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DEDUCTION IN A[]IC ALGEBRA

I{ahtan [I. A

Department c,f N'lathernatics, Facultt' of St:it:nr;t:, lis Universitt, Benghazi, Libya

( R.ecefuted J onuartl 1 5.'

Abstract. The extensions of sotne of the results of Halmos

here.

i)

This paper deals with extensions and applications of the original icl

express propositional logic in arr algebraic form. The extension of

with the applications have been given

1. lntroduction

in [3]. Boolean algebra is tbrmed to
algebra to fuuctional Boolean

algebra with operators is capable of expressing nronadic logic in au form also. The operators

correspcnd to the usual existential and rtniversal quantifie,-s. The issue of the paper hzus beeu the
nronadic deductiol algebraically.formation of certain ultrafilters of firnctional monadic algebla to

The procedrre has been generalized to include terrns a-s well.

2. Monadic Algebra

A monadic alebra is a Boolean algelrra B with an operator I : B -+ B such that

(i) r(o) :0.

(ii) o<l(a) foranyo€B,

(iii) l(a A l(1,l)) : l(o) n l(b) for anv a.b e B'

This operator is callecl existeutial quantifier operator. The uttiversal quantifier operator V: B -+ B is

defrned fy V1"1 : (3(o'))' for any o € B. It can be shown that l(1) : I and l2 : I' For {rrll proPerties of

3 and V see [l].
'fhe following propositiou is ol>r'ious:

Proposition 1. f (B) and V(B) are Boolean subalgebras of B.

A subset A of a monadir: algehra B is a monadic srrbalge'llra of B if ,{ is a Boolean subalgelrra arrd

7@) e A. In particular {0} arrd 0 are rno[adic subalgei>ras of B. Thus [,e have

Proposition 2. )(B) and V(B) are monadic subalgebras of B.

A sul:set 1 of a monarlic algebra B is called a monadic ideal of R if

i) oVLr€1foranva.be [.

ii) aAll € 1 for anv a. € / ancl any b € B.

iii) l(1) c r.

Keywords and phrases : Nlonadic Logic, I\4onadic algebra, Ftrncti,rnal N{onadic Algebra, \'lorradic F'ilters

AIVIS Subject Classification : 03G05.06E25
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In particular {0} and B are monadic ideals.

A subset f' of a nionadic algebra B is called

i) aAb €.P for any a,b e l-.

Ka.htan H. Alzubaidv

ic filter ol B il

ii) oVb€ F for any rr € F, and any b € B.

iii) v(F) _c F.

In particular {1} and B are monadic filteri. Tlae following proposition is straightforwarri:
i

Proposition 3. Let B be a mo,aclic aldebra, 1 an ideal and F a filter of B. Then
(I) (i) 0€f (ii) aVb€1 tbrany a,h€I (iii) ifa€Iandb<athenb€1.
(II) (i) 1€F' (ii) aAbe F foranya.6e F {iii) ifn€Fanclb)otheDb€F.

The following two propositions Cre also olrvious [2].

Proposition 4, Let B be a monr.,,tic algebra and l ancl f. be srrtrsets of B. Then
(i) If 1is a monadic icleal. then Ii: {o':a€ I} is amonaclic filter.
(ii) If I'is a nronadic filter, rhen F' : {o' : a e F} is a moriadic icleal.

Proposition 5. The set of all monadic ideals and the set of all monaclic filters are closed under arbitrarv
intersection.

Let B be a monadic aig.:bla and K C B. Let I(K) denote the least rnonadic icleal containing K and
F(l() denote the ieast mona<lic filter containing K. We say that 1(K) and F(1() are generated by I(.

Proposition 6. Let B be a mouadic algebra and K e B. Then
(i) I(K): {b e B:b { r1',/ r2t1 ...V2,, for some rr,22, ...,ln € 1(} U {0}.

(ii) F'(1{) : {b € B ;b) arl,,2A...Az, forsome iDl,22, ...,rn€l<i U {1}.
Proof. l-or (i), let J : {b e B : b 1 r1V n2V ... V rn forsorie n1,u2, ...,rn e1{} U {0}. 0 e J. Let
by,b2e ,L Thenbl {r1Vr,2Y...Vc,andb2<y1yy2V...yg*for someut,91 €K.brvb2 1x1vt2y...v
:tnYy1V.t12\/" Vg-. ThereforeblYb2 €,/. If a lblr1Yr2Y...Yrn,thena€.-/. ThenJisaBooleanideal
containingK. Thefeforel(fi)q J.rf be./,thenb--r.ivrzy...Vz,where 11 e Ki.e.2,rie 1(r(). Then
be I(K). Thusl.(K) :JasBooleanideals. Since!(b) <1(x1yr2V...V.r,):l(zr)v1(r2)V.. Vi(r,),
then 1(K) : ./ as monadic ideals.

A simiiar argurnent teads to (ii).
A filter F of a monadic algebra B is called riltrafilter if F is maximal with respect to the property ihat

0 / F. Llltrafilters satisfiz the following irnportant properties [2]:

Proposition 7, Let F be a filter of a uronadic algebra B. Then
(i) F is an ultrafilter of B iff for any a € F exactly one of a, or belongs to F.

(ii) F is an ultrafiIter of B iff for 0 I F and a, V b € F' iff o € F or b e F' for arly a,b € F.
(iii) If a e B - F,then there is an ultrafrlter U such that F C U anc), a / U.

l\tlaximal ideals and their properties can be introduced dually [2].
A rnapping 1-r, : 81 -+ 82 between two monadic algebras is callecl a monadic homomorphism if p is a

Boolean homomorphisrn and pl : lp. It can easily be shown that pV : V/-r. Thus we have

Proposition 8" \'Ionadic homomorphisms preserve monadic (ultra) filter and monadic (maximal) ideal.

I
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Ded,uction in morurdic algebro

Some n'fs in monadic logic are provable (declucible) and are refutable. Accordingly in monadic algebra

we may say some elements are provable and some are re . So a i, provable iff a' is refutable.

Proposition 9. Let B be a monadic algebra. Then
(i) 'Ihe set F of ail provabie elernents of B is a monadic

(ii) The set f of all refutable elements of B is a monadic

Proof. For (i) it is obvious that oAb e F for any o.b € F
a € F, then V(a) e F. Thus V(F) ! F and F is a monaclic

A simiiar argument proves (ii).

aVb € F for any a € F and any b e B. If

Let K : {ot,az,. . . 
, o.} and F(K) be the filter generated by in B. Let U F(K) denote the ultrafilter

containing F(K). Then we have \
\

Theorem 1O. Let K : {ay,a2,...,an}. Then K t- b in B ifi b € U{(l().
Proof. Suppose that K F I.. Then a1 Aa2n ...n o,, < b ([1]). The\efore, b € UF(K). Conversely, sup-

posethatbeUF(K). Thenby(Proposirlon6)b)11 Az2A" Ar.fors\me,cl.e2,"',rneK. ThusKFb.

\
\

4. Functional Monadic Algebra \
\

LetXbeanonemptysetandBaBooleanalgebra.supposethatBo:{p\p,X--+Bisafunction}.For
p,e € B' define p A g, P V q,pt arld 0, 1, pointwise as follows:-

ipnq)(r) : p(t) nq(c), (pvq)(") : p(r)'/q(r), p'(r): (p("))',0(z):0and1(z): i
for any c € X. Thus we have ([l])

Proposition 11. Br is a Boolean algebra.

Assume B is complete in the sense that any subset of B has both infimum and supermum in B.

Existential f and universal \ quantifiers on the functional Boolean algebra B" are defined as follows :

For each p e B',let 3(p) be given by l(p)(z) : sup{p(z) : r € X} for any s € X. Similarly V(2) is

defined by V(p)(z) : inf{p(lr) : r e X) for any t € X.
3(p) and V(p) exist by completeness of B. One should notice the notational difference between logical and

algebraic quantifiers.

Proposition 12. B' with I form a monadic algel ra.

Proof. f(O)(r) :sup{0(u):;r e X}:sup{0}:O:0(u) forar'' r € X. i-}rus:(0) :0. Letp,qe Bx'
3(p)("):sup{p(z) :ceX}}p(r)fbranyx.€X.Then)(d2p.Byusinginfiniteleftdistributivehw
[4] we have

3(p n l(q))(r) : sup{(pn 3(q))(z) : x e X)

: sup{p(r) n l(q)(c) : r, e X}

: sup{p(r) Asup{q(r) : r € X} : r t X}

:sup{p(r):te X} Asup{q(r) :r€X}

: l(p)(z) n l(q)(c) for anY c € x.

Therefore l(P n l(q)) : :(P) n l(q).

\
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The two functional quantifiers I and V on Bc are
peB'*.

Kahtan H. Alzubaidv

hv V(p) : (l(p'))' and 3(p) : (V(p'))' for any

5. Deduction in ional Monadic Algebra

Natural inference rules of monadic logic are
the algebraic deduction in U F(K). We have

transferred into certain algebaic rules in the B'governing

Theorem 13.

(i) p(") n q(r) e ur'6) ifr p(r) e u F( andq(c) €UF(K\.
(ii) p(c) v q(r) e u F(K) rfr p(t) e u F
(iii) Either p(x) e UF(K) or -p(c) e U K).

) or q(z) e U F(K).

(iv)p(c) e UF(K) itr -p(r) /UF(K\.
(")p(") eUF(K) iffVp(r) €UF(K\.

(vi) p(c6) e U F(K) \fr lp(x) e U F(K).
Proof. (i) and (ii) follow from defirlition of fiiter and (Proposition 3).
(iii) and (iv) follow from (Proposition 7).
(v) represents bottr V - elimination and V - introduction. It is obtained from Vp(z) < p(z) and V(F) q F'.
(vi) represents the two inference rules I - elimination and f - introcluction. The later rule is satisfied bv
p(z) !ip(r). The first one is obtained as follows:
3p(r) : sup{p(r)} : v" p(r). Now either p(r) e UF(K) or -p(z) / UF(K). If each p(:r) / UF(K) for

some c € X. Then -p(z) / UF(K) for any r € X and thus V"-p(r) € UF(K). Hence
(v, r(c)) v (v,-p(c)) :o e UF(K) which is impossible. Then p(z) e UF(K) for some z € x.

FinaIIy we study the terms in monadic algebra.
Atermtinmonadiclanguageisatransformationt:X-+X. Itisaconstanlt(t):z6,avariable

t(x) = a or a function t(c) [S]. The term t unduces the rnapping r : B' -+ B" given by r(p)(r) : 2(t(z))
foranyz€XwherepeB".

Proposition L4, r : B'-+ .B' is a monadic endomorphism.
Proof. It can easily be shown that r preserves 0,1, complement, joint and meet. r1(p)(r): z(sup,(p(z)) :
r (v,p(r)) : v "p(t(t)) 

: v,r (p) (r) : ]r(p) (z). Then rl : lr.
Thus r is a monadic endomorphism.

Note that r(UF(K)) : UF(r(K)). Therefore Theorem 13 can now be generalized with respect to
terms as follows:

Theorem L5.

(i)p(r(z)) nq(r(c)) e UF(r(K)) iffp(t(z)) e UF(r(K)) and q(t(z)) eUF(r(K)).
(ii)p(t(")) vq(r(,)) eUF(r(K)) itrp(t(c)) e UF(r(K)) or q(t(r)) e UF(r(K)).
(iii) Either p(t(x)) e U F(r(K)) e1 -p(t(r)) e U F(r(K)).
(iv)p(t(c)) eUF(r(K)) iff -p(t(c)) IUF(r(K)).
(v) p(t(c)) e U F(r(K)) iff Vp(t(c)) e U F(r(K)).

(vi) p(r(cs)) e U F(r(K)) ifr 1p(t(x)) e U F(r(K)).
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NEUTRIX PRODUCT OF DISTRIBUTIONS

Chinta NlaDi

Depaltment of Mathematics, Feroz College, Raebareli, India

( Receiued, March 13, 2006; 15,2006)

-A.bstract. In this paper, the author has defined by the of reutrix limit, the producr of thrc€
distributions snd pro!€d the a$ociative law. H€ has also given
some €xampl€s in Nhich rhe product of thl€e distriburion exists,

examples to l€rify the results snd

1. Introduction

A reutri\ N is define(l by J.G. vander Corput [3] as a connurtatile group of firnctions u(() defined
at each element ( ofa domain N/ with values in additive grouD Ni'. v/here if for some l in N, r;(€) = t
for ail € nr N/, theu I = 0 The functions in N are called uegligil>le
Now Iet N' be set coDtaiDed in a topological sp6ce with A limit point 6 does rot belorr8 to N'. If /(o
is a ftDction defined on N' with values ill N/'and it is pqs.sible to find a constant B sucll that f(O - 0 is
negligible irr N, theu 6 is called the neutrix limit or N-limit of / as ( tend8 to 6 and wc write

N - lint ,,,, _ o
f at, J\\/-rJ

The limit d Erusl be unjque, if it exists.
By making uEe of neut x-limit, Fisher 16] has denned the neutdx prcduct of two
distributions.

Deflaition (1.1.) L€t / and 9 be arbitrary distributions aDd let

r/n

t,= f * 6n= I ltr - 6"k)dt. q,,=s + 6n. )i=1.2. . (t.2)
J

-r/^
where d.(c) = np(nt), p \s aD infrnitely differeDtiable functicn satisfyin8 :

(i) P(z) = 6 for lr ) I

(ii) p(c) ) 0

(ii, p(") = p(-r)
1

(1v) J p@)d.t =1,
I

we say that the neutdx products f o 9 of / and 9 exists and is equal to the distribution ,r on (o,6) if

( l.l )

(1 3)
N-ltm < laan, a >=< h.6 >n)6

on (o, D), for all test functions d in the spsce K of infinitely differerrtiahle fuDctiou with compect suppoft.

Keywords ud phrases : Neutrix, Product. DifereDtisblefu.tion, Disiribrrions, Linit.
AMS Subj4t Claittcation : {6F
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Chinta Mani Tiwa.ri

Fisher [9] gave another definition of neutrix of two distributions.

;ions then the neutrix product f o g of. / and g existsDefinition (1.2.) Let / and g be arbitrary d
and is equal to a distribution h on (o, b) if

; -";'" < t,sn d >:< h,a >,

frir ;eii test function @ e K having support in b), where N is the neutrix having domain lttt : {1,2, . .

;rut[ r'ange N" of real numbers and the functions infinite iinear sums of the functions

n^ln'-ln,ln''n.

fr,r ) > 0, and r : L,2,3,. .', for all fun/tions /(n) for which ,[g /(") : 0

In the present paper, by using the (1.1) and (1.2), we will define the product of three distributions,
prove an associative law and obtain of the type [5, p. 291]. Further, we.vill give some examples

to verify the results and some , in which the product of three distributions exists but not associative.

