes with the action of /rf .

We shall check that o conlmutes with e;. 1 < i < rr - 7.

Using Definition 2.1l, we get the fbllowing cases,

Case (i) When nodes are removed from different residues then

r s(ei)u,, - ir,,, 
+ 

),,,,,

which implies that

;r1(.si)rru: rr*,,

where g:.,' is the unique path which diff'ers from the parh i., only at the i 'i' floor.

Case (ii) When the nodes are removed liom same residue then

r S(ei,)t:", : u,d\.,usr + e d\, tt\)t

which implies that zrl(s;)r1s.,: (2a.rt,, - 1)r'p *2a-rt,,'t,tl. where o..7,, tnd &._d\, Are

as in Delinition 2.ll and o'is the unique path which diit'ers tiom the path q; onlv at

the ith floor.

Case (i) When nodes are removed from different residucs o1') thcn it rvill he rernoved i'ionr

different rcsidues of o()). Therefore.

ro1;1(elyroia,l : ],',1,,1 - l),'o(r,, )

which implies that zr,.1ly(,s;)ur(r,) - t,o(s,,\, whcre a(r,r') is the unique path which

differs from the path rr(5r) only at the zth floor.

Case (ii) When the nodes :re removed fiom same residue of ,\ then it r.vill be reuroved iionl

sanre residue of o(,\). Therefbre,

1to1)\ei)uo(fr) : (1d.,,,, t:o(sl * (t do,,,1t:o(1t,\

whichirnpliesthatr.,lly(s,)uo1*,; : (2a4.,,,--1)r'o(,,) *2o 4,,,, l:cii,,,), whereo,;,,,,,

and o-d,,,,, are as in Definition 2.1I and o(3".,') is the unique path which ditl'ers irom

the path o(rc) only at the zth floor.
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Therefore,

a(zr'1(s2)) ust:7ro1s7 (.s;)o('u6-,), V1< i ( rr - 1. (4.21

Thus o commutes with the action of .s;. 1 ( r ( rr, - 1.

Finally, we shall check that rr commutes with the action of lr1,s1li, L.

Case (i) Suppose n^(el)r'r, : it, n 
*,'^,, 

where 5..,/ is the unique path which differs fiom

the path g,r only at the first floor then 7r^(,rt)r,rJ :'rqt,. Theretbre,

r'1(h1s1lrfl)t,,, : 1t' 
irslltl)r,r,,

-1 1: f) l) t,\.tt

..it'-r)..l) ('r.,''

Case (ii) Suppose rs(e1)ur: 'tro then r'1(.s1 )rr,-, : tr,:,. Therefore,

zr1(/r1.s1 hlt)t:r, : p' irs(lt 
1)zr1(.s1)rrp

: p-, r;lh1)u,
;;: 1t '1t't,o

: 7, gr.

Case (iii) Suppose zrs(e.y)t;r: 0 then ri1(s1)r,., - -'r;t Therefore.

rs(h1sfi,,1)t:, 

: 
n' r))r,i,, 

rr,,r1( 

r1 ) )r'o

,-i pi'rt,

: -i,8,

Similarly, we will check for rolsy{h1s1hi')r,o(").

Consider
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Case (i) Suppose ro(,rr(e r )r'o(r,) : L,'"rur*i,',,rrrwhere 
a(ii )is the uniquc'path which

diff-ersfromthepatha(gr) onlyatthefirstfloorthenro(r)(sr)1,o(r,): t'a(r,,,).

Therefore,

r"ts)(h 1 .s 1/t, 
l )t'o1,,1 f) 'Tot.\tlh t )t'n,,,, j

: p-i 1," 't'o1rr,,

: p(i' i) r,r1o,'1.

Case (ii) By the above argunlent, suppose ra()) (r.1 )r'o1r1 : i'o((,),

then ;ro1q;(.s1 )r.,o1o; :'ro(t ). Therefore,

trolsy(lt1.s1h,-l)rro1*,; : p'7ro(^)(ir)r'o(.rt(st )t,o{i,)

: 1,-ino1,x1 (lr 1 )r'.,,,1

:- 1r-i s,i ,,oir,1

: llo(i_,).

Case (iii) By the above sante argument, suppose ro(.r)(r r)i'o1,-,i :0.

then zro,1;(sI )r'o(i,) : - L'o({,). Therefbre,

roil;(lr1s1hil)?,r(,r) : lt 
i(Tnts)(i1 )rri1;(ti))i'oi,,,)

: lt-'i iio9,)(lt1)t,,r1,,;

= 1, 
i 
Sr',,rir,,

: _tto(sL).

Thus,

o (trs (h.1"rhi I)) t.'*, : 7ro(^) (lrt'*1ii; t) o(t',,)' t'l'-l)

Therefore, o corntnutes with the action ol lr 1.t11., 
1

Thus, o : I,'1 -+ Lr11y is an isomotphism. tl

Lemma 4.6. o (Er) : Eoiol wlrcre r-l € Of.,r.,,) . E, is the primitive idempotent oJ'the patlt

g.t crs in section 2.1.2 ctnrJ Qi,..,.r,1 is a:; in 2.8 ttnd o is an outontorphisrr ry'KlG(r. 1. rr)].