2. Product of'Three Distributions and the Associative Law

Theorem 2,1, lf f ,g and h ate three distributions on the open interval (a,b) such that /:
I?'(a,b),g(r)6lfz(a,b)andh(')elPs(a,b)wherefr+*+*:l,thentheneutrixproduct
of .f,9 and h exists, and

ri
("f o s) o h : I l''Ci 

iC11-t)i[F o g(i-i) o 7r(r)1(r-i)
i=0 j=0

Proof. For / € l( we have

< ("fog) oh,o> : I;'"]' . I oe,hn|),

trf - lim
= ,, -+ - 

1 Lgnhn@ )

: I;h ' /io'h')'d >

l'€'' =' . Il f ,c;(-r)i< [F(e,h-)(i)]{r-i\,6)n -+oO -t=t

: N- u* I "c;(- t)' < F(g^h.)t'),6(r-i),n-)oo ?^
?=U

. N-lim t i
!.€., : n-*' I l-'c;ici1-t)o < [r(of-ilr'fl)1t'-rl,o> (bvLeibnizrule)

,=0 j=0

Hence, we have

ri
(/ o g) o h : t \"Q iC,1-t)i[r o 1r(r-il o 7ru);1('-r)

,=0 j=0

Theorern 2.2. Suppose /, g and h are arbitrary distributions such that

9n:9*6n, hn:h*6n

and their a neutrix product exists. Then we have

N-lim I JQn, @
?? -+ oo

(1.4)

,n," )

Fb), F e
(/oe)oh

(2.1)

[uy (t a)]

[by (t.a)]

[cf.(5,p.2e1)]

(los)o11: fo(goh).



Neutri.x protlucl of three distnbutions

Proof. We have by Definition (1.2)

<Uotr\ott.g) : I;'J .,, oe)hn,6>

i.e.,

3. Verifications through Examples

Example L. FYom [1], p. 78], we know that the neutrix product of the

N-lim
n-+oo
N - lirn
,r -) oo

N-lim: 
,, - oo 1 l,gnhno )

cosr| o6(r)(r) : 6tr)12) ocosr| = E hr*L 
od(r)(z)

m:1,2,. . . ,k - 1, equation (3.1) reduces to,

cosz| o 5i')12; : 5(')1r) ocosz| : r! o 6{'')1zy : !5cl 14.

<log,h"o>

< lg",h.d>

Since the ueutrix product of g, and h, is the N-limit of regular $equence (9,/6) o1 (a,b), we hal'e,

< U o doh,a) : I;rjl' . (/(g,r,,),o t
<f"kt"h),A>

This implies that

(.f og) ofi: f o(soh).

Thus this proves that the neutrix 1>rocluct of three clistribrrtions is

Ahuja [1,2] also proved these resr.rlts, but, for ordinarv liniit.

) > 0 and dh)(r) exists for an integer fr such that 24.) > r ) 0, r:0, 1,2,.. . W\ have,

ion cosz| :
@t

m:0

[cf. (11,p.69)]

,i 1l
(2rr: )l 

'

r;l ll

lf2m)11,2,...,r;

Thus,

(cosr| o6i')(c)) orJP : id('')(z) oxlp:0. p: t,2,...t ,:0, 1,2.

and also

(cosz] o d(')(z))o di : |6(')(z) o re*

( {-11'r'5t'-Pt1r,
- { l(,-1ri:r, forp:0'1'2. .ratidr:0, 1.2. 

[cf.(12.p.90)]
I O. llorp:7*1, r'*2...aDclr:0. 1.2,,..

*'::-i:;,lii;I,I,,1 
. "o,.f 

: E #,1, . 6,.,(r)

.l (_l)",r! 6(r'-m)1r1\ _ forr:0,i.2,.L^ 2(1. - m)t (2m)l

t

[ci.1 ].1.p.71i )
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kf. (11,p.69)l

The Deutrix ploduct or [.*.] " a,'r{r1] *i , r:, oP* becomes

[*",i . a,rf,l] o a*p = 6, ro1 p = 1,2,.. ., and -ra=0,1,2,..,

fl(z + r;)(oi)" = ,i+' * 6f)(,) =

and

dlr-in) tr) o rP )

tlI!J!!15"-^-tt1,
2(r - m.- p)! '

and p = o, 1,2, - - (r - m) lcf (12' p 90)]

0, forp>r-nr
Example 2. If the neutrix prcd[ct of of, o! and ,"+ exists, then

.i . ('t . oi) = (ri o t\) o x\ = a!+P+" .

),t p,v, 
^ 

+ p, p + u sDd,l +,r + / + -1,-2, -3,....

Solution. By [14,p,97] the Deutrix product of c] and e"* exists and

r|.o! = rf o c| = ,|*p; for.\,p..1+p + -t.-2.

Similar exprcssion can be deffned for the neutrix product of olr and cv*.

We r,rill now show that the neut ,( product of (sl+p) snd irl exists.

To show this, we ffrst clndider the case ) + p > -1 aDd (ri)" = (a\\ t 6".

for r

-1l.e.

,{

1

nt@-D'*'tfttil*,

J {.-t)'*'t!'tttat

0, forc<-]

-lllor --<r<-n- - n

where r is a non-negative iDteger so that y + r > 0. Thu^g,



Nattl t'i:t: producl of thtue di:,tt'ibrtttit,

I
r-l.r

.t
1 /tt

- It]..

Srrlrstitrrtirrg n:D = u.t n, : t, and for () + p)
,1, is ncgligible arrd

(r - t\t'+'5r't tltjrlt d.r: y

_ t\v+r 6b.i (t\dt dl

..: nt,:0. 1.'.1.3. . r".e cilll easily see t.hat

+r p(rl (t:)d.u du.

of integrals, taking N-lirnit and

[tt,+u [,,'' " ' ,,',r,,,t

| 
,-,, \li

0

1

'lnt

.)
-l

+ -1,

()(\+y

12.

+u

nl

12:n-l\+v1-"-",'r I r1s+r't+'' IJ' !,

n'hich on changing the order of integratiou. dtte to alrsolute
after simplification gives

I;'J' r, : (-r)'[I( u + i)lrt{(\ + 1i) + u* r, + r}

1'

: [l<" + E ll} ]- t) + u* nr * ll
i=, I

We thus have

1

I r{x*u\*,n1r"+),,d, : [(^ + p) * v * m+ l]-t, for rn : 0, 1,2,...
J
0

For d e K, we have 
@

(r?*'', (""*)*o): l ri^*ri1ri).6(r) d*

ii
= /r(r+/,,(r,;t,, lar,1- ; d{"')(q)""'l 

,tu

i) t ,?u ntl l
': ,.)1"')(0) i .r,,, , '

* L .,,,1 - J 
, "'(r''* )u tlt: + .l 

,'^u'u'1r",),,g\r) clr
rn:u 0 I

: ) jr,^,r, rr,t.r,t),,1 c,','((.,.) ,/r+

l!

* | ,'' "' Ittl [.,.i^r,,, f ,,,(::,i 
),, ,t, + 

.l 
,J^+il(r,,*),dlt.) rh.

,?u rttt ,{ ,

[Usiug Taylor's theoreru fbr 0 -< 
( . tl

Since the sequence of coutinuous tirnctions {(ri)"} converges uniforrnlv to the coutitntous ftutr'tiott .r'' rnr

thecloseclinten'al[rr,b] n[f,co),thus,theseque!]ce{r.'(e11)"}convergesto:ru4'(,,-r,> 0)orlthe(l,r'sc(i
interval [0, l]. It folkr.a's that

f ''' nu's''10'
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N - lim (rl**)
2-)OO U
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,(,").e): I-yii,(\+u)

6{-)(0)_\- e ru,
' ,?:^lOl P)+u*m+llmt'?n:0 [\" t Pt t v

- ( ).+0*u ,:a z+ ,O >.
This 1>roves that the neutrix products of r|+r) and (ci) exists ancl for ,\ + p > -1.

(,i o

for ru.) + p + u + -1, -2,....

r*) 
" "\: (r1*') o ,"* : ,a+ *t+"

Forothervaluesof )+p*-1,-2,.'..wewillfollowthemethodof induction. Wesupposethattheresult
istruefor-k-1<)+p<-&, kisapositiveintegerandu,)ap*ul-1,-2,.... Theuwehavebv
Theorem [6, p. 266] the neutrix product (r]*') oz"* exists for -ft -2 < 

^+ 
IL < -k- 1. Thus the result

follows.
Similarly,

x! o (xl o ri) = r\ o 1rP,+") : rl' *+"

follows immediately for \, F,u, lt * z and ) -l p + y + -1, -2,. . ..

Hence the neutrix products of distributions r\,r\ ancl e"* exists and we have

(z| 
" rrj) o fl : x\ o (rP; o r!r) : a^it' +'

i.e. the associative law follorvs.
Now we are considering an example in which even though the product of three distributions exists but
associativity follows for particular cases:

Example 3. Consider the neutrix product of distributions

(r-,od(r)1c;; ",i : [##d(e+.)] 
o xtr. r : 1,2,.... p:0,1,2,...

[cf. (13,p.1445)]

: 
ffirarr+'))(z) 

o zi)

: 15rr)1r;, r,p :0,1,2,. .

( ,-, ol (-t)'l'to''-" 
1

r-,o(6b)17yozi): t '?6r;n--1 , rorp)r,

Ir, ror p<r
(l
I id(''("), for pl rancl r : 0,1,2....:]
[ 0, forp<r

[cf.(13,p.90)]

[cf.(12,p.6e)]

)1"71.E1"1 ar.

I



Neutri.r product o.f three distributions

This shows that the associativity holds for p )
distributions exists iu both cases.

Finally we wili give an example in which the
does not holcl.

Example 4. We have from [cf.(7,p.275)]

13

not for p < r even though the product of three

of three distributions exists but the associativity

lcl.(7 ,p.277)l

[c/.(10, p.323)land

[F(2.., -l) o z$] o z! = f,tnztlrr)

F(za,-l)o(z$oz!):O

So [F(zp, -l) o z[] o c9 * F(r+,-l) o (r;! o
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Abstract. The notions of injectivity and essential extensions in the categories of fuzzy
topological and fuzzy bitopological spaces are exanrined in this paper.

1, Introduction

A study of injectivity and essential extensions in the categories of fuzzy topological a:nd fitzzy bitcpological
spaces is carried out here, rrith motivations providetl by anologous works by Salbany [3] ancl Wyler [6] in
the context of (crisp) topology.
In topology (or rather for Ts-topologit:al and bitopological spaces), a special role is playecl by the two-point
Sierpinski space (cf. [a]) and the 'quad' (cf. [g]) vis-a-vis injectivitl,. Also, the injectivity of a topological
space has been shown to be closely linked with the iujectivity of its 76-reflection, (cf. [6]). \,Vith good
counterparts of ?6-ness, ?6-reflection, Sierpiuski space and the quad, already available in fnzzy topolog5' (cf.

[2] and [1]), it seemed natural to investigate their role iu the stucly of injectivitv in fvzzy topologv. This
note attempts to do that.

2. Preliminaries

We first recall that a fitzzy topological space (X, A) is called 7b if V distinct pairs of elements u, gr € X, l u e
A with t(u) lu(g) (cf. [2]). Similarlv. afuzzybitopologicalspace (X,Ar,42) (referred toasfuzzy bispace)

is cailed ?0, if V:E1A € X,t*y,l " € Ar UAz such that u@) lu(g).
Let FTS (resp. FTS6) denote the category of fuzzy (resp. ?s-fuzzv) topological spaces, with fuzzy continu-
olrs maps as morphisrns. Similarly, let BFTS (resp. BFTSo) denote the category of firzzy (resp. Tg-fuzzy)
bitopological spaces with fuzzy bicontinuous maps as morphisrns.

14:X-+I:10,1]shalldenotethecharacteristicfunctionolAlX.Fortel,thet-valuedconstantfuzzy
set will be denoted as t.
Let C lre any of the categories FTS,FTS6,BFTS. or BFTS6. An object X € obc is cailed injectiveif Y
C-rnorphisnr f :Y-+ XandVC-ernbeddinge'.Y-+2,)aC-morpliismg: Z-+X suchthat f :qoe. A
C-embedding e: X --+ Y is called an essentia.l ertenszon of X if f :Y -+ Z is an C-embeclding rvhenever

f o e : X -+ Z is a C-embedding.

Keywords and phrases : Fuzzl, topological s1nce, Ti)-space. fuzzY bitol>ological space. esseutial extension
AMS Subject Classiffcation : 54A.10, O3E72.
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3. lqjectives in BFTSg

D. Scott [4] characterized the injective ?6-topol<igical spaces as the retracts of the product of the twGpoint
Sierpinski space. Analogously in [5], injective Ts-fizzy spaces were characterized as being the retracts of
the prodrrct of the eopies of the 'frrzz;r Sierpinski space'. R.ecently, S. Salbany [3] has identified injective
Tg-bitopological spaces as tlre retracts of the cr-rpies of a 'Sierpinski space like' bitopological space, called the
'quad'(cf. [3]). InBFTS,ananalc.gueof the'quad',hasbeenfouuclin[1] asthefuzzybispace(/2,II1,II2),
where f2 : I x I and f[;: {0,2q, 1},i:1,2, wiih r1,n.2: 12 -+ l being the two pt'ojection maps. It is thus
natural to investigate the role of (12,n1,fI2) r,is-a-vis the injective BFTSo-objects.

PropositionS.l. X:(X,Ar,Az) €obBFTSoisinjectiveiffitisaretractof theproductof copiesof
12: Q2,fi;,fi).
Proof, Let X be injective. Consicler the evaluation map ex : X -+ (12)'r, where Dx : BFTS(X,/2),
which is easily seen to be a BFTS-morphism. The Ts-ness of X makes e; a BFTSg-enbedding. So 3 a
Bf'TS-morphism r'.,;: (121>'r - X such that r.y oe4g:ifl,1i.
Conversely, if X i: a retract of a product of copies of 12 then it can be easily seen that f BFTS-
nrorphism k: (Iz)L.x -+ X such that &o ex: idx. Now, let g :Y : (Y,Ar,Oz) -+ X be a BFTSo-
morphism. Define.s* , (P)E' - (/2)E' by.,r"(a)(/) : a(/og), where., : (12)E", I e ).x, and Ey
: BFTS(y, I2). lr can be easily shown that g' is fizzy bicontinuous and e;s o g : g* o ey. Now let

h: Y -+ Yt : (Yt,dltr,Q!) be any BFTS6-embedding. As (I2)tt is injective, I a BFTSo-morphism
j:Yt-+112)t)'sucJrthatjoh:et,.Puttingl:kog*o.i.wegetaBFTS6-morphisml:Y/--rXsuch
tlrat loh: ko g- o joh: I og* oe1-: ftcer 09:iilxo g:9. Hence, X is in.iective.

4, Iqiectives and essential extensions in BFTS and FTS

Wrrler [6] h:r.s shown that the injectivit,y of a topological space can be determined bv the injectivity of its
Ts-reflection. In this section, we show that this fact remains valid in the category BFTS (resp. FTS) also.

Deflnition 4.1. A BFt'S-rnorphism / : (X. Ar, Az) + (y, Or, Az) is said to be initial if Ar : {/-t(ri) I

fi4-Qil.,i:1,2.
Thre following two propositiors are easy to prove.

Proposition 4.1. An injective ftritial BFTS-morphism /: (X,A1,Az) --+ (Y,Or,Q2) is a BFTS-
embeddirrg.

Proposition 4.2. tor aT6-fnzzy bispace (X,A1,A2), each initial BFTS-morphism /: (X,41,42) -+
(Y,Or,Oz) is a BFTS-embedding.
Civen X: (X,A1.A*) € obBPTS (resp. )f = (X,A) e obFTS, define a relation = on X as:

For z.y € X,r: y iffu(c) :"@)' Vu € 41 U42 (resp. V t e A).

Then : is an equiralence relation on X. Let ,BX be the set forned by taking exactly one. fixed, representative

from each of the distinct eqrriralence classes under =. Regard RX I X as a finzy subspace of X. RX
is obviously ?0. The map q_\ : X -+ EX, seoding each e € X to its representative in RX, is clearly

fuzzy bicontirnrous (resp. fuzz)'continuor.rs) and. in fact, turns out to be the T6-reflection of X in BFTSo
(resp. FTSo). It r:au be easilr- shown that q.y is initial ancl q.1 is fnzzy biopen. For a BFTS-morphism

f , (X.Ar.A:l) -i (Y.Qr,Oz), let J?/ : RX -+ RY be the rnap sending z to the representative of the

equiralence ciass of .f (r) . Evidentl -\', qy o I : (ft/) o g;. l\Ioreor.er. B/ turns out to be fuzzy bicontinuous.

One can eiusih' ptovr: the following.

Proposition 4.3. A BFTS-morphism / : (X,A1,A2) -+ ({O1,O2) is initial ifr Rf : (RX,Alax,
Azn.t) -+ (Ry.(11ft)',02a1') is a BFTSs-ernbeddiug.
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Proposition 4.4. X € obBFIS is injective iff -RX is iDjective hr BFTSo.
Proof. Fi$t, let J( be injective iD BFTS. Let /:I'-+ n-X be a BFTso-morphism &nd e if -f Z be a
BFTS6-embedding. If i:,RX-+ X Ls the inclusior map, then I a BFTS-nrorphism h rZ -+X such that
iol:hoe.Deloeg Z-+RX1>yg=qsoh.Then,clearly.rToe:/,wherebl'fiXisinjective.

Conversely, suppose,?X is injective in BFTSo. Let I : Y + X be a BFTS-rnorphis\\ and e I Y 4 Z
be BFTS-embedding. By Proposition 4.3, Be is a BFTso-embedcling. Hence, 3 a BFTso-morphisDr
h: RZ + IiX such that ho (Ee) = R/. Let lls dehne s: Z -).f by 9(€(y)) : /(y) for s Ey ^\dg(z)=(hoq7)(z)forze Z\e(Y). [t cau be easilv seen that 9 o e = | ar,d hoq2:9.7,;og, whereby, g.; is

initial. 9 is a BFTS-morphism. HeDce, X is injective in BFTS.

Proposition 4.5. A BFTs-embedcliug e: X --+ Y is an essential extension nr BFTS iff
(a) the BFTso-eml)edding Be: R{ -r Ry is aD esseDtial extensi(m. and
(b) q1.. : Y -+ liY induces a bijection ftom v \ e(Xl to (-Ay) \ (lte)(nx).
Proof. Srrppose (a) and (b) are true. Let loe be e BFTs-€mbedtting for a BFTS'norpLism /:Y -r Z.
Then R(/ o e) - (n/) o (fi€) is a BFTSo-embedrling. Frour (a). R/ is a BFTSq-embedding, whence by
Proposition .1.3, I is iuitial in BFTS. It can be easily shown that f is iniective.

R)r the converce, Iet e be an essential extension in BFTS and. if possible, let (b) be not true. Then
I 91,y2 € I'\ e(X),gr I y2, such that q!,(yr) = w(y2). By identiliirlg tltose points of y which are in
Y \ e(X) aud have the same images under qy,, we clearly 8eL aD equivaleDce relation, say r, on I,. 'Ihen,
the quotient map / : Y -+ y fr r nst be a BFTS-embeddirg, ar impossibility. Thus. e is not an essential
extension.

La^stly, let e be an essential extension in BFTS. Let 9, = J1 o (,Re) be aD BFTSo-ernbedding for a
BFTso-morphism Jr : RY --t Zt. We show Jr is a BFTso-embe(lding. Let Z be the set obtained try
adding a new point g(r) to 4,Y r € X \ EX, where, : X -) Z ls given by 9(o) : 91(c). Vt e /iX. Defure
q:Z-+Z1byq(g(r)):g1(qt(xi))anaq()=zforz€Zl.Clearly,gisinjectiveand{issurjective.Also,
qog:haqx.LetusputonZth€initialfuzzybitopologyinducedbyqtZ-+Zt.O\acanprovethatZr
is the ?o-reflection of Z. Again, defining l:Y -)Z byJ(e(c))=g(c) forr€Xand/(y) = fr(O,(3r)) for
g € f \ e(X) we can show Jl is a BFTS-embedding. Hence, -Re is an csisential exte sion in BFTSo.

As each (X, A) € obFTS can be identified with the frrzzy bitop.rlogical space (X. A, A), we see that
eaclr of the Propositions 4.1, 4.2, 4.3, 4.4 and ,1.5 rernair$ true withiD the context of FTS also. We specif-
ically record this below omitting the proofs (q.1 : X -+ R-Y Do\\., denotes the lo'reflection in FTS6 of
X : (X,A) e obFTS, obtained by takirlg the quotieDt of X after identifying those points 0f -X which have
identical images under each r € A).

Ptoposition 4.6. 1. An injective initial FTs-morphism l : (-X, A) -+ (Y. O) is an FTS-enrlledding.
2. For a Ta-htzzy space (X, A), each initial FTS-morphism J : (X, A) -+ (y,0) is an FTS-embedding.
3. An FTS-morphism / : (X,A) -+ (Y,O) is nritial iff -R/ : (rtX,Aa1) -+ (Ey,On!.) is an FTSo-
embedding.
4. X € obFTS is itrjective in PTS iff EX is injective in FTSo.
5. An FTS-embedding e: X -r y is an €ssential extension in FTS iff
(a) The FTSe-embeddng Re: RX --t RY is an essential extensioD, and
(b\ qy : Y -+ RY itduces a bijection from Y \ e(X) to (Ey) \ (Jfe)(,qX).

5. An internal characterization of idective BFTso-objects

In this section, we follow 13] to obtain atr intertral characterizatioD ofinjective bitopological spaces. We shrt
with the following obserlBtion.

Proposition 5.1. If a fuzzy bispace (X,41, 42) is iujective iD BFTS then both (X, Ar) and (X, A2) are
injective in tr'TS.

t7
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Proof: We omit the easy proof.

Deffnition 5.1. Afizzy bispace (X,Ai,42) iscalled intertwined if Y r,x'e X,

Irlo,nfx'lo, 16,

where [u]6, (resp. [o']6r) denotes the 'equivalence class' of e (resp. r/) with respect to the frzzy topology
Ar (resp. 42) ( i.e., [r]a, : {s e X I u(o) : u(y),V ue Ar})

Exarnples. Thefuzzy bispace(,t2.II1,II2; isanintertwinedspace,whereaslhefirzzy bispace (21,P1,P2),
where 2f : ({O} , /) U (/ x {0}) and P;: {O,m,l},i : 1,2, with p1,p2:21 -+ I defined as :

( a if2:(a,0)e /x{0}pr(r):t 0 otherwise

.. ,_\ | a if a: (0,o) e {0} x I
rz(c)=[o otherwise

is not intertwined.

Proposition 5,2. X : (X,41, 42) is an injective fuzzy bispace iff it is intertwined and both (.R1X, A1p,;)
and (B2X,A2Brx) are injective in FTSo.
(Here .R;X is the ?s-reflection of (X, Ai),i :1,2, in FTS6).
Proof: Sirppose X is injective, tlien by Proposition 4.4, (X,A1) and ()4,42) are injective in FTS and
so both (R1X,A1a,;g) and (,82X, Azarx) are injective. Define d : X -+ (X x X,A1 x.I, I x A'2) by
d(c) : (a,r) for c € X. Clearly, d is an embedding in BFTS. By injectivity of X, l a BFTS-morphism
F: (X x X,41 x I,I x A,2) -+ X such that Fo 6: id.x. Let r,g € X arrd r, I y,Let p e Lt,p 10. Then
1r e X such that p(x) = p.(F@,x)) l0 i.e., F-'(p)@,r) +0, whereby F-r(p) 10. Since F isfiuzy
bicontinuous, F-r(lr) € A,1 x1. Let F-l(p) :uxL forsome u € L1. Now, p(F(r,y)): F-l(p)(",y) :
(vxL)(t,y):"(s):(vxt)(x,t):p,(F(x,t)):p(t).Thus,p(F(z,y)):t@)andsoF(2,9)e[r]a,.
Similarly, F(",y) e [y]a, . Thus, [a]a, n lAla, * / whereby X is intertwined.

Conversely, suppose that (B1X,ArR,x) and (R2X,A,2prs7) are injective in FTSo and X is inter-
twined. Then. (X,41) and (X,A'2) are injective in FTS. Let -F: (X x X,A1 x f, 1x 42) -+ X be defined
by F(c,g) = t for a:y and f@,A): z for x f y, where z e ftlo, n[y]ar. It is easy to show that F
is fuzzy bicontinuous. It remains to be shown that (X, Ar, Az) is injective. Let f : Y : (Y, Or, Q) -+ X
be a BFTS-morphism and e : Y -+ Yt : (Yt,A\,Ai) be a BFTS-embedding. B3r injectivity of (X,41)
and (X,A2) in FTS, 3 FTS-morphisrns 91 : (f',4'1) -+ (X,A1) ard 92 : V',Ai) -+ (X,A) srich that
gtoe=fandgzoe:1. Itcanbeeasilyshownthatthemapglx92:Y'-+(.X.xX,A1 x1, 1xA2)
isfizzy bicontinuous. Putg:Fo(g1 xg2). Thenclearlyg:Yt-+ X isaBFTS-morphismsuchthat
V x € X, (s o e)(x) : (F o (er x s2))@) : F (st(e(r)), gz(e(x))) : r(/(z), I @)) : I @).
Hence, X is injective in BFTS.
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Abetract. In this paper we define a weighted mean and its dual form in z variables, and prove their
monotonocities .

(1.5)

where,k is a uatural number. Authors proved that H(ao,ar;k) ancl /.(a6,a1;,h) are rnonotone decreasirrg

fuuctions and h(os,o1;/c) and /(oq,o1;k) are monotone increasing functions with k. and

o Kelmords and phrases : Mmn, wieghted, inequatity, monotonocity.

' AMS Subject Clasiffotion ; 26D15.

1. Introduction

For positive numbers as, o1, let

. ["*rlffi-r], '1 
<o2,

r:r(ar,ail:l (1.1)

I or, at: a2;

I op##, oo*at;
L:L(ao,ai:l (1.2)

|. "0, ao = at;

H : H(ao,ar) - 
ao-r 

'/@ 
* q, 

(1.8)

These are respectively called the identric, logarithmic and Heron means (see [1]).
In [2] and 31, Zhang et al. gave the generalization of Heron mean, similar product type mean and their

dual forms. For two variables, these are respectively as follows:

' i 
'I*(as'a1;o) 

: fi. ((* - 
r)go + rar)i:r 

(1'4)r (as,a1;,,) : I (,* 
*, 

;+,i. 
*,., 

)'
aud

r t r-; r r t t+l-r
H(as.a1;k) : # !rfl"i,r,1a6.a1; k) : i I.o*-"F,
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. lim 1(as.a1;tu): lim 1-(as,o1;&):I(ao,ar)
,c++6 k++@

and

nJ]1L 
//("0, 

", ; tu) : nIlL h(a6, o1 ; r") : L(ao, at).

Fornvariables,leto-(o0,.t,...,ar)anr-lrbeanonnegativeinteger,wherea;for0<i(nare
nonnegative real numbers, these are respectively defined by

and

In 2003, Zhang and Xhio [3] obtained for any nonnegative integers r. s with s )> r, then

$11a1>_ rj;)1a; 2 1(a) > ril"lia; > 4l''1(a),

af'l1a; 2 a["]1o; 2 r,(a) 2 hjfl(o) > r,IJ(o),

with both equalities holding if and only if o6 : ar ar, and

io,ir,. .,i,, ) 1

.___t_-_

l'n ',, rr-l-r'\

7.hr1a;: II lrT*l' , ),
i6-F11 +"lin:7 Lk=6 )

io,it,'" ,i" ) 0

4,t: sfilat: -j-- 
r fi,on;,', (r.8)__n _.n\.,. 

(,,:,),r*ir*.,,.,,_, r=o

io,ir,.. ,i,, ) 0 are integers

nfi: nlt1a1:-J-T t fro;,,"*",. (r e)

( 
" -' ) 1,,*,,','*.;; !'i' ;J',J,J'".. 

*='

(1.7)

(1.10)

(1.1l )

(1.13)

J*rjlr,r=[arjt"r1a;:1(o):",.r{#8# Ei}, (112)

,IL rflt,l : .\t r,flt,) : L(a) : W#,
where Jna : (1no1,... ,lnan), a; I ai for i I j,

V(a;r,k) : (1.14)

rn ''(n+r-l\
ri;r1o; -- 11 li#"-lt r-r ), (rr,)

io*irt...*ir-n*r Lk=o )
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V(lna;r,k) :
1

I

I

)r,Let a : (oO,or,..,,ar), ) : ()0,
for0(rin,then

rJ;r1a,.r;: II
io]_il*"'*i,:n+'r

io,ir,.,.,in ) | are integers

7-kl1o,);: II
io*ir* "*in:r

iO,ir,' ,in)-0 are integers

and

lnag lrl2a6 lnn-rag a,f,lnkag

lnay ln2o.1 lnn-ra1 a\ln,ka1

lnan lnzan lnn-ran a')lnhan

(1.15)

,.. ,)r) and r be a nonnegative integer, where a1 > 0 and ); ) 0

rn 1(n+r-l \

l+ ir lt r-2 ,it''-""
l!^"t,"r1

23

( 1. l6)

( 1. r8)ai;l1a,.l;: t
io*ir-F" +in:1-

i},it,...,in ) 0 are integers

(p.,' . ;*r.r^) f[ "i.^,',("*;*' )rlo^n

r,[r1o,.r1: ,,*=- _ t (I,,- - rl^-)froprt'*'r (r.le)

( " I:, ' ) xL,^' 
,,::,::i],, _*, ;":,X,;:., 

t*=o

In [a]-[6], authors researched that If1(o,]) ard Hfl1r, l; are monotone decreasing function fit'l1o,l; ura

dil(",f) is a monotone increasing functiolr with & and

fari;r1,, )) : rim r.hl(o,)) : *, {ffi },

J"(Di=ot,*t (ff.,1) a"

.l1g 
r,[l(,, ]) : Jl% /rfr(", ^) 

: ffi
where do : dti.rz. . .dr, denotes the differential of the volume in E:

n: {@r,rr,... ,ro) ,ir, s l, r, ) o, i : 1,2, . r}.l. 7, )

and16-l-LT=rro.
In this paper. two means involving above four means in n variables are defined, their monotonicities

are proved.