90 N. Karimilla Bi

Prorf. The proof is by induction on ?r.

When n, : l.Let I : [t](i.il * k : i andl.: j. Thus by Definition 4.1, kr].-r I _ 1 -
idij-t.

Let y; be the path which starts tiom O and ends at ) which is given as fbllows:

g, : {Q. It]{i'"t) 1

By Corollary 2.16,

E:1F'u$, D(-.(,,r,; r)/rr

1!',I, \- ,.- (id tj t)rn 1,rrt

, Lu\ ,,r

Consider

/. r I \
o(Ep) : "(if (-('d+/ 'r"'hfl)

\ nr-O /
/ r-l \

: { t f q- (irtt j-t)trLrtrLl,trrt 
) ,in"" o(lr1) : ;fi,\'',ffi )

/ r-l \: tj f q {itr+t t)ntr-rtnt1rl,) rin.., = ( ,
I.ruV nr:o /
/ rl \: (15- 1-((ir t)d+i--t)-i,i" 

)\t' / \
\ trt:O /

: 811,,1 whereo(S,) : {iD.'tltitl''',

Now, we shall show that the o(8") : Eo(ti using induction hypothesis where ir €
6A"-(r,l,rr)'

Case (i) Let .\ e 11r,i,,,; be a multi partition and rr be the path which stitrrs l'rorn O arrd

ends at A which is given as follows:

fJ : {}, lr,, )r,,rr,..., )o,o,..r...rr. : O}.

, l t,srr--l d,., t 1
where pn-t : 

, &nd rr,i., - 
T.r/,, 

is thc distancc ohtuined hc-

tween the nodes c1 and a.2.rl e ()l'.r,r1.\:; € l)f.. 1.,,, sucir that ril : t and

Subcase (i) Suppose the nodes a1 and a2 belong to sarne residue, then by Definition

2.18, the primitive idernpotent Eo is given as folkrws:

E.. = TT E!:" tL" - tr't"'

'' o. 1:. otl,. u(J,,.
nt:s,Tn.t kJ
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Er: Eo where Ol,..,,ry is the collection of all paths which starts from O and

ends at ,\.

Consider

o(Er,) : o\lrni=.n17.L1rai:!L.,
(Iip - (tdt,,

: fl.2i -stn*rt
Eo(")er-, t Ea(s) tr,1,,, L-:o1..',

rrnl'5'1nlq:t- 
,(i\, - (Ld1t,

: Eo(t .

Theretbre, o (Er) : Eo(r.).

Subcase (ii) Suppose the nodes o1 and o,2 dta removed from difl'erent residues. Lei

l),'l > 2 and t is the first integer such that the nodes n1 and a1 belong to sanle

residue then by Lemma 2.19, the primitive idempotcnt .E,', is given as fbllows:

Ep:sn l*l5rr t*2...sr,2Ersrz 2...s1 /.i2sr, l-t.

and the path q is givcn as.

g : tA, ),r,, )o, a7. 

^tt1tt1tt2,. 
. . , )or,rr...,r,, - O).

Consider

o(Er) : cr(sr-r+t ...sr, 2Eqsrt-2-..sn-.rtt)

: Sn.,L*t....er--tEo(qJsr,-1 ....s,-tr1 since okl) - gYg e S,

: E"Ar).

Therefore, o (Eo) : Eo,).

Subcase (iii) Suppose the nodes {r1 and rr2 ore removed from dill'crcni residue. Lct

l)ll : 1 where (,rt is a node in the residue )1then by Lcmrna 2.20. the prir-nitive

idempotent -8,, is given as follows:

Eg,: '5rt l+157) l'+l'''5rl 25n lErlsr, 15n l''"5tt /'rzlr,t i + l

where t is the first integer such that l),,i > 2. the nocle r;1 hclong to the resiclue

l;, and the path q is given as lbllows:

q : {^, \,rt. \,rrr.t' " ' , )oror...o,, }'
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Consider

o(Ed : o(sn-t+l... srt-lEqsrr-1....en-r-tt)

: .5n-lrl ...Srt-lEol,tJS,t -t...Sn-t-; sincc n(l): qYrT € 5,,

I)Lolsr)'

Therefore, " (Ep) : Eo@).

Case (ii) Let ) : [i]1,1t1t, . . . [l]1, and 1.., be the path which starts lionr O ancl ends at ;\

which is given as fbllows:

p: {O,[t]',, [t]', i11r,,....[t]',Ltl', .[1]r,, .., itl', it11,. ill'i ]

then by Lemma 2.2l,the primitive idempotent E* can be computed as follows:

Ep: E.r, JE.--ri,oi: + ._t.f )1h1tq...h..ri.

here gr is the restriction of the path rJ to the (/ - 1)th floor.