(1.20)

(1.2r )

(t.22)
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2. Definitions and Properties

Deffnition2.L,Leta:(as,a1,...,an),):(,\0,)r,...,),) andrbeanonnegativeinteger,wherea;)0
and.\ > 0 for 0 < i ( n, then we introduce the following two cases of means H(a,\;a,B) and, h(a,);a,B):

r
io*ir*"'*in:r

io,it,. .. , i, ) 0 axe integers

n
H{l@,4a,B1:

u$1",t;0,91:

)

1

+l

1

+1

+r"
r

*r
r

n

)1

A;

Lr=o.

*
Lt=o)

I{il(a,);a,o): II
io*ir* "*in:r

io,it,'" ,i, ) 0 are iutegers

\-/-
io*ir* "lin:r

io,ir,. .. , i, > 0 are integers

tu

rfl1a,.l;0, o; : fl apl='tr'al1)/[(n+2) li!6 )r]'
/r=0

\-
/r

i9*i1* *i,=n*r
io,ir,. .. , i^ ) I are integers

(2.4)

(2.2)

(2.3)

and

np(o,.r; a, g) :

nfl1a,.r; O, B; :

("i:, ' )rh^,

("::, ' )lh^,

hlii(a,I;o,o): II
io*it*...*i":n*r

?o,it,.,.,in ) | are integers

\-
/J

io*'jr*"'*in:n+r
io,ir,. .. ,i" ) I are integers

(2.7)

(D[=r'-'f,)'"]

Df,=t'(r+i* )ro
/ n+r+1 \

l$ tq I"l r )D!=n^'lLrlL*=1 J

(2.1)
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nl;l1a,.r; o,o1 : fr ,pl'='t^'+rt)/[(n+2)!]'=1; 
)r),

&=0

According to Defirrition 2.1, we easily find the following remark and characteristic properties for

uI') @, x; a, A) oncl hlil (a, ); a, 0).

Remark 2.1. We call that HEI@,X;o,p7 urr.l hlil(u,); a,B) are the generalized weighted Heron mean and

r its dual form of a for ), respectively.

Proposition 2.7, lf r is a natural number, then

1a; afl(,, r;o, o) : aiil1o,.r;0, o;;

(t) afl (o,.x; 1, 0) : liiJ 1o, 1), and Hfl (4,.\; 0, 1) : rfl (", r);

(") all(o,.r;t,0) = lit'l(o,.\), and nf1(o,r;0,r1: nfl1a,,l;;

(d) p S Hlil@,x;a, P) ! s, and p < nFllrc.,x;a, g) S s;

(e) rfl(a,,r; a, 91 : t{l 1", x; a, g) : as if and onlv if ae : at :' " : ani

1t; nJIl(ta,r; o,0):t?!'t@,x;a,p) and dil(to,.i; o,g):m|l@,t;a,il, if t > 0,

where p 
op;5{ar}, S: o?f5{a&}, 

and la : (ta4,ta1," ,tan).

3. Monotonicities and Limitations

Theorem 3.1. Let r € N. Then AI)b,S;a,g) is a monotone decrea^sing function ana nlil(o,,r; o,B) is a

monotone increasing function with r, i.e. the following two inequalities

nJil1o,.l; a,p) > 14"+11(a, 
^;",g),

nll@,\;a,p) < hf+rl(a, \;a,g),

hold if o < p, and inequalities (3.1) and (3.2) inverse if. a > B. The equalities in (3.1) and (3.2) are ralid if
and only if og : a1 - "' = an.

Proof. For a : 0 or p - 0, the proofs of inequalities (3.1) and (3.2) are obtained in [a]-[6].
lf a * 0 a11d p 10, we will only prove the inequality (3.1), the proof of the inequality (3.2) is similar.

From Defrnition 2.1, we get

( " l;i' ) ; ","rt@, 
\;a' p)\e

n+r+2 \- (i,r*;011*)(II=oru{i1B/"
= -;TI- 

' 2" ' '."'"/ \ '' - )
io*ir* "*in=7 \*

io, it' "' , i, ) 0 are integers

n+r+1 s-- n+:if(i,, *,0,^*) (D[=o,o"r1'/': 
"+1 L -n+r+I \?' '"""t\::;-)

eo*ir*"'*in:r
i},it, "',i* ) 0 are integers

25

(2.8)

(3.1)

(3.2)
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_ Dto(t_+r,) I Di:i,lll,]*, (i,,*;01.r*) (rii:q,o.i1or^r*1 io*ir* " +in:,' 
n._r* I \ft' "' " )\ r /

io,it, "',i. ) 0 are integers

-Li=oii t Li=o\ +=r li,, * u*)\* -^,'l /rf=o 
i*"[ -'i ) 

''"
r*r ustvtt.a^:r* r n+r+ I Lfi' 'l \ r /

uo,u1,"',un)0 areintegers 
(33)

When !i-o rui : r * l, we have

n I n 'l n n n

lft r ";t lfft +,A)^k -r,l = fft +,i)I(t *u*))*- If, +vj)^j
j=o Lr:o I ,,=o ,r=o 7--o

: (n * r *zlifr 1- uk)^k- i,t + uk)^k
&:0 k:0

: (n * r+ rl f (rr - 1))r. (3.4)

For (al B) @/g - t)> 0, by using the weighted *,,nri"ro,"-r""metric mearr inequality and a simple fact that

,i (Dl=ol*ot - oi\"': 
or+l\ , )

for vi:0, from (3.3) and (3.4), we find

( " l;i' ) ;^-'""t@'x;a' 
B)tP

:u* I (i,, *,,*1^*) (Er=-'*"f;:'f \""r*l 
uo*ut*"*un:r*l \fot'"'^'""/\ ' )

uo,uL, "',un ) 0 are integers

I (8,,. ,il^-)+? (zl:'qt - "?)e/"
uo+u;+"'lu,:r*1 \t=O

l,/O,t/tr.. .,un ) 0 are integerS

us*u1*"'*un:r*1 \*=o'-"k)"k)\ r+l ' )
uo,ut,"' ,vn) 0 are integers

t (I,'.".r^-) 1l=+e;""uo+4+ "*un:r+1 \t=9

l,lorVtr, .. ,Un ) 0 are integers

: ( "l;i');^-'"*+rr1a'); n'ut.' (3.5 )
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that follows

[rf] (a,.x; 
", 0lB >- g1b+rl 1a, >,; a, B)lP,

27

(3.6)

(3.7)

(3.8)

(3.s)

(3.10)

and inequalities (3.6) inverses tf (a/fi(a/B - l) < 0. The inequalities above are valid if and only if

(E'-"t -.,') '': (E'-'t -'') '' (I'-"t -"r) ''
which is equivalent to o6 : ar: '" : an.

lf (alt3)(alB- 1) > 0, that is alp < 0 or alB > 1, then B > a and B > 0, we immediately 6nd

inequality(3.1) from(3.6). If ("lg)@lg-1) <0,thena<B<0,andwealsoobtaininequality(3.1) from

inverses (3.6). That is to say that inequality (3.1) holds \f a > B. Similarly, we have that inequality (3.1)

inversesifa<8.
The proof of Theorem 3.1 is completed.

Theorem 3.2. We have lim,+* uf)@,s;a,81 : H(a,\;a,g): Iiut.--hlil(a',\;a,B), where

H ( a, ),; a, 0 ) = | 
I e(Li: o-xn' o) (Di 

=o 
o?' ) 

p t " a')' t 0

L ;E='""N' I

H (a, ),; s, 91 : I J'lL?=o 
^"n)(ll.,=o 

of- )a'f' / P

L i"El='\'Jd' l

n-

H(o' )r 0.0) : fl opl!"tr'+r^ 1711n+2) !l=" r'l'

/r=0

Proof. This follows straightforward computation from Definition 2.1
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Abstract. In this paper heat transfer in unsteady laminar boundary layer flow over an infinite vertical

plate through porous medium with time dependent suction in the presence of uniform magnetic field is

studied. The expressions for velocity distribution and temperature distribution inside the boundary layer

are obtained. The effects of different parametcrs like Magnetic field parameter (M), Porosity parameter

(K), Prandtl number (Pr) and suction parameter (o) are discussed and shown graphically

1. Introduction

The study of magnetG'hydrodynamic flow for an electrically conducting fluid past a heated

surface has attracted the interest of many researchers in view of its important applications in many

engineering problems such as plasma studies, petrolelrm industries, MHD power generators, cooling of nu-

clear reactors, the boundary layer control in aerodynamics, and crystal growth. Until recently, this study has

been largely concerned with the flow of heat and mass transfer characteristics in various physical situations.

Due to development of practical boundary layer control system, It is important to study the problem

concerning the suction.

Messiha [8] analysed the unsteady flow past an infinite porous plate with variable suction. Lal [6]

studied the same problem by assuming the wall temperature to be an arbitrary function of time. Nanda and

Sharma [10] investigated the unsteady free convection flow with suction along infinite permeable plate. Lai
et al., [5] and Gosvrami [2] made arr attempt to see the effect of variable viscosity on convection heat transfer

along a vertical surface. The impact of variable viscosity of an electrically conducting fluid in presence of
electric and magnetic 6eld on heat transfer to a continuous moving piate is studied by Hazarika and Phukan

[3]. Siddappa and Kotraiah [13] studied heat transfer in the flow of couple stress fluid past a porous vertical
rvall with variable suction. Siddappa and Bujurke [14] applied fluctuating suction to free convection laminar

MHD flow along a ver,ical plate. Pop [12] extended the problem of Messiha for hydromagnetic case. Ojha

et at. [11] discussed free convection flow of heat transfer over a vertical porous wall with time dependent

suction. An investigation into heat transfer along a vertical plate in the presence of magnetic field was made

by Elbashbeshey [l]. Soundalgekar [15] analysed the effects of variable suction and the horizontal magnetic

field on the free convection flow past infinite vertical porous plate and made a comparative discussion of
different parameters and the free convection flow of mercury and ionized air. Mishra [9] have studied heat

transfer in MHD free convection flow over an infinite vertical plate with time dependent suction.

The aim of this present paper is study of heat transfer in MHD free convection flow of
incompressible viscous fluid past an infinite vertical flat plate through porous medium with time depen-

dent suction in presence of uniform horizontal magnetic field.

Keywords and phrases : MHD, heat transfer. porou medium, suction parameter and perturbation tech

AMS Subject Clasiffcation : 76R10, 76W05.
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2. Formulation of the Problem

Let us consider the unsteady free convection flow of viscous incompressible fluid of small electrical conductiv-

ity along a flat porous vertical plate of infinite length through polous rnedium. Take

z-axis along the plate in the upward directiou, y-axis normal io it and the origin at the loq,est point of
the vertical flat plate. Apply uniform magnetic field of strength Bs parallel to g-Axis. Neglect the heat due

to Ohmic dissipation and assume the suction velocity to l:e time depetrdeut.

The equations which governed the flow in dimensionless form in the notations of the present paper are:

Equation of Motion :

Equation of Energy :

ffi . o + eaei&)U : i* - e +lu. +] "

- Pr(l+ u.."n'\ff

(1)

Under the boundary conditions

Y:0 u:0

y--r6 u-+0

where the non-dimensional quantities are defined as:

7l'u: tpolcr'

4uu'
u6 "0(r) 

:r+retu't',

a20

og2
Lr,A4U

l"olv'
u

(2)

(3)r
I

K,,E-;r. uat'
4u

0 : To(t)

0-+0

, K:

M:4, p,:*.
gU6 K

.ft _ ,fl
o 

- 
' -@

" - Ti'-rL

sBu(T'-Ti)"': r;BI -
u',u' - denote the components of velocity in the boundary layer in r' and y' directions

respectively; T' the temperature in the boundary layer; ( the temperature of the free stream; t/ the time; B
the coefficient of volume e:cpansion; p, the density of the fluid; p, the coefficient of
viscosity; g, the acceleration due the gravity; ut the kinematics viscosity; o, the electrical

conductivity; k, the thermal conductivity; Cp, the heat capacity of the fluid; us, the non zero constant

suction velocity; ar, the frequency of the suction velocity; ?6, the temperature at the wall; K, the porosity

parameter; M, the hydro-magnetic parameter; Gr, the Grashof number and Pr, the Prandtl number.

3. Solution of the Problem

For the solution of equations (l) and (2), following Lighthill [7] and Kelly [4], we assume

u(y, t) : ur@) + eeb'u2(g)

and

o(y,t):l+eei't -gly) -ee*tl2(y) (5)

Substituting in (l) and (2), and comparing in the Harmonic terms and neglecting coefficient of e2, we

(4)

get
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where

wnere

oz: t -; 
l, 

. (, * #)"'l- (#)'/' ro. ,..g" ,

1ln=!,[+)=. Lt:-K' ' Pr2-Pr-n
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ei@)+Prot(y):g (6)

0|@) + prl'|2fu) -ie,e;@: -ie, - apr{,r(s) (z)

u1@) +,/r@) - (r . *)ur@): or@) - r (s)

u'l@)+uL@)'(7.***)"xrl:02@)-at{(v)-r (e)

where primes denote differentiation with respect to g.
The boundary conditions (3) transform to

Y :0, 0t :0, 0z :0, ur : 0, uz :0, l
I (10)

y+t:n, d1 -+1, 02-+1, u1 -+0, u2+0 )
Again rectifying equation (14) of reference [15], the equation (7) of the present paper is

obtained.
Solving equations (6) to (9) under the boundary conditions (10), we get

o(y,t): e-P'! - e"i'tl7q - l)e-P' v - nr"-P, "zu1 (ll)

u(y,t) : L1(e-9'u - e-P' u) + eetutl(As * iB6)e-@z+tlt)u - (Az * iB3)e'-P, vq

(Ae * iBie-p,, * (1, + iBie-B& {sos A& - isin Bay}l (12)

4iaPr
a1 :l--

a

Taking c..rt : 
f,, real parts of equations (11) and (12) are

0(y) = "-p, " l, - 
n"';"] +.,-(.i*)"',lr|."" 

rFTo. ",",[-+rf (rs)

u.(g,t) : L1(s- I'u - e- P' v) + e l- e-7,a {86 cos B3y - A6 sin 6s9} * B3e- P, v

- Bae- ?ru - .-Pau {Bs cos Bay - ,45 sin Bay}] (14)

o, _lo+ad+ r/(t yT;pf i2 ^ I,,qla"-"y*a -g+,tn1ltt2^':L:l '':L-l



32 Vinay Kuma.r Jadon, Rajeev Jha and S.S. Yadav

Ar: l+ \@
2

0s:

At: als(Lr - Pr),

, gz:t+,

6s: uPr -2n - gn, Lz: g? - At - n,

/o 4Pr L,\Bs:aLs(Z* , i,
^ aPlLa"ttu: a,

Bs: Ls(^ -n"': u^) 
,

Ba:Bt-Bn-Bs

At: a?rLzLt,

As: Ls(^.!*A),

Aa:At-Aq-As,

4. Discussions and conclusions

In Figure 1, the velocity disiribution of boundary layer flow is plotted against y for c : 0.01, o : 0.2 and

r.,r : 10 and different values of porosity parameter K, magnetic field parameter M and' Prandtl number

Pr. It is observed that the velocity increases sharply till y : 0.8, and then decreases continuously with
increasing g. It is concluded that the fluid velocity decreases with increasing magnetic field parameter M
and Prandtl number Pr but the fluid velocity increases with increasing porosity parameter I(.

In Table l, ttre velocity distribution of boundary layer flow is tabulated for porosity

parameterK:2,magneticfieldparameterM:1,e:0.01,a:0.2andPrandtlnrrmberpv:7.2
and different values of the frequency of the suction velocity iu. It is observed that the velocitv decreases

continuously with increasing g. It is concluded that the fluid velocity decreases with increasing frequency

of the suction velocity c,.r.

In Figure 2, the temperature distribution of boundary layer flow is plotted against y for porosity

parameter K :2, magnetic field parameter M : l, e : 0.01, a:0.2 and a., : 10 and different vahres

of Prandtl number Pr. It is observed that the temperature decreases continuously with increasing g. It is

concluded that the fluid temperature decreases with increasing Prandtl number Pr.
In Table 2, lhe temperature distribution of boundary layer flow is tabulated for porosity

parameter K :2, magrretic field pararneter M : l, e : 0.01, a :0.2 and Prandtl number Pr :1'.2 and dif-

ferent values of the fi'equency of the suction velocity a. It is observed that the

temperature distribution decreases continuously with increasing y. It is concluded that the

temperature distribution decreases with increasing frequency of the suction velocity tu.
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Table-lrThe velocity distdbution for the different value of ro at M=1, K=2. pr=1.2,

e = 0.01 and c = 0.2.

u(y)

v o= l0 o= 15 a= 2O

0 0.00000000 0.00000000 0.00000000
0.4 0.09334367 0.09325J66 0.093r9139
0.8 0.10438232 0.10430228 o.10425671
t.2 0.08788445 0.08787197 0.08787008
1.6 0.0660682i 0.06609699 0.06610663
2 0.04676425 0.04679189 0.04679779

2.4 0.03189852 0.03191257 0.03191406
2.8 0.02122669 0.02t23120 o.o2123@6
3.2 0.01388136 0.0r 388199 0.0l]88138
-1.6 0.00896378 0.00896341 0.008962',t9
4 o.oo57 3424 0.00573375 0.00513324

4.4 0.0036.1234 0.00364191 0.00364153
4.8 0.00230101 0.00230068 0.00230042
5.2 0.001447 49 0.00t44726 0.00144709
5.6 0.00090755 0.00090739 0.00090728
6 0.00056751 0.00056743 0.00056736

Table-2: The temperature distribution for the differenr value of @atM= l. K =2. pr=l_2.

€ = 0.01 and cr. = 0.2.

o(y)
<o= l0 o= 15 <o= 20

0 1.00000000 1.00000000 1.00000000
0.4 0.61895248 0.6r 886295 0.61879680
0.8 0.38329283 0.38296063 0.38280837
12 0.23679250 0.23652',123 0.23654016
i.6 0.14580144 0.14601996 0.14633648

0.08979785 0.09055138 0.09087460
2t 0.0558 r 735 0.05651336 0.05638164
2.8 0.03524127 0.035 r2196 o.0346t922
3.2 0.022337 53 0.02136168 0.021t7287
3.6 0.01371122 0.0r 279680 0.01327858
4 0.00782990 o.@198422 0.00853072

4.4 0.00422666 0.00540963 0.0052t 718
4.8 0.00258068 0.00362159 0.00289151
5.2 0.00217656 0.00197058 0.00172670
5.6 o.oo202'7 5t 0.00074919 0.00138222
6 0.00143346 0.00039325 0.00103335
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0.14

0.12

I M=0.8 K=t.0 Pr=t.0
ll M = 1.0 K: 1.0 Pr= 1,0

lll M=1.2 K=1.0 Pr=1.0

lV M=1.0 K=1.5 Pr=1.0
V M=1.(t K=2.0 Pr=1.0
vt M=t.0 K=2.0 Pr=1.2
VII M=1.0 K=2.0 Pr=1.3

1 2 y- 3 4 5

Fig.-1, The velocity distrbution for different values of M, K & Pr at <rrl0.

0.8 1.6 Y-----_ 2.4 3.2 4

I Pr=1.0
II Pr = 1.2

III Pr=1.4
IV Pr=1.6

Fig.-2, The tenprature disnbution for the different vahre of Pr at 6 =lQ.
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Abstract. The study of semi symmetric matric s-connection in a Sasakian manifold was initiated by Ojha

and prasad [3]. The purpose of this paper is to introduie a another semi symmetric metric &-connection

in Kenmotsu manifold and to study its properties.

1. Introduction

Let M be an n dimensional almost contact metric manifold ([1]) with an almost contact metric structure

(d,€,rl,d,that is,9 is a (1.1) tensor 6eld, ( is a vector field,4 is a l-form aud g is a Riemannian metric on

M such that

02LX):-x+q(x)€, ?(€)=1,d€=0, qo0:0 (1'1)

s(0x,0Y): s(x,Y) - nV)qV)

F(X,Y): s@X,Y) : -F(Y,X), e((,X) : q(x)

for all X, Y e TM. An almost contact metric manifold is called a Kenmotsu manifold ([2]) if

@xilY :q(Y)Ox - s@x,Y)e

where D is LevlCivita connection of g.

FYom (1.4) it follow that

Dyf = $2X

Also in Kenmotsu manifold, we have

(Dx,i!): s(x,Y) - q(x)q(Y)

2. Serni symmetric metric &-connection in Kenmotsu manifold

Let D be an affiue connection. Then D is said to be metric k-connection if it satisfies

D*s:o
Agreement (2,1). The metric k-connection D satisfies the following condition

(D xilv) : q(Y)ox - s(Lx,Y)c
Keywords and phrases : Semi syrnmetric metric connection, Kenmotsu manifold'

AMS Subject Clasification : 53815, 53C56.

(1.2)

(1.3)

(1.4)

(1.5)

(2.1)

(2.2)
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The connection D with the property (2.2) is callect k-conrrection because ne have stldied this k-connet.ti6rr
in Kenmotsu manifold so to ditferentiate it from other colnection we have narnecl it as a ft-connectiou.

Deffnition 2.1. A metric /b-connection is called semi symmetric connection if

T(x,Y\ : q(x)$Y - q(Y)Ox (2.:j)

wirere ? is the torsion of connection D.
Let us put

DyY : DrY + H(X,Y) (2.4)

where H is the tensor of tvpe (1.2) deflned by

H(x,Y) : aq(Y')ox + bF(x.Y){ + cng)gy (2.b)

where a, b and c are constants. Then in Kenmotsu manifold, we have

(Dxd)Q'): H(x,|],) - fH(x,y) +,t!)gx - s(Ox,y)e 0.6)
Thus in view of (2.2) and (2.5). (2.6) gives

aa(Y)x + (a + b)a(x)q!)e - bs(x,Y){ : g

Hence o:0 and 6:0. Putting these value in (2.5), we get

H(x,Y) : cn6)dY
Now, we assume that the A:-connection is metric. Then we find c : 1. Thus we have

Theorem 2.1. In Kenmotsu manifold M,, the connection D define by

Dvv : DvY *qu1.)OY (2.7)

is a semi-symmetric metric k-connection, whose metric given by

(Dr fl$,Z):o (2.8)

3. Curvature tensor of semi symmetric metric /c-connection in Kenmotsu manifold

Let E and .B be the curvature tensor ofthe connection D and D respectively, then

E1x,Y,z):DxDvz -DvDxz -D6,v7z (3.1)

Flom (2.7) and (3.1), we get

E1x,v, z) : R(x,y, z) + (DxdT)dz + q(y)(Dxdz * (Dyq)(x)gz - q(x)(Dyg)z
: R(x,Y, z) + q(Y)r1Q)6x - ,tT)s@x, z)€ - rt(x\qe)gy + q(x)s(gy, z)( (a.2)

where

R(X'Y,Z): DxDvZ - DvDxZ - D6,v1Z

is the curvature of D with respect to the Riemannian connection. Contructing (3.2), we find

Eicg,z) = Ric(y,z) + s@y,z) (3.4)
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and

i : r (3.5)

where Eic and F are the Ricci tensor and scalar curvature with respect to D.
Let us assume that E(X, Y, Z) = 0. Then from (3.2), we get

Ric(Y, Z) : -s(6Y, Z)

which implies that r : 0, and we have

Theorem 3.1. If the Kenmotsu manifold M" admits a serni-symmetric rnetric k-connection whose curvature

tensor vanishes, then the scalar curvature r vanishes.

From (3.2), we get

'E1x,v, z.w) +'Fj1v, z, x,w) +'R12, x,v.w) : 2FlY, z)rt6)q(w\

+2 F ( Z, x)rtv ) a(W ) + 2 F (X,Y )q(Z ),t W )

'E1x,v,z.w) +'E1v,x,z,w) : s

wtrere'E(x, Y, z,Iv) : s(R(Y, x, z),w).

(3.6)

(3.7)

4, Conformal Curvature tensor

Theorem 4.1. If a Kenmotsu manifold admits a serni-symmetric ft-connection D then a necessary and
sufficient condition for conformal curvature tensor C of the manifold witli respect to Riemannian connection
and the conformal curvature tensor d of the manifold with respect to scui-syrnmetric metric ,t-connection

to be equal is that

(n -2)n6)q(w): s(x,w)
Proof. Let d and C denote the conformal curvature tensor with respect to D and D respectively. Then
we have

'e(x,v, z,w) :' n1x,v. z,w) - j@*rr, Z)s(x.w) - Rictx. Z)gv.w)

+Ric(x,w)s(y,Q - niclt"w\g(x,zl)+ ,_l64tg\y.z)g(x,w)1+ so..Z)s(Y,vv) (4.1)

Using (3.2), (3.4), (3.5) and (4.1), we get

'e 1x,Y, z,w) :' c (x,Y, z,w ) + F (Y, z)lrt{)rttwl - *g 6, w )l

- F(x,z)lrlv)rtw) - ;l;ov,w1)
+ F(x, w)ln(v),tz) - ;!e{v, z)l

- F(Y,w)vt(x),1(z) - fioa,zy| e.2)

where' C1X,y', Z,W) : g(C(X,Y, Z).W) ard'AJ,v, Z,W) : s1e1x,v. Z),W).
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If (n - 2)q(X)q(W) : s(X,W ) then from (4.2), we get

'e 6,v, z,w) :'c(x,t', z,w)

The converse is also true. Hence the theorem.

Theorem 4.2. If the Ricci tensor Eic of the semi-symmetric connection D in a Kenmotsu manifold vanishes

then the curvature tensor with respect to D is equal to the conformal curvature tensor of the manifold if
and only if

(n-2)q(x)q(w): s(x,w)

Proof. Since -&ic : 0 then (4.1) gives

'e1x,Y,z,w):'R(x,Y,z,w) (4.3)

Flom (4.2) and (4.3), we get

'R1x,y,z,w) :'e 6,v,z,w) + F(y,z)lrt6)rttwl - *s,.i.,w)l - F(x, z)[rt(Y)ttv)

rll
- n _ 2sv,w)1 + F(x,w)[r1V)nQ) - n _2s\,z)] - F(Y,w)lnV)qQ)' 

n _ 2s6,2)l (4.4)

If (n - z)n(J{.)rtw : s(X,W), then from (4.4), we get

'E1x,Y, z,w) =' c (x,Y, z,w)

This converse is also true. This proves the theorem.

Corollary 4.1. If the curvature tensor E of the semi-symmetric metric /c-comrection D in a Kenmotsu
manifold vanishes, then the manifold is conformally flat if and only if (n -2)q(X)q(W): g(X,W).
Proof. Putting E: 0 in (4.4) we have

C (x,Y, z,w) : r 6, z)lr1(v)tt$ - ;rs(Y,w)l
- F(Y,z)Vt(x),t[) - fiotx,tvy
+ F(Y,w)lrt6)q/) - fiotx,zt1
- F(x,w)ln(n,t(z) - fis(v, zDl

Thus we see that if (n - 2)q(X)q(W) :9(X, W), then

'c(x,Y, z,w) : s. (4.6)

Converse is obvious. Hence the proof.
From (4.2) we have the conformal curvature tensor'C(X,Y, Z,W) with respect to semi-symmetric

metric &-connection satisfying the following aigebraic properties:

'e 1x,Y,z,w) +e 6,v,z,w): o (4.7)

(4.5)
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1

'e 1x,v, z, w) +'e V, z, x,vv \ +'e Q, x,Y, w) : zF (x,Y )lrt?)rt(w) - ; - rt lz, w)l

+ZF(Y,z)ln{)n(w) - r\stx,w)l+zF(z,x)bl(Y)ttlv\ - )-o{v,wy (4'8)

ln particular 'e 1X,V,Z,W) +'e g,z,x,w) +'eQ,x,Y,w):0 if a,<l onlv if

(n - 2)q(x)rt(w) : s(x,w).

5. Concircular Curvature Tensor

Theorem 5.1. If a Kenmotsu manifold admits a semi-symmetric ft-connection D then a necessary and

sufficient condition for the concircular curvatrue tensor l/ of the manifold with respect to Riemannia.n

connection and the concircular curvature tensor 7 of the manifold rrith respect to semi-syrnmetric metric

,k-connection D to be equal is that

F(Y,zYt6): F(x,z)nV)

Proof, Let 7 and I/ denote the concircular curvature tensor with respect to D and D respectively. Then

we have

T1x,v,z1:R(x,v,4 - -: -ls(Y,z)x - s(x,z)Y) (5.1)
n\n- L)-

Using (3.2), (3.5) and (5.1), we get

'V7x,Y, Z,w) :'V1x,v,z,w) + IF(Y, z)'16) - F(x, z)q(Y)lq\w)

+lF(x,w)t1(Y) - rv,w),1(x)l,t@) (5.2)

where 'lz(X, Y,Z,W) : 9(V(X,Y,Z),W) ana'V(X,Y,z,W) : g(V(X,t', Z),W).
If r(r, Z)rtV) : F(X, Z)q(Y ), then from (5.2), we get

'V 1x,v, z,w) :'.v (x,Y, z,w)

The converse is also true. Hence the theorem.