" 
(E d : "),!,i'r* 

r' 

r,,,.',,,'r. n,',1,,'n,,,1," 

n,,
. /r-l \

Eot"\!o ( f (-,,, +t21-..t.r)nt (!r th2 .. . hl ),,, ),,\\J)r \ / , - - r 
I

\nr -t) /
,r'1

: E,,o,! | 4 tlr+1: + 't 1)nt'rn{ ilt1lt.2 . . .h.f \"'.orru
nr:0

rr']
Eorat! | q-(tr+tz *...t.r\ntq-tt rl (h.rh., . . .1,.1.),,,

,UIT U
lrr:o

".t'): fa1 f 4-((lrtl)1(l:*rJ)+"'+(l1t(t))nLUl,tlt'2. - - h,1\"'
oT4

tn,:o
: ErlEa-iti1*r)+(i2*rr)+ ...+\tr+,i))htttz...hr

Eo(p),

where o(p) : {O, [1]r,*d, [1]rr+d[1]1,:+d,.... L1]r,+d[ltt'*' Iti''

Ir]tr+a[11t2+, . . . It1,.,*r1.

Therefore, o (Ecr) : Eo@).

L --l
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Lemma 4.7. o(Enrr) : Eo(r,)o(st1 where Erno are the matri.r units tts in De.finition 2-23

and nt.,6r € Qfr,r,,,y and o is dn automorphisrn of KIG(r, 1, n)].

Proo.f. We shall prove this by induction on n.

By induction hypothesis,

o(Emt,): Eo(m)o187.

lf ul,trc e O[.r,,y,^ a Q\,,o,,,- r;,p € of,.p.,,-L;. choose tr'and r,' e ()'f,.r.,r; such

rhatmt - o'and tn'.rn € Qll.r.,,- ,,and p/.O e flf, r.r,- r1 then by case (ii)ol'Dcfinition

2.23, wehave

F. -En'nt'(''t-lE'o''bunl\r _ 
A_ r)r,,

By induction hypothesis, we have

Et'ntn'('tt' 
'EJa,r(Er,*) : ot-)

1: 

-o(E-')o(t:,,.-r)o(Epe)
a--d,r

: -L'rr^)o(rn'1err-tEotrl)ott )(L -- d r,,
D1Lolrrr)rr(tr)'

Therefore,

o(Errs,) : Eo(n)o(s,'' V6r € O1r.r.n).

I

Definition 4.8. Fix tt Ql, p)-partition ), of siz.e rt,. Denctte rhe stahili:.er of ) untler tlrc uctirn

of V,lpZ as Ks. where

Ks: loi1a,1.l; = 11.

Ks is a subgroup ofZlpZ aml g,eneratetl by the transformution o'f ̂  1,1'figr( 6'l )' ()) : ,\

ctnd Vs is as in De.finition 2.9.

We can also define Ks as.follows:

Ks: {o"l^ : !i -+ tilO < o <e - 1},

*-here t : lKxl: lL .

.f x'
Thus, tlrc elenrcnts oJ'Ks are all G(r. p, n)- module isomorphisms.
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Definition 4.9. Let A be a (d.p)-partition as in Definition 4.I such tfutt ol.r ()) : A. LetV,^,

be the vector space spannea b {ubl,{r e O}, 
I r,)} over u Jield K ntnraitting rrh ltritnitive

roots of unity, where 
"[r,] 

: tfll,,,,,ro, 
and {)1,.r.,1is a,s in Noruion 2.8.

Vlsl are G(r,7,n)-modules by equations (4.1), (4.2) and (4.3).

Definition 4.10. Let a - ePl" , where e is the primitive fh ruor of'witt.
'r" I

rm GJ1x1: ; I ,-itolxi antl t'ir;, : G),,^,t'yni.
i:o

Lemma4.ll. GillGtys :6tiGist,where Gr, is as in DeJiniritm 4.10.

Pmof.

ciltct^t :

ir-

{r,o,r, 
p e Qf,,r,,)} oru theJieldKcontaining rrh root.s of unitl'wltere t:rn,,,, i.s as in Deli-

nition 4.10.

Definition 4.13. Bv Lemrna 4.5, we have oJ^ : l'irr -+ Vi,;1 is an isomorpl'tisnt us G(r'. p. rr i-

modules where {1l ,s as in Definition 4.9.

Put,

uJ:
e1

I E"t,r r)/.r+.r(rr)o../.r :r(p)
i-0y:e of. r,,)

where 0t",r,rl is as in Notation 2.8.

Lemma 4.14. Let K be the field containing rth prirnitive root,s of uniry.

.f.r _ 1

l. r/u) - of ^ where lL : L u3 and ui is as in Definition 4.13.
j-0

2. u e Z(KlG(r,p,n))) with uf : 1.

(:p, "o'^')(:t - ",r^')

ii a-i(t t)i, "or^'
j-0 'i:O

5t ;G),,,.
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- e- 1t-
-1. Put:[r],.,= )L*-"r,i thenirisl (,r,rl,r) =G!sund:s,,.i tKi(itr.r).tt):.

rt-0

ProoJ. Proof of (l): It follows from the Definition of u that

rs$i)l:*,): r'or\(r,) V(, e 0f .r.,,r.

Thus, a1(rl) : slx.

Proof of (2)z Since o(u) : u and K[G((r,p.z)l is the fired licld sutralgebra of

K1G1r.1. n)1.

u e K[G(r, p, n)].