Flom (5.2) we have the concircular curvature tensor with respect to semi-symmetric metric k-connection

satisfying the foilowing algebraic properties:

'v1x,Y,z,w) +'v1Y,x,z,w): o (b.3)

and

'V1x,y, z,w) +'V1Y, z,x,w) +'V(z,x,Y,w) :2F(Y, z)q(x)q(w)
+2F(Z,x)n(Y)n(w) +2F(x'Y)q(z)q(w) (5'4)

6. Special Curvature Tensor

Recently, Singh and Khan ([ ]) defined a special cur ture tensor of the type (1,3) by the relatiol

J (X,Y, Z) : R(X,Y, Z) + R(X , Z,Y) (6.1)

Or, equivalently

4l
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s(J(x,Y, z)w) : s(R(x,Y, z),w) + s@6, z,Y).w)

' J (X,Y, Z,W) :' R(X,Y, Z,W) +' R(X, Z,Y,W)

J(X,Y,Z): J(X. Z.Y.\

i (x,v, z\ :n1x,Y, z) +E(x, z,y)

J1x,v,z) -i(y,x,z):o

B. Prasad, Surya Narajn and Ashwamedh Mattrya

(6.2)

(6.3)

J(X,Y,Z)+J(Y,Z,X)+J(Z,x,y):0 (6.4)

Theorem 6.1. The special curvature tensor with respect to semlsyrmnetric metric fr-connection in a
Kenmotsu manifold satisfies the fotlowing algebraic properties:

(i) 7(x, Y, z) tJ1v, z,x1 +iQ, x,Y) : 0

(ii) 7(x, Y, z) -J1x,z,v1 : s

Proof. Using (3.2)and (6.1) we get

'71X,V, Z,W) :',J(X,Y, Z,W) +2q(Y)nQ)F(X,W)
- rt(d)q?)F(Yw) - n(d)qY)F(z,W)

Using (6.4) and (6.5) we get

J 1x,v, z) + i (y, z, x) +J 12, x,v 1 : s

where

It is obvious that

and

Similarly, we have

which proves the statement.

(6.5)
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Abstract. In this paper we have constructed sequence spaces qv(A,X,u), c(L,X t: k(L,X,u),
Ac,(X,p) and Al-(X,p) and have characterized their K6the.Toeplitz Dur';. We har , 'r. investigated

conditions o\ urv,p and q so that a class is contained in or equal to anotlrt, ;ilrrilar cla:s.

1. Introduction

Letu--,.(u.7.) andr:(rr) besequencesofnon-zerocomplexnumbersardp:(21) andq:(qt)
be any seqlences of strictly positive real numbers. Let X and Y be Banar:h si)aces over the field C of

complex numberfs and B(X,Y) be the Banach space of all bouncled litreirr oi.;'.r'i.tors from X into Y with

usual operator norm. Thus, if T e B(X,Y) the operator norm of T. i; 7' 11- sup{ll 
"r 

ll: r e S},

whereS:{o€X:ll cll <t}.X"willdenotethecontinuousdualof X. Thezeroelementof X,Yand
B(X,Y) will be denoted by d. Malkowsky [4], [5] and Ganasaleen and Srivastava [2] introduced Ac6(p) and

c6(A, u); c(A, z) and /*(A, u) which is a generalization of the well knowtr seqnence spaces cq(A), c(A) and

/"(A) (see, Kizmaz [3]).
We define the following set of X-valued sequences

cs(A, X,a) : {a : (c6) : rp € X, ll upAz6 ll-+ 0} as fr -+ oo}

c(A,X,u) :{i:(16): rp€)(, thenthereexists/€Xsuchthat ll u6Az;' -{ll-+ 0as&-+0

()
t*(L,X,u).= 1z: (ri: 11 € X,sup ll urAzr il. * )

L '" k )

Lro(X,p): {t : (ty) : tp e X, ll Aza llt'u-+ 0 i"s l: -+ *}

Lt*(X,yt): {r:(r1) :26 € X,sup ll Azl llP^ < m}
l. ' "' t )

where Ao6 : xt - .tk+t. Above set of X valued sequences are the genelalization of se'selal l<uo'.vn sequence

i,paces, for instance the following cases arise as the special cases:

i) when uk: l, for all k and X : C then c6(A,X,u) becomes ca(A) (Kizmaz l3]).

ii) when luk: k', for all ,h and r ( I and X : C then c6(A,X,z) becomes cs(Ar) (Sarigitl [8]).

iii) when uk : k' , for all k and r < I and X : C then cs(A, X, u) becomes co(2, A) (Malkowsky [a]).

iv) when ub:'tyk, for all ,k and X : C then cq(A,X,a) becomes c6(Ato) (Ganasaleen and Srivastava

t2l).

, K6the-TePlitz d.al.
AMS Subject Classiffcation : 46A45' 46845.
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1') when X:C then Ac6(A,p) becomes Ac6@) (Ahrnad and Mursaleen [1] and Nlalkowsky [5]).

The generalized Kcithe-Toeplitz duals for the set or seqlrence space E(X) of X vahred seqrrences is
defined as below.

Deffnition' Let X and Y be Banach spaces and (,46) a sequence of linear'. lrrrt rrot necessari!...horrn<lr:rl.
operators Ap on X itrto Y. Suppose E(X) is a non elnpt'/' set oI X valrred sequenr:es. Then t[t: 1-rlual of
.E(X) is clefined by

)
Eo( x\ : {U: rOA,ill,+***ll converges for au (r1.). (,rr) e E(x) Ir. *-, ' A/' \''t/-"'-''l

A decisive break with the classical approach was rnade by Robinson [7] in 1950. when he consirlered
the action of infinite matrices of linear operators from a Banach space of serluences of elemerrts of that
space. The K<ithe-Toeplitz duals for various vector valuecl sequence spaces have been obtainecl in terrns of
sequences of operators by Ivladdox [6].

2, The classes of difference sequence spaces cs(A,X,u) and Ac6(X,p)

In this section we investigate conditions on7l\u,p and q so that a class is containecl in or equal to another
similar class.

I uo1
We put rr. : l- l. We first prove the following lemmas.

L ?,l/' j
Lemma 2,1, rf (up) and (u6) are non zero complex numbers then cs(A, x,u) c c6(A, X. tr) if and only if

lim infi rr > 0 (:2.1)

Proof. Let us assume that the equation (2.1) holds good and let i e 'c6(A,X,.u), then there exists a > 0
such that uk> a uk, for all sufficiently large A;,a ll u6Az7. ll<ll z64z6 ll.

since ll z7"Az6 ll-r 0 as a -+ m implies that ll uaaxs ll-+ 0 as a -+ oo. Therefore
ca(L,X,u) c c6(A,X,o).

Conversely, suppose that the inclusion hold but the condition (2.1) is false, then there exists a
subsequence(fr1ry) ofksuchthatforeachi<1, zlz6111 | < lrrr,i l.

&-1
Definez;:Du;ti,for&:k(i),i>lanclz7":d,otirerwise,wherez€Xandllzll :lisinj:r'

ca(A,X,u) but ll u61;1Acp(i) Il> 1 for each i ) I implies that i / ca(A,X,o). This completes rhe proof.

Lemma 2.2. For any (u6) and (u6). c6(A,X,z) C ca(A,X,u) if and only if

lim supl r& < m t, ,\
Pro.r''. Supposethecondition(2.2) holdsthenthereexists0 <B<asuchthat l"rl<g lo6 l,forall
sufiir:ierrtll' !:rrge which implies that cs(A, X, u) c c6(A, X, u).

Conversely, let us suppose that c6(A,X,u) C cs(A,X,z) and if lim sup6 ra : oo, then there exists
asubsequence(,t1;y)of&suchthatforeachi) 1, lrrt,l I > i luxu) l. Thusthesequence t:(xx),
wherefor z€X withllrll :r, ,r:!1u;'i, k:k(i), i> l and zk:e,otherwise. isinco(a,x,u) burj:1
i /. cs(L, X,u). The proof is complete.

On combining the lemmas (2.1) and (2.2) we get the following theorem

Theorem 2.3, lf (u6) and (u6) be sequences of non zero complex nurrbers then co(a, x,u):co(A,x,u)
if and only if
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0 < lin, infl 16 ( lim supr r& < oo (2.3)

Corollary 2.4. For any u6

i) c6(A,X,u) C c6(A,X,o) if and only if lim infs I u7. | > 0.

ii) a(A, X) c ca(A, X, a) if and only if lim sup6 | u6 | < oo.

iii) c6(A,X,z):co(A,x) if andonlyif 0<lim inf6 lual < sup6 lul| <m.

Lemma 2.5. For any strictly positive sequences (pp) and (qr), A"o(X,p) C Acs(X,q) if arrd only if

iim inf6 9! ; g (2'5)
Pk

Proof. Suppose the condition (2.5) holds and z6 € Aca(-Y.p) then there exists o > 0 such that qp) app,
for all sufficiently large,k which implies tliat aco(X,p) C Ara(X,q).

Conversely let us suppose that the inclusion holds but lim infr qx/pt" : 0, then there exists a

subsequence (e1a) of &suchthat i.qt"G)<pr6, i> 1. Putting z € X with ll z ll:1.
Define a sequence I : (xy) by

rk ! ,*'rr, j-. x: fr.,) vr ) r and N > 1

j=r

d, otherwise

is in Acs(X,p) but c5 / Lco(X,q).This completes the proof.

Lernma 2.6. For any (pr) and (q6), Acs(X,q) C Ac6(X,p) if and only if

Iim supl, .tk/ph < @. (2.6)

Proof.Letussupposelimsuplqr/pr<mandol€Acs(X,q) thenthereexistsB)0suchthatqp<ppp,
for all sufficiently large value of k, implies that Acs(X,g) c Ac6(X,p).

Conversely, let the inclusion holds but lim s:upkqk/pk: oo, then there exists a subsequence (k1.y) of k
such that for each i > 1, qk;4 > i px1). Thus for z € X with ll z ll: 1. Define

a_l
rk 5- x-r/u 4_, k : k(i) Vz > I and N > I- Lt it /,1xj=r

: I' otherwise

is in Ac6(X,q) but z6 / A,cs(X,p) - a contradiction, which crnnpletes the proof.

On combining lemmas 2.5 and 2.6 we get the following theorem.

Theorem 2.7. For any (pr) and (96), A.o(X,p) : Aco(X,q) if and only if

0 < Iirn tnfp. q1"f pp ( lim supl, exf p* < q (2.7)

Corollary 2.8. For any (pk)

i) Acs(X) c Lco(X,p) if ald only if lim inf;" (pr) > 0

ii) Aa()(,p) c Acs(X) if ancl only if lim sup6 hr) < oo
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iii) Ac6(X,p) : Ac6(x) if and only if 0 < lim infL (p6) ( lim sup6 (pr) < oo

3. Kiithe.Toeplitz Duals

Theorern 3.1. For any (u1), we have

$(L,x,u) = ca(A,X,z) : IL(L,X,u): M(B(X,Y),u),

where

( * ^-r 'l

tuI(B(x,Y),u) : \ A: (A1"): A* e B(X,Y), D ll au li ! i ", l' '< * | ta.t)
I o:, r=r )

Proof. Since c6(A, X, u) c c(A, X, u) c /-(4, X, z) implies that

lZ(L,X,u) c co(A, X,u) ccff(A.X,u)

Thus it is enough to show that

(i) M(B(x,Y),u c ti(L,X,u)

and
(ii) cff(A,X,z) c M(B(x,Y).u)

i) Let us suppose that 16 C (.*(L, X,u), then there exists a constant -&1q such that
supllu;,Az6ll : Mo l oo i.e., llArlll 3 Mo lr* l-', for each fr. Since obviously M(B(X,Y),u) c

/1(X), we have

i tta.,*tt 
= i ttr*tti tta,itt+ tt,,tti lt/rtl < -

t=t /c=1 /t=1 k=l

implies that Ar e ti@,X,u). Thus M(B(X,Y),a) c ti(L,X,u.).

ii) If ,46 € cff(A,X,u) but (.46) d M(B(x,v),u) i.e., i ttr*ttE tr, l-r: oo then there exists an
,t=1 j=t

n(r+1) h-1M(i): D llarll Dlril-'2i+1,vi>0.
&=n(i)+l j=L

Let z €X with llzll : 1. Define

h_L
2nnk --)' lr; l-', n(i) < k < n(t + l)(i+t)?

' J=L

: 0, otherwise

Then zp e cs(L,X,u)but sup 'ti"llr.r.ll > 1 implies that I llA*rrlldoes not converges which
llzll=1 a(i)+t

contradicts that A6 e cff(A, X, u). This completes the proof.

Theorem 3.2. For every strictly positive sequence (p6). We have
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L&(x,p): M*(B(x,Y),p)

where

@ ( * Al )
M*(B(x,Y),p): n 1a=Aol:Anr- B(x,Y), tllarll)- NI/p<ool (8.2)

i=L I k.-r ?, I

Proof. lf An e M*(B(x,Y),p) and (ra) e Ll.,(X,ir). Choose N > max. {r."rollAzlllnr} such that(*)
llArrll S Ntlp, Vk>1. Since j N'n, )lforarbitrarylf >I (k:2,g,4,...)rhen

j--t
@@[-l@

! ll.ar,rli s t llAellll In",ll + ll,,ll t ll.4all
&=r &:1 j=r a=1

@66

. ! ll.aollLN'/o, + ll,'llI lllrll < oo
k:l /c=1 k=L

Conversely, let us suppose that (46) e Lli(X,p) but (Aa) / M*(B(X,Y),p) i.u.,
@ k-I
I llarll D llAxllt'tr/p, : oo, for sorne N > 1. Thus we get a subsequence (n(i)) of n such thatk=l j=r
n(i+l) /c-1

t llarll D TrJtlor 21, for i > 1. Let z € X vrith llzll :1. Define
A=a(i)*r j=r

t_1
,r :D 11Jr/P:7, n,(i) < k < n(i + l)

j=r

Then sup llArrllPo ( N implies that 15 e L[*(X,p) but z € X is so chosen as
k

n(i+1) n(i+1)

.Yp. t llAlpall: I JlJt/P1 27
ilzll=I h=n{t)+t k:r(i)+r

which contradicts that (Ak) e Al*(X,p). The proof is complete.

Theorem 3.3. The o-dual of Acs(X,p) is

Lcff (X, P) : Mo(B (X,Y), P)

where

rc ( * k.I )
Ms(B(x,y),p): U {A:@h):Aae B(x,y), IllarllL r-riz, q*} (3.8)

,Y, I k-r ,--, I

Proof. Let us suppose that (/6) e Mq(B(X,Y),p). Since lllrll S llA1,l1Ntln,tf ,-,rr, (*:2.3,...),
@ 

j:l

we have D llarll < oo and also (c6) € Ac6(X,p) then there is an integer K such that sup llArrllp* <
k:l k>K

N-r where.l[ is the number in M6@(X,Y),p). Now putting eI : 
,_21%. 

llA"rllp*, - : 
,*,I*pr,

L:(|vI *1)N. Defineasequencebyg:@*)byAx:tp[,-r/m (k:1,2,3,. .)thenitiseasytoseethat
supllAgllet ( N-1, and as in (3.2.1) with N replaced by N-1, we have

(3.2.1.)
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!ll.ar"rll : Lr/^DllA.,kll
rt=1 &=1

€ ,i-1 6

rt=l J=l [=l

Conversely suppose (Ar") e Ac6(X,p) but (Ah) e Ms(B(X,Y),p) then we can determine a subse-

quence (n(i)) of a with n(l) : 1 such that

a(i+l) &-r

! tta*tlI(l+ r)-rtP', I (i = 1,2,3,"')
n(i)+l i=t'

Let z e X with llrll : t. We define the sequence c by

,i_1

,.:f{r *t)-l/n'r, n(i)<k <n(i+l)
j=1

then it is easy to see that llArrllP* + 0 as i -+ oo. Hence xte Aco(X,p) and z € X is so chosen as

a(i+I) n(i+1) k-i
sup f llArrrll = 'rp ! ttaotl!t,; + \-Lleiilzll> t
llzll:r,[-,.1r.1 llzll=r a(i)+r j=r

implies that ! ll.{ll does trot converges which is a contradiction to the given fact. Therefore Acfi(X,p) c
Mo@6,Y),p). This proves the theorem.
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Abstract, Let R be a semiprime ring with some restriction on torsion-freenes. Equivalent conditions for

orthogonality between either the traces of two symmeiric biadditive mappings of R, or a derivation of R

and a trace of a biderivatiou of R are studied.