Since o.f^ is a G(r, p. n )-isomorphism of !'i,
r,,(u.)r.,r(r) : r,,(:r:)r,,(u,) Y;r e KiG(r. p.n)i.

Thus,

?r € Z(KfG(r.p, rr)l).
"/'r-l r: I

Sinceu: t I Ito,,*,,,^:r(r;)o,f^.t(r,1 , theonly non-z-eroelements in the

7 o q,e{)f, r.,,1 
i o

product tr.'' ate of the form

E6lx,lrr1olsri+,' r)(tr) .. - Eoi^,,. z)1rr1o.isi,tt,1611Eo.ii, ,-,;i.r,1ot;r,ir,1

Thus trt' : 1.

Proof of (31: Consider

1-
zr11;(:111,7)u1*,, 

: 
"l^i 

( ; )-a , ti') r' *,

'uk'l'

From Definition 4.10, r-11; (rt.tt,r) : G'Al.

By Proof (2), it lbllows that-':1r1;3 € K[G(r',p.n)] whcre K is the field containing thc

rth primitive roots of unity. -

Let l'(f)l:71 : G1^1ll.r;. Then

Proposition 4.15. Putl111(:r:) : "Grtro,,^,(,).
i-0

1. {V ([f];j) ,0 < 7 ( r - 1,.\ € f1,,p,,,y] are irreducible as G(r'. p,rt)-modules where

y([f]; j) are the eigen spaces for the operator ol^.
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Proof. The fact that V ([f];j) is a G(r.p,n)-module follows from equations (4.1), (4.2)

and (4.3) of Lemma 4.5.

Since o/^ is a G(r, p, n )-module isomorphism.

/, r: 1 \
,r^ (,rur,) : "^ (: L,o-i,oI^,,,1u,t)

: rr1 i s1-iQ+t)o"rr(i+r)r,1r,r
" ,.:r,

, ,] ",trr" t,l?)t

o/^.(,'1,,1,) - 6.rr?:1^,r/ @.4t

Thus I/([)];7)'s are the c..,r-eigenspaces for the operator rr/^. Since GN, are G(r,'p,n,)-

module homomorphisms and y([f]; i) are G(r,p, n)-modules.

Let W be any G (r, p,n )-submodule of Iz( [,\] ; f ) and let X I 0 be any non-zero element

inW,

thenX: t apcrp1ulr,1.

rc€el..r,,r

"1^1 
(}-- "u 

(Er)) x : 7r[.\] (ff:j p",ol) X : Grislug,l e w.for anv ie € ()f,.r,,,;.

rJ

Proposition 4.16. V ([f];:) andV ([)'];l) are inequivalenr iJ'^ * 
^' 

or.i * l, where

Y (h]; j) is as in Definirion 4.12.

Proof- Let.\ and,\/ € lir,p,,,; where ) : (l(r'z);0<a<p 1 and.\/ : ()'(r'l))o<a<p--i .

l<l<d 1{l<rl

Case (i) There exists at least one residue of ,\ and of ,\' say 1(l'r'lr) un6 .rr(Az'l':) which are

not equal and there exists f such that

I a l{*,,1r) bur 14 Sr(xz,rt).

In that case,

I : 1A(o,t). )(1,i), . . . , A(?,-i,l). 1(o'z), . . . , )(p-1,2), . . . , )(0,1r ). . . . ;(kr -,.1r),

f. Xl',+r,tr).. ... s@-1.tt).....;(o,d),.... 1(r, i,d)1

such that,l < .f and ) I p which means y([f];r) andV ([^'];l) have different

direct sum decomposition as G(r, p,n,* 1) modules.

Thus Ir' ( if]; j) and V ([)']; l) are not isomorphic as G(r. p, zr') modules.
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Case(ii) Even if 1i[,,,,1 f Sr(kzJz) and no partition I exists $uch that ] 1 tr(r"r'lr) s1

1 a 1r1kz,tz) *1sn 1(rir,lr) : [2] or [121.

Since ,\(kr,lt) 7 Sr(kz,tz) which implies either ,\(to"J') : [2] un6 1r(A::'rz) : f 12l or

tr(kr,lr) : [12] un6 1r(kz'lz) : [2].

Subcase (i) There exists I < 1(k"'1") for some 
" 

ot i < A'(ft''l')' Then'

) : llto'll. ;(i,r), . . ., )(r- t,'), . . ., tr(0'r' ), . . . 1(kr-1'li). i)l(*r'Jr 1.

1(kr+1,1r),...,,\(p-t.,r).. ... ;(o'd).... . 1(ir-1,d)i < l

and.\ I )'since 1r(42'Jz) : [12]'

In this case also y (lrl;7) and y ([A'];l) are not isomorphic as G(r'.p. n) nrod-

ules since they do not have same direct sum decomposition as G(r.pr..rl - 1)

rnodules.

Subcase (ii) If no such I exists implies that .\(k''l') : O or 1t(ts''l') : O. Thus we

are reduced to consider the following case' Suppose '\ : [o, o, ' ' ' ' [2](]ir 'lr 
i 
'

O,.-.,61,A' -- iO'O,"',[f]t*''t')'O,""t]] and let x; be the path which

starts fiom O and ends at ).

i.e.,gt: {o,) -= [o,o'...,[l](u''1').o,' ',d] 'li

and gL,be the path which starts from o and ends at .\' which is given as

6r' -- {o..\ : [<D, 
o,..'' [t](r'i'l'), o, "' ,d] ,^'i'

By Proposition 4.15, we have

r([,\];r) ("r) riol : utr,) and zr11.r'1;3) (e1)urr'l : 0'

Alsooe(.\): land op(\'):.\'whichimpliesthat lKll :1and l/(f i:1'

By proposition 4.15, V (trl;j) and y ([^'];J) are not isomorphic as G(r',p.2)

modules.

Case (iii) SupPose tr : (X&'r))s
1

1(t't)

and ), : (l,(k,t))o;fe_,

-1 such that

1, k: kt and I : lt;

O, Otherwise.

that

1k<p
<t<d

:I
t

such
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(
\//t../) | t, l.= A.: and 1:12:/\' : \

I O, Otherwise.

where,\,)' e i1,..r.r;.Also both op()) : ) and op(\,): ),implies that l1(11 : 1

and lri1,l : 1. Thus by proposition 4.15, y ([^];.i ) and v ([),]: r) are not isomorphic

as G(r.p.1) module, when h I lz.

case(iv) Suppose all the residues of ) and )'are equal. Assume that l,r(iA];J) and

V (/'l;/) are isomorphic as G(r,p,n) modules.

Suppose 7 is an isomorphism from r./ ([l];_r) onro I,, ([^,]; l), which irnplies T cgr:r_

mutes with the action of G(r.,p.rl.
i.e.,T'("11.r1,r;(r)) L)[rt)] : ("q^t,,1(r)) Tu1x,)t V.r: e KfG(r.,p.rt)j.

In parricular, put (2111.11;jy(e,)) : cr/^ where e. e K[G(r,p. zr)i

r (oI^) ,,,,,,, : ("t^) Tt. ,,,,

T (a.:i1,i,.1,) : ol^ (T(r,i,t,|)

ai (T(r:1r,1,)) : ,L (T'(t,,,0,,.,'))

which implies that, j : l.

Thus, when j I l,t'([^];f) andI,' ([),];l) are nor isomorphic as G(r,p.n) modules

where ,\ € l1r,ir,,,;. ij

4.1 Bratteli Diagram of the complex Reflection Group

Notation 4.17. Let F(r.p.,,) be a.s in Notution 4.2. Let A,,,. F,r.,,.,,,. Tlrc t.rtttplete.trt
of inequivalent irreducible representations ,r.f G(r,7t. rt) is inde.recr b), the equirarent t.lu.s;;

([)"];;,), 0 < j < e: - l u,herer: : jh1,, l.

Letf qr.p.,r) be the inde-ring .set rtf all inequivulent irreduc'iltle represenrcrriort.s tli ()ir.1t. it';

where

fr",r,.,; :f1,.y,.,,11-:{(14,,];J).0<.j <e- 1;),,€fi..,,,.,,) andilis,,i :,i.

The Bratteli diagram of the chain

G(r', p.0). G'(r. 1t. t). G(r. p.'2), . . .
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is the graph where the vertices in the *,th level are Iabeled hy the elemenrs of i1r.n.6y, A. >

0 and i1,,p,o) : O and the edges are defined as follows:

Let I and I be the representatives fbr the equivalence classes l)] and [p] respectively

where [)] e i1,..p.i+ryand [p] € ii".p.i).

An edge from I to ! is drawn whenever ! is obtained from I by removing a node from

one of its residues.

Example 4.18. The Bratteli diagram of the chain G(2.2.0).G(2.2,1).G(2.2.2).

G(2,2. it) . . . i.s given as fttllows:

o

An er)ge frotn a vertex ofi g,7,.r+r) to an vertex ,rf f g,p.4 is tlrawn in the following wa.,-.

Let\ be lhe representative Jbr the equivalence class f (,1(A 1))01*<p 
, j e | 1t.p.i ,1i ctrul

1< tld

lt, be the representative for the equivctlence c./a.rs l(p(t'*))o=,=r_,1 e i1".p.;i.
l!s<d

An edge Jrrt* i tn lt is elruwn w,henever lr is obtained from i b1, remot,ing ct ntxle Jntm

one of its residues.

5 Matrix units for the group algebra K[G(r.. p,n)l

In this section, we colnpute the primitive idempotents lbr the equivalence classes ol paths.\Ve

shall also give the complete set of matrix units for the group algebra iK,G(r..p.,i)1. where

K is the field containing rth roots of unity.

5.1 Primitiveidempotents

[3]9o, [2 + i]ool

[1]no'

F(r,i: fXJ E,'k)'w'i,

oo[1]'
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Definition 5.1. where Eo,(ci is the primitive idempotent for tlte porh oi(fi.1, e ON.r.,,l

and 271;i is as in Lemma 4.14.