1. lntroduction

Throught this work R represents an associative ring. [f n > 1 is an integer, then B is said to be n-torsion

lree if nr:0 in.E implies z:0. Recall that .E is semiprime iff nRr:0 implies z:0. An additive map

d; R-+.R is called a deriaationof Rif d(ry):d(")g+d(A) for all r,gr € 8. Bresar and Vukman [1]

called two derivations d and g of a semiprime ring .B are orth.ogonal it d.(x) Rg (y) : (O) : g (y) Rd(t) for

all r,g € R. Clearly, a nonzero derivation can not be crthogonal on itself.

In [4] Yenigiil and Argac have generalized some results of [1] concerning orthogonality of a nonzero

ideal of a 2-torsion free semiprime ring.
ForaringR,amap B:Rx^R-+Biscalled symmetricif B(r,y):B(y,r) forallz,g€8. Amap

f : R-+ r?deflnedbV/(r) : B(x,x) forallz e Biscalled t}retrace of B. If B: Rx R+.Risasymmetric
map which is biadditive, i.e., additive in both arguments, then the trace / of B satisfies the relation

f @+a): l@) +/(v)+28(r,s)

for all z,y € R
AsymmetricbiadditivemapB:8xB-+EiscalledasgmmetricbideriaationifB(.rg,z):B@,2)y+

x,B(y,z) forallz,gr,z€R. Therelation B(r,yz):B(r,A)z+gB(r,z) isalsosatisfiedforallt,y,z€R.
In [2], Daif and Tammam have obtained sorne results concerning the orthogonality betu'een a bideriva-

tion B ancl a deriration d of a semiprime ring R. In fact B and d are said to be .E- orthogonal if
B (",y) Rd(z) : (0) : rt (z) RB (c'y) fot a1l x,s,z e R.

Following [1] and [2], we can introduc.e the orthogonality between traces of biadditive maps. Let B be a

semiprime ring and let f t, fz be the traces of two biadditive maps By 82 : R x .R -+ .8, respectively. fiand f2
are said to be 8-orthogonal if h @) Rfz (y) : (O) : fz (A) Rh @) for all r,y € ^8. The biadditive maps 81

and 82 are called rt-orthogonal of if 81 @,,y)RB2(w,z): (0) : Bz (r,z)RB1(r,g) for allw,x,y,z e R..

Similarly,ifdisaderivationofBand/isthetraceofabiadditivemapBofR,thendand/are-R-orthogonal
if d(r) Rf (y): (0) = f @) Rd(t) for all z, y € B.

In the sequel, we will use the following resrtlts:

(f) ([1, Lemma 1)). Let R be a 2-torsion free semiprirne ring, and. a,b be elements ol R. Then the

following conditions are equiualent:

(i.) arb :0 for all c e .R.

(ii) bra: 0 for all z e .R.

(iii) arb * bra :0 for al! z e B.
If one of above conditions is fulfilied then ob : ba:0.
Keywords and phrases : Derivation, semiprime ring, orthogonality, biderimtion, irace
AMS Subject Classiffcation : 16W25.
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(II) (12, Theorems 1-5, 1-71). Let R be a Z-torsion free semiprime ring, d a d,eriaation, and B a
bideriuation on R. Then d, and. B are R-orthogonal if and only if one of the lollowing conditions hold,:

(i) dB :0
(ii) dB is o bid.eriuation of R.
(III) (12, Theorem 1-81). Let R be a Z-torsion free semiprime ring. A d,eriuation d, on R and, a

bid,eriaation B on R are R-orthogonalif there edsts a e R suchthat d,B(r,y): tay+!!ax for all e,y € B.
(IV) (12, Lemma l-21). Let R be a semiprime ring ond I o nonzero ideat of R. Let d and. B be a

deriaotion ond o biderioation of R, respectiuelg. Then
(a) Il d (I) I B (1, I) : (o), then d (R) RB (8, E) : (0).
(b) If t(I) : (0) and, d(R) IB (8, E) : (0) then d(R) RB (R, B) : (0).
(y) ([2, Theorem 2-91). Let R be a 2-torsion free semiprime ring and I a nonzero ideat of R such that

/(1):(0)luherel(I)istheleftannihilotorofLAderiuotiond,onRandabid,e.riaationBonRare
orthogonol on I if there erists a € R such that d,B (r,A) : raA + Aax for all r,y e I.

Now we are ready to discuss orthogonality of traces.

2. Orthogorrality of Tlaces of symmetric Biadditive lVlappings

Theorem 2.1. Let R be a 2 ond, ?-torsion tree semiprime ring, ond let fland f2 be the troces of symmetric
biadditiue maps 81 ond. 82 ol R, respectiuelg. The follotuing conditions are equiualent:
(i) fi and. !2 are R-orthogonal.
(ii) $ and, 82 are R-orthogonal.
(iii) fi (t) Rlz (t) : (0) : lz @) Rh @).
Proof. It is clear that (ii) + (i) and (iii) + (i). To prove (t) + (it) suppose that (i) holds, so fi and. f2
satisfy

h@)rlz(y): (o) : fz(a)zh@), for ail r,y,z e R. (2.1)

Putting c*U instead of z in the left hand side of (2.1), we get

fi("+Y)zlz(Y):0,

h@) rfz(s) + hfu) rfz(y) *2\(r,y) zfz(y) = 0 for all r,y,z e R (2.2)

Fbom (2.1) and (2.2), and since .E is 2-torsion free, we get

Br@,y) zfz(g) = o for all r,y,z € R (2.3)

Similarly, from the right hand side of relation (2.1)

fz(Y) "Br(r,Y) 
: o for all x,v,z e R (2.4)

Putting c * y instead of y in (2.1), and using similar steps as above, we get

f1(r) zB2(r,y) :0: Bz(t,a) zh@) for all r,s,z € R (2.S)

LetY=r+Yin(2.3)

fr(") rlz (e)+fi (c) zf2(y)+2fi(r,) zB2(r,y)+\(r,y) rlz(z)+81 @,y) "fz@)+zar@,s) zB2@,y) : o.
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By (2.1), (2.3), (2.4) and (2.5), the above relation becomes

2fu(a,y) zB2@,y):g for all t,y,z e R.

Since .E is 2-torsion free, we get

Br (r,y) zB2 @,y) : g for all z, y, z e R. (2.6)

By (I) and (2.6), we have

Bz(z,y) zB1@,9) :$ for all r,g,z € R. (2.7)

Putting r * u instead of c in (2.6)

h(",y) zB2(c,y) * 81{.r,y) zB2@,y) + 81@t,y) zB2@,y) + \(w,y) zB2(t,y) :g

BV (2.6), the above relation becomes

h(x,y) zB2(w,y) 1- fu(w,y) zB2(r,g) :g f.or all w,r,g,z e R.

Then

Bt@,a) zB2(w,y): -Br(u,a) zB2(t,v) for all tr.r, t,v,z € R'

By (2.7) and the above relation, we have

(Br (x,y) zB2(r,d) R(h (",a) zB2 @,y)) : - (Br (ut,y) zB2 @,y)) R(\ (r,y) zB2 @,y))
: - Bt (w,a) z (82 (x,y) RB1 @,9)) zB2 (u,s) : Q.

By semiprimeness of B, we get

h@,g) zB2(w,Y) :g for all tt,t,Y,z e R.

By (I) and (2.8)

B2$u'y) z\(x,g):n for all u,r,y,z e R. (2.9)

Putting y + u instead of gr in (2.8), we get

Br(x,y) zB2Qt,y) + 81(r,y) zB2Qt,u) I 81(z,u) zB2(ut,g) * 81(n,a) zB2(w,u) : Q

for all trgrut,a, z e R.
By (2.8), the last relation becornes

Br(*,A) 
"821r,,o1 

+ 81(x,a) zB2@,g) : $ for all tr, u,r,y e R.

So, by (2.9) and the above relation, we get
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(Br(x,il zB2(w,u)) R(Eil:,,i),:?;lT;]1),;;,@o:1;,:,;i:,,i;!,,r*,(h (,,v) z82(,,u))

Since B is semiprime, we get

Bt (t,C) zB2(o,u):Q for allw,u,x.,y,z € R. (2.10)

By (I), we get 82(t,u) z\(x,y): 0 for all ut,u,r,g,z e R.
So .B1 and .B2 are .B-orthogonal, and hence we have proved (i) + (ii).
Now, we prove that (iii)+(i). Suppose that (iii) holds, so

fi (r) Rf2(x): (0) : !2@) Rf1@) for all z e .8. (2.11)

Putting z { I instead of r in the Ieft hand side of (2.11), we get

ft (x) Rlz (c) + zh @) RB2 @, y) + h (y) Rlz (s) + 2 h @) RBz @, y) +

2fu (r,y) Rfz(r) + 2\ (r,y) Rlzfu) + aB1@,y)RBz(r. y) : (0) (2.12)

for all c,y e .R.

Put -z instead of c and then add relation (2.12) with the new relation. Since B is 2-torsion free, we

ft(")Rlz(y)+ fr(a)Rfz(r)+a4(r,y)RB2(",y): (0) for all r,s € E. (2.13)

Putting rf y instead of y in (2.13), then using (2.11) and (2.13), we get

6ft(x) RBz(",a) +6$(t,s) Rf2(r) :0 Y r,y e R.

Since .B is 2 and 3-torsion free,

fi(r) RB2(r,a) + Bt (x,a) A/, (r) : (0) for all z, s € rB. (2.t4)

Then

!1(x) RB2(r,y): -\(r,a) Rfz(t) for all c,y € E. (2.1b)

By (2.11) and (2.15), we get

ff1@) zB2 (e, y)) B (/r (x) zB2 @,y)) : - (h (",a) zlz(x)) R(h @) zB2(x,s))
= -Bt(r,s)z(fz(r)ft/r (r)) z82(r,y): (0).

Since .E is semiprime,

fi(r) zB2(r,y):0 for all r,y,z 6 R. (2.16)
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By (2.14) and (2.16), we set

\(z,Y) zJ2(t) =0 for all c, Y, z € 
'?'

Bv (2.16), (2.t2), and (I), we hare

(2.17)

B2@,y) zJ1(a\ = 0 forallo,Y,zeB

Jz(c)24(a'v)=g tor atta'Y'ze R (2 19)

Putting , + gr iE6tead of, in (2.17), we get

\(x,y) z!2@\+\(r,s\ z!2(y)+2\(c,s\ zBz@,v)+ lt@) z12(r)+ It (s) zJ2fu)+211(s) ztu(a,{ =a

Bv (2.11), (2.16) and (2.17), the above rclation becomes

fi (y) zJ2 (t\ + 2\ (r,y) zB2@,d = 0 lot all r,s, z e R. (2.20\

Then

h@)'!z@) = -2h(o,v) zBz(a'v) for all a,s,z e R' (2'21\

So

17r1s)2fi(s)\R(!z(c)2fi({)=J2(x)z(hfu)Rlzlt))zh0t)=J2(r)zl-2&(.,s)Rez{x,u)),h(a)
= -2(f2@) z\(t,s)) R(B2(c,y) zJy(y))

By (2.18) o! (2.19), the last lelation becomes

Uz(t) zh (vD R(fz(x) zfi(v)) : n lor atl' r,Y, z € R' (2'22)

Sitrce E is semip me ri!g, so

!2(a) zJ1@) =g for all i,Y,z e R (2.23)

By (I) and (2.13), we have

(2.18)

h(g)zlz(x\ =o for all r,9, z € -R. (2.24)
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By (2.23) and (2.24), h and tz are.R-orthogonal. I

Theorem 2.2, Let R be a 2 and S-torsion free semiprime ring, arul let 81, 82 : R. x R --+ R be syrnmetric
bide.riuationswithtraces fy and f2respectiuely. Then lt and f2 ore R-orthogonalif andonlyil ft (x) fz@)+
fz@) ft (Y) : o for all c,v e .R.

Proof. Suppose that fi and /2 are R-orthogonal, then fi @) Rfz (y) : (O) : lz (y) Rh @) for all o, g € .R,

andsofi(r)fz(il:0:fz(a)lt(") by(I),hence h@)fz(u)+lz(r)/r(y) :0forartx,ye r?. Now,
suppose that:

It @) lz (a) + lz (r) /r (y) : 0 for all e, y € rt. (2.25)

Putting r f y instead of r in (2.25), we get

fr(r) lz(a) + ft(a) fz(s) *2Bv(r,s) lz(y) + .fz(r) ft(s) + lz(s) h@) +28,2(r,y) /r (y) :0

By (2.25), the last relation becomes:

2Br(r,y) lz@) +zer@,y) ft (y) : 0 for all z, y e .8.

Since .B is 2-torsion free, we get

Br(",a) fz(a) + Bz(r,y) .h (u) :0 for alt x,s e R. (2.26\

Replace t by rr for any r € ft in (2.26) we get

Bt(",y)rfz(y) + Bz(r,a)rh(s,\:0 for all x,y,r e R.

Finally, substitute U : r in (2.27), we get

h @) r lz (r) + fz(z) r/1 (r) : A for atl z, r e 8.

By (I),

h@)rfz(") :0 : f2@)rfi(x) for all e,r € E.

By Theorem 2.1 t1 and /2 are .R-orthogonai. I

(2.27)

3. Orthogonality between a Derivation and a I}ace

Theorem 3.L. Let R be 2-torsion semiprime ring and d. a d,eriaation of R. Let f be the trace of sgmmetric
biadditioe mapping B : R x R -+ R. Then the tollouing conditi,ons are equiualen:
(i) t and d. are R-orthogonal.
(ii) B and. d are R-orthogonal.
(iii) I @)afu) +d(t) I (y) : o for all c,y € E.
(ir) a@) f (a):0: / (y)d(") for all z,s € R.

Proof. First we prove that (i) <+ (ii). Suppose that (i) holds. Then
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| (x) Rd,t.y): (0) : d(y) Rf (r) for all z,y € E'

Putting z * z instead of c in (3.1). r,r'e get

I @) Rd(y) + f (z) Rrl(y) +28 (r.z) Rd(e): (0) : d(a) Rl @) + d('y) Rf (") +2d(a) RB (r,z),

for all x,g, z € R. Using (l ) and since -B is 2-torsion free, the last relation becomes

B(r,z)Rd(y): (0) :d(y)RB(t.z) for all t,y,z € IL.