Thmrem 5.2. I Flrl is a pimitive idempotenr ln K[G(r, p,n)].

2. Flp)Fti : &,*6p11r1F(r1.

s. I Fl*1: zyxi1.

p€()1". 
, .,, r

Proof. Proof of (1): By Definition 5.1 we have,

F(ot: frf=i E,,61f ,ix1,i.

Consider

/\ll\
,"1^1 (rfi,) ,,1n1, : "'^, (I E",6,tztt\,t)l'tu),

p-l
: di,, I nA1(E"t k )ulq)i : 6i.16s,,q'ttyE,,j

,k:0

Since r'1ri(r.t'1,)(y([l];,r)) is one dimensional, Ffi, is a primitive idempotent in

K[G(r, p, n)1, where K is an arbitrary field containing primitive t'th root ol unity.

Proof of (2) :

* 61 (r(*1161) r,r,- : ^r^r 
( | f, u,, *,),r^r,r I I E o, til):,^r ;n, ),,r,,r,,,

: fi,-6r,nuyo1-

rnus, F,'lr, Fffi : 6t,^6 r,, Ffrr.

Proof of (3): We know that n[)] (4"r,) y([,r];-r) : KG'aturolr and Ff", is a primitive

idempotent in K[G(r,p, n)].

Also, we have
/1-1 e-7

": I t IEo,,r,,r^+r(p)oir^+i(p).
3:o pe()[,1,.y i:o

Thus,

u(27* zo(x)*... +zor1-t11y) : lJ: z^* zo$) + "' + zors-l(\)

r e-1

By Lemma 4.l.4,weehave zg1;i:;,Lr-rizi which implies that

i:0
/r-1 "f.r-l

zlxl;jD zorq\): T zotlsyzl^):i: z[^l;i. 
.

i:O i:O
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Thus,

p--l

F{ra : t \8",612yx1;t
[r]l€f)[.r.,) 1,,1e o[,, .,r '-0

: I zo,(p)zls);r::lll;t
[r,]€o1.,, ,,, i

T

5.2 Matrix Units -E,,*,

p1 p 1

F,,r,r :Do' (8,,r) (",1,,) : I Eo,(*),,e,)Flel,0 < I I e * l
i:O i:0

Definition 5.3. where I.,t 
, 

;s as in DeJinition 5.t and m,gr e Qf",r,rt.

Theorem 5.4. FntrtFntil : 6b1,1q7FrnrnL where F,ntor is as in DeJinitirn 5.3.

Proof. Consider

tryxi(F,n,r,,FrLnr)uyly : r,^, ((>-u",*,l,,rolrilr) (i*,,r,,,t,,1{';r)),,,,,,

f _ 
((\' \\: d1,,1,1r12i1.r1 ('(I Eo,6,yo,k)F'(.)) 

)rr, 
= d,,,,li;d;1,;l qtt',.,,, i.

161 (Fn t *t Fn,,,,) ,y1, : 61,,1,trldtrl, lqyulrnlt. (5. l)

(5.2)

!

6 Split Semisimpticity o7 pG(r"p'n)

Theorcm 6.1. The K(r,r) algebra p(;(r'n,rt')) is split semisimple where {.r,q,}o<is, 1 ar€

indetenninotes and (i is primitive r'h root of uniryn.

Consider

tr1s1(F,t,t) u1ty = -l^l (iEoi(rn1oi1n)F11,,) ,',,,, : 5r,,;.;1;r';,,,i,

\,={) /
r1t (Fmtnt) a11ir : d1r,1,1i1t,1r,,1r

From Equations (5.1) and (5.2) we have,

F*t rt FnLnL : 6[o),ir]Fnr,r, .
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Proof. By Proposition 3.5 we know that

p{;(r,p,n) - 1C (r.'p.tt) O KfSar(r,r,rzl1

un6 yG(r,p,n) - !2",n ) Z.

By Theorem 2.31, we know that Iz' is split sernisimple and

semisimple.

Thus, by Proposition 3.5. pG(r,n'r') is semisimple.

by I3l, K(r:,, )[Sc(''l,''I] )] is

Theorem 6.2. The K(rar) algebra p(](r'r,rt)) is split semisimple.

pc(r,p,n):(. 
=* 

D,.^) O( _,.e 5,, ,u.,,)\,16i1",p,,1 '/ \ 7r€l',''.1 " 21''

where bn,s antl Dn_zk,tr are full matrix algebras ouer K(.r;, ).

Let l\) € i1r,p,r,;, then a simple b,,,1s1module t,.7i cun be written tt.s ct tlired .srurt i$'

fin-t,lx,\ modules in the following wav:

2,,1.11 : .@.,% ,.f.r'

^ )<1,
and let p, e l91.r"-2x1, then a simple Drt-2k,t module Vn-2k,t, c'on be written as a tlircct

sum of frn-zx,1r modules in the following, way:

in-zk,tr: @ ?n-2k+2,tr, .9 t _ 2k-2,1-r,,. / e l1",r,r-2A,*21tmd ptt€ f(r.r.rr 2i t2).' rr'<rl lr" < r,

6.1 Bratteli Diagram

Notrition 6.3. Letic1,,p,ry denote the set of all inequivalent irretlucible repre.sentution.s oJ

pG(r.p.n) or7 
L. I

let i 6g.r.n1: i(,.p.,,) 
L$ 

f1,.r.,, -.:r.iK:I

wheref O,o,n) denote the set of all inequivalent irreducible representutions of'() (r',7t, n)

which is given in Notation 4.l7 andl p1,n-z*1 denote the set of all inequivulent irreducible

representations of the generalized symmetric group G(r,1.,r1 2k) is as in Notcrtion 2.1.

The vertices of the rnth floor and (m + 7)th of the Bratteli diagram belongs tof (;o,r,,,,,,\

andf (]O,r,*+lt where
l-l

f c1,,p,^1:f ?,p,,n)'l]'f,.,r,*- 2k) andf c1r,r,*+t1
k:1

il

[",+t I_ L--{ )
: l(r,p,nr+t) LJ l(r',1,m+i 2lc)

k:l
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Let ), € ic;1r,y,.nr1 antl pt € ic1r,p,r,r+ t1. An edge from a vertex ) in the rrt,t, .fir,or t6 n

vertex St in (nt. + 7)'h floor is drawn in the following way.

Case (i) Suppose hl e i(,.r.,,1 emd lltl € ii,..p,,,,,-r , tlten un eilge lfusru irrl ro i,\, i.s tlruvrrt

as.fblbws:

Leti and lt be the representcttives.fttr the equivalent'e c.kt.s.ses').i and i1t),. An edge

.frutm fi ro\ is drttw'n w,henever\ is obtainecl .f'rom lt b1, removing u tuttle irom tne eJ.

it.s residues.

t,,,+rr
L2l

Case (ii) Suppose 
^ 

a 
!,f (r.r.r,r-.:,k) uncl p € u, fir.,.,r-; 2s,, 1tru,tvitlecl tt ) ').

An edge front ), lct 1t is drawn either bv adding a node or removing tt rurcle .frort one

of the residLtes of' ), to obtuin p,.

Subcase(i) Whenrrr:').,\€I'i,.r .o)and1r€11r.tri.pedge.sureclnm,nlittnAtq

1L bv udding a node to one oJ'the residues of A to obtain 1t. where pd .: r..

[..+]
Case (iii) Suppo.se l,\1 e I'1.,p,,,4 und 1.1€ -U, f{,,,,r,+t 2A,) pra,itled nt I i.

An edge from l\) to 1r, i.s drawn in the .fblkming wat,: tet i b, the representcttiv,e !i;r
the equitlalence c'lass i\i. An etlge J'romi n 1, is elraw,n, yvhenet,er u ngde is renun,ed

.frum one oJ'the residues of\ to obtuin trt.

Subcase (i) When rn : I then l\) e i1..p.r ) and p € lir.r,o).

An edge J'rutm )] is drawn bt' remov'ing u ruttle .f'rutm one of'the resirJues o.f i rp

obtein p wherel is the representatiye Jbr the equivalence c/a^r^r i)1.

L,,1
L.il
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:::::
aaaa

[2]n [2], [1r]o [1r], i1l,,l1l,

[1]o = [1]2

o

Matrix Units for the Cyclotomic Brauer Algebras of (J(r'. p. ri)

type

Notation 7.1. Qc(r.,,, rt1 derutte the collec'tilm

cy c I ototnic B raue r al g,e b ru.s o.l' G (r, 7t. r r.) tv p e

'r/t' .floor We de.fine,

o2;1r.p.,,r : {l'r € Q};(..p.,,r | 3t erul's trt ) Q ii;,, ,,,,ri

7 1,\.rr 2l' ( 
'(24;;r:;) : tt,e Olrr,.p.,r l t,end:; at A e [-1,.r.,, 3p,. i { A

Definition 7.2. FG(''r"o) : 1.

Definition 7.3. Let ) € fr,,,.,r,,,1. lf'rtt.ri € O|,,.r.,,i,thende.fine

Fl,',!,','"' = (l- -',;')F,,,, ,,,.

w,here I:,,,, ,,, i.\ a.s in De.finition 5.3 untl :,2,, :. I f ;;,
rr=52.\. " lA

)e I ,,. ,,.,,,

Theorem 7.4. FGI''?'"). ,r., in DeJinition 7.3 fnrms u complete .\et ()l'mtttril unit,s.lor

D(;(.''p"t) ot,er the.fiekl K"lr;,). where {r';,}rr.-,.r- 1 and ii is the yrimitit,e t!i' rttri ttl'

unity".

of ull puths in the lJrtuieli Ltiugrum o.[ titt

stctrting .from the }tt' .flortr unti erttlin-u, ttt Iite

I lr r '1

<i I
L2l j

Example 6.4. The Broneli of'the chttin 11{;(t') t). DG(1 )'2),...

trll ry frlil
ill : [1i

\,,,,, ta---

arul
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Proof. The proof is by induction on ;r?,.

Whcn n : 0 and n : 1 the proof is obvious.

whenn :2.Let",, e o2)1,.,r.:1 wherern; - {o. [itl,u., 
,)] .o].t) <, < rt - i.

Using Definition 2.33, we get

,_-, - 
!"1","',"1t'i': ,"',t rn.rtt, .r, *.1r t*./,/ t

f"' (tl.'_'l
r;, 

ttt t )tt t ttl 
J 

ttt 
J' tlt,tll i .r,1tt.ttttt 

l

, I'l .r1t I

(i I, t'i*7'ut)', (; I,' ttkt',*)
A::0 A:0

,'.

t* i o-tix7,r*)", (j i p-prk tttik)
A':0 k-0

''^'r,lu),,, (; i ,t tLA rrik)

l, I , l, I

(t:,, nikt,t,'A), (,', t,, uikttt,'L)

(r,, * \)f-\ r,-piA';rc,,u)

A:--0

(* f p'rtik 1,t,'^'\,, (; t n r''ix 1,r'r)
p-1

A-t)

1-
A:0,'tT

(.,, t IX | 7, r'.rA'.r'.,,^ 
)

lr I d 1 d-1 ., t' :

(rI p n'ut,','^).,,(I t,',"(Lt)-Pttt )), (,1 I,, t' k1,t,'t')

A'-O A'--0 rrt i) A ={)

(r'. - )-11..i p p'^',r'i,A) (r, * tX-\ 1,' t',^r'r,,0)

:0

Thus, F!,,,r,,,FI7iir,,,, : {) 0 < l. .,j < (t - 1.

p1
(*r,

l':0

(.r,, + D':!, p-pr'r,q,,^) ( ,, * L',,--" ,,''' '^.,',,,,.,,, )

(t * f f-i rrnii\* )(, * f f :i ,rlik":,1,'* )
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Fk,n.,F,u;:.,,,

, p-l I I,-l

(*t o-otr1,t,'t)",(;I p "^t,'i^)
ft:O tu-o

(," * ffl:i p-nukrcno)(,,, *Lf,:\ p-rrr,,'q,,,)

(* f t)-eikhTk)", (; i r-aLt:,,ttk)
li'-0

(r" nDl:\ p-rt*r,,0)(r,,. + If:i p-ut^'rc,^,)
p 1 .p I

(* f p o'^ t,l^), ,(; t o-u)*1,t't)
A:O A::O

("" * DX-\ p-rorrq,.)(," + If:i p-rik,,'<,,^)

",(* i n-rtx1nx)

". + DI:', p-pikrc,n) (r" * ffl:l ,-rtk t,;,,^)(r," - f f - ] r, 7,1A.r.q,,, 
)

. p I ,1 I .tt, I

(*f p-''uhlr)(r" r I p-':'i^,';,,u)",(iI ,, ttkttr,'^)

A:0 A::1 A:.. 11

("" * D'i:|r,-"r,",',.)(r," + Ii-i p 'iA'r';,u)(r. t Ii=\, i, "iA'.,';,,,)

. p I .t I

(*f ,,-r"At,1A)" (;I u-utk1,rt)
k:0 Ir-o

(.r- + \-9-l
\"'' z-l':t

: Fk;,,, o <

Thus, F!,, nr, F{i*, : Fk,,r,
d-1

Therefore, :f;?'u'tl: I F!',,n,.
l:0

z4r' is thecentral primitive idempotent correspondin g n {,,;(''a"zt .

Thus, {(1 - ,!"I F^,rr},r,6,ee}.,r,2,,} € i(,.p,2) and {Ffr,',,,,,},,,,.,,,,e(z)i,,,,,.,,.1 e

f 1r,r.o; form a set of matrix units fbr K(r(,)IDG(',p'2)).

From Theorem 5.4, we klow that {F*trt}-,5,e e},1 ,1, 
forms a complete set of matrix

p-''ik, <nu)(r,,, * L1-1 o-''*r'-,,")

i,,j.l,<d-1.

0<z,j,l<d-1.

k=0

(r," + L":\ p-r'*rq,n)(r,.+ Df-i p t,t^'.r'c,u)

. p-l . p | . t, I

(* X p-u' u nlu), ","' (l\ n u i k 
t t,'- 

) ", (,; \ r, 
-,r r t,','^ )k:0 k:0 lL =()
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tt-' I

units for the group algebra K[G(r, p. n)), where I-,,,1*t : Y. Eo;1,,,)o,t,.rfii,l. K is the held
.i.-0

containing rth roots ol'unity &fld 5.r, rrr e Ofr,t,r;.

Also, from Theorem 2.35, we know that {F{;:r,\ *.rr5);1^ fo*r a complete ser ol'marrix

units for K(.rr)fDff,], where p?;e: ?#P;# and q e 2,.

Theretbre,usingTheoreml.4of [0],foralln >3.{(1--r!,\L-,,,,,,,},,,,,,-(21.,,.,,,,,.^a

i1,.,r.r,; and

tF,li;,),,,,,,,u,rlrij;i1,. ) € f1,.r.,- 2a) fbrm a conrplete set o1'matrix r.rnits tbr p(i(;"l rr) ,,r-,'

the field K (2,.,) , (d is the primitive rth root of unity. I
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