So B and d are orthogonal. It is direct to prove (ii) + (i). Hence (i) <+ (ii).
Now, we prove that (i) <+ (iii). Suppose that (i) holds, so rl(r)Rf (y) : (O) = f @)Bd(z) for

all r',e e .R. By (I) d(z) ffu):0 for all r,!t € R. and aiso f (a)d(r):0 tbr allz,.y € E, hence

rl(x) f (y) + f (x) d(y): 0 for all r,11 e R. Now, suppose that (iii) holcls. Then

f (r) d(a) + d.(r) f (s) : 0 for all z, s € B.

Putting g + z instead of y in (3.2), we get

f (")d(y) + f (r)d.(z) + d(r) f (z) +zd(r) B (y. z) : s

for all o,g, z e R. By (3.2), the relation becomes

2d(t)B(A,") :0 for allt,Y.z € R.

Since B is 2-torsion free, we get

d,(r)B(y,z) :0 forallr,s,: € R.

Putting ru insteact of r in (3.4), a,€ -R, we get

d(r)wB(a,") +r.d(ru)B(y,r) :0 for allu',r,y.z € R.

By (3.4), relation (3.5) becomes

(3.3)

d(r)uB(y,"):0 for allu:,x.y.z € R.

By (I),
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(3.1)

(3.2)

(3 4)

(3.5)

(3.6)

81' (3.6) and (3.7), we get

B(A,")ud.(r)- 0 for allu,r,y.z€R. (3.7)
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(3.e)

d@)uB(y,z):0: B(s,z)ud'(x) for allw,t,y,z € R.

Putting2:yin(3.8)

d.(x)wJ (s) : O : | (y)ud(r) for all ur, x,y e R.

Hence, d and / are E-orthogonal.
'Io prove that (i) <+ (iv), we suppose that (i) holds, so

(3.8 )

d(x) Rf (y) : (o) : J @) Rd(r) for all z, sr € E. (3.10)

By (I)

t(r) I (y) : 0 : / (y) d(") for alt r,s e R. (3.11)

Norv, suppose that (iv) holds, ancl assume that

d(r) f (y) = g for all c,s € B. (3.12)

Putting y + z instead of y in (3.12), we get

a@) f (z) + d.(r) f (y) +za@) B (y,z) :0 for atr r,s,z e R.

By (3.12), and since I is 2-torsion free, we get

d.(x)B(y,z):0 forallx,s,z€R. (3.13)

Putting ct instead of c , and using (3.13) we get

d(t)tB (A,r) :0 for all a,y,z,t € R

Bv (I), B (y,z)td(r):0 for all r,y,z,t e R,so we have

d(t)tB (y,") : 0 : B(y,z)td'(t) for all r,g,z,t € R.

Finally, replacing ! by z,

d(t)tf (y) :0 : f (y)td@) for all r,y,t € 8.
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Hence / and d are B-orthr>gonal. Analogouslv, ;f f (y) d(t): 0 holds, then we get the same corclusion.l

Theorem 3.2. Let R be a 2-torsion free sem,'iprime ring. Let d be a d,eriuation on R and /.be a trace of
symmatric biderivation B : R x B -+ B. Then the following con,ditions are equiualent:
(i.) d and, f are R-orthogonal.
(ii) d and B are R-orthogonal.
(iii) dl :0.
(lr) d,B is a bideriuatiorr with trace df.
(u) There etists a € R such that df (r):2tat for all r e R.
Proof. (i) <+ (ii) fron Theorern 3.1. To prove that (i) <+ (iii), we suppose that (i) holds, d and / are
B-orthogonal, so from (ii) d and -B are B-orthogonal, by (II) dB:0 and hence d/: S.

Now, we prove that (i) <+ (iv). suppose that (i) holds, d and / are orthogonai, so d and B are orthogonal,
which is equivalent to the fact that dB is bideriration on .R by (II), and dB is symmetric because B is
symmetric.

To prove that (i) <+ (v), we suppose that d and / are /?-orthogonal which equivaient to df (t):0 for
all r €.R, i.e. df (r):0:2x.0.r for all z € E. So, lo:0 such that d/ (r):2xm for ali r€ E. Now, Iet
(v) holds, laeRsuchthatdl(rr):2ratforallr€.B,puttingz*yinsteadofz,anclsinceis2-torsion
free, we get d,B(r,y): xaa -lgax for all r,y € rB. By (III) d. ancl B are B-orthogonal. and hence d and /
are .E-orthogonal.

4. Orthogonality Via ldeals

In this section we replace .R by a rronzero ideal .I of E to study the orthogonality between a derivation on
.R and a trace of a symmetric biderivation.
Definition 4.L. Let Rbe asemiprirnering,d:.R-+.R ad.eril:ation, and, f : B-+ B atraceof a
bideriuation. We say that f and d are l-orthogonal i! and only if d(r) tl @) : O : f (y) Id,(x) for alt
.r,y € I.

Lemma 4.2. Let R be a Z-torsi,on free semiprirr"e ring and I a nonzero itleal of R. SuTtpose that d: R -+ R
aderiaationand, t atrace of asgmrnetricbid,eriuation B:Rx R-+ R.
(,) If d,(I) I f (I) : (0\ then d (E) 1/ (8) : (0).
(b) II t(I):(0) andd(R)If (B): (0), thend(R)Rl@):0, (uherc t(I) istheteftannihttatoro! I).

Proof. (a)Wehave d,(r)zf (C) :Oforallz,y,ze LPUit olyinstearl of y,u€1,weget

d(r) zf (a) + d(r) zf (u) +2d(x) zB (",s/) : o,

and so 2d(z) zB (u,y) : 0 for all x,y,a,z € /. Since B is 2-torsion free, we get, d.(:r) zB (u,y): 0 for all
r,a,a,z € 1, then by IV (a) we get d(rq) IB(R,R):0, hence d(R)Il (n) :0.
(b) We have d(z) "f (y):0 for all r,y € R and z €.I. Put o*y instead of y, and since I is 2-torsion
free we get d,(x)zB(u,y): (0), for all x,y,u € -R ancl z € 1.. i.e., d(r)IB(R,R\: (0) and by IV (b)
d (R) RB (R, n) : (0) , hence d (E) R/ (E) : 0.r

Theorem 4,3. Let Rbe a2-torsionlreesemiprimering, and I anonzero id,ealof R suchthat l(I):(0).
Supposethat d,:R-+ Ris aderiuationand f is atraceo!asymmetricbid,eriaati,on B: RxR-+ R. Then
the following cond,itions are equiualent:
(i) rl and t are l-orthogonal.
(ii) d and t are l-orthogonal.
(iii) f (")d(c)+d(x)t (y):0 forattx,s€1.
(lr,) d.B is a symmetric bideriuation on R.(,) ,t :0.
(ui) a@) I @): 0 for all r,s e I.
(aii) These exist a € R such that dJ @) : 2x.at for all c € f .
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Proof. Suppose that d and / are f-orthogonal, so d(I)If (1) : (0) : lg)Id(I). By Lemma 4.2

(a), d(.R) If (R): (0) : /(n)rd(n), and since tU) = (0), by Lemma 4.2 (b), d(R)Rl (n) : (0) :
f (R) Rd(R). Hence d and / are orthogonal on R. If d and f are.R-orthogonal then obviously, d. and J are

f-orthogonal. Hence (i) <+ (ii) holds.
Next, suppose that d and / are .R-orthogonal, so by Thmrem 3.1 (iii), we get / (r)d(y)+d, (r) / (y) :0

forallz,y€R,irrparticular, l@)d(A)+d.(r)f (C) :Oholdsfcrallr,g€1. Now,supposethat

I @) d(v) + d,(r) I (v) : 0 for att x,v e I. (4.1)

Putting z f gr instead of. g,z €.t, in (4.1), we get

f (x) d. (z) + f (t) d (s) + d (a) I Q) + d, (r) I fu) + za @) B (2, y) : Q.

By (4.1), and since .R is 2-torsion free, we get

d'(x.) B (z,y) : g for all r,y, z e I. (4.2)

Putting cJ instead of. r in (4.2), t € f, we get

d,(x)tB (",A) + xd(t) B (r,y) :0 for all t,r,s,z € I. (4.3)

By (a.2)

d.(r)tB(",a):0 for allt,r',Y,2 € L (4.4)

putz:yin(a.a)

d'(r)tf (c) : o for all t,r,s € /. (4.5)

Putting z * r insteacl of c in (4.1), and using similar steps as above, we get

f (o)td(y):o for all t,c,gr € /. (4.6)

By (4.5) and (4.6), f and d, are orthogonal on 1, hence / and d are f-orthogonal. Hence (ii) <.+ (iii)
holds.

To prove that (i) e (iv), suppose that d and / are l-orthogonal, so d, and, I are .R-orthogonal by (ii),
and hence dB is a symmetric biderivation on -R by Theorem 3.2 (iv).

Ib prove that (i) e (v), suppose that d and / are f-orthogonal, hence d and / are E-orthogonal and

by Theorem 3.2 (iii) dl :0.
Now, we prove that (i) <+ (vi). suppose that d and / are /-orthogonal, so d and / are'R-orthogonal by

(ii),andhencebyTheorem3.l(iv),a@)l(a):0forallx,yeR,thend(z) I(a)=0foraIIt,g€L
Suppose that
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d'(x) f (Y) : o for all r,Y e 1'

Putting rt instead of z in (4.7), , € f, we get

d(x\tf (y\+ra(t)l@):0 for attt,r,ye I.

. By (a.7)

d'(x)tf (u) : 0 fot all t,t,Y e L

Then, by (4.9), we get

U @) "a 
(")) t (/ (s) zd(r)) : I (y) z (d(t)tf (s)) zd(r) = 0.

(f (y) zd(t))t(l (y) zd(r\\ : o for att t,t,s,z e I. (4.i0)

Since B is semiprime ring, and / is an ideal of R, str

I fu) zd'(r):0 for all x,s,z e I' (4'11)

By (a.9) and (4.i1) / and d are orthogonal on 1.

To prove (i) <+ (vii), suppose that d and / are l-ortirogonal, so d, and, f are E-orthogonal, from Theorem

3.2 (v) there exists o € R s,rch that d,l@):2xm for all u € fi. Inparticular d/(t):2rax for all r, e .I.

Now, suppose that there exists o € R such that

df (x) :2aa, for all z € 1. (4.12)

Putting z * 9 insiead of r in (4.12), I € I, we get

dt @ +v):2(x +v)a'(:r+s) for all z,s € 1.

Bv (a.12), and since -R is 2-torsion free, we get

dB (r,a)': xag + ya.D for all 2,9 e .I. (4.13)

By (4.13) and (v), d and B are l-orthogonal, so

d'(r)IB(a,"): (0):B(s,z)Id(n) foraltr,s,z€L (4'14)

Then
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(4.7)

(4.8)

(4.s)

d(x) ! I (y) : (o) : f (y) Id(r) for att r,y € L
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Hence, d and / are -I-orthogonal..I
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Abstract. Particular solutions of sonre partial differential equations are obtained by an appeal to the
fractional calculus and corresponding hornogeneous cases are considerecl.

1. Introduction

Let f (z) be an analytic function which has no branch points inside and on C lC : {C-,C+}], where C- and

(1.1)

C

defines the differintegral of the function lQ) of order o.

(f)-^: lim -f., (ne z+).
o+-n

(1.2)

Whereever appear, z- and z* are the set of negative and positive integers, respectively, C * ",- r < arg(( - z) < r for C- and 0 < arg(( - z) <Ztr for C1.
For o > 0, "f. i" the fractional derivative of order o and for a < 0, .fo is called the fractional integral

of order a. lf fo exists, the principle value of / is considered for many ralued function. In the notions
of Nishimoto [1], the partial fractional derivative and as the integral are defiued as the extensions of one
variable function.

Let D : {D-,D+}; C : {C-,C1} possess the same notions as explained above. Here, D_ is a
domain srurortnded by C- ancl Da is that surrounded by C1 (here D contains the points over the curves
C). Moreover, let /: f (z) be a regular function in D(z e D)

(1.3)

and

(/)-- : It- (/)", (nt € z+), (1 4)
o+-m

where/ f z, ze C, ue R, -z< arg(t -r)Sn forC*,0< arg(t-z)<2rforCa. Then(/).,,for
u | 0, are, respectively, the fractional partial derivatives and the fractional partial integral of order u and
-tr, with respect to z, of the function / if | (/)" l< m.
The function I : f Q) such that I /, l< m in D, is called the fractional differintegrable function of arbitrary
order o and the set of them will be denoted by F, we have

I /, l< m e f e F (iu D : {D-,D+}). (1.5)

Kelmords and phrmee : N-fractional calculus, homogenmu and non-homogeneous Gaus t5.pe partial differential
equations.

AMS Subject Classification : 26A33, 65L99.

I,: t:t.Q): t*,*! I e.#**, a € .B (o / "-)

r,,: (f),: "u),: ,,\!.) | €*"rt, (u y' z-)
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2. Partial Differential Eqrrrrtion

In what follows we extend the application of N-fractional Calculus to the solution of certain partial differ-
ential equation.

Theorem 2.1. Partial differential equation of Gauss type

02# @r,' - k2z) + ff{zt ro") +,: A# + affl" * o,t)

has the solutions

(D u(z,t) : lxr"1" - (kz/k)\-" . e?B*^/fr-4Ao"t"o'],._r,,,,

where k, Ic1, k2,A arl,d, B are contiuuous, for AB f 0,

(u)

and

(ilr)

Such that o : kp(a-l)-1, o being arbitrary.

Proof. Let u(z,t) :0Q)"^'() I 0). Hence

ff : r{")^"^' 
ura:a 

: q(l).2e^t

* : 6r1,1s"^r, * : Qz(")"^,oz oz'
into (2.1), we have

Qz. (lrrz2 - k2z) + $1. 2k1az + O. O - A^2 -B)) : g

(2.1)

(2.2)

u(z,t):1x""1"-&z/ki!-..ut+'/-nxttl(a_r)(z), A+0, B+o (2.3)

u(z,t): lnz.{z- (kz/ki}*". e?"/B)(t))*o_r)(21 t A:0, B la (2.4)

(2.5)

(2.6)

(2.7)

and

Substituting (2.6) - (2.8)

Choose ,\ such that

i.e.,

Thus

and

eventually yield

| - A^2 - B\: k1o(a - 1)

A\2 + B\+ (fr1o(a - l) - t) : o

^: 
*\fr - kLa(d - 1)lA, A 10, B :0

.\ : {r - (tu1o(o - r)) lB, A:0, B /- 0

(2.8)

(2.e)

(2.10)

(2.11)

(2.12)

(2.13)

(2.t4)
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62.(lrl,22-k2z)+$1 '2klaz+d A:ra(a-l):O (2.15)

Solution of (2.15) is given by (cf' [2])

d: kl,'{z - (k2/k)}-"1.-r (2.16)

Indeed, we obtain the solution (2.2) when (2.15) and (2.16) are substituted into (2.6).

In order to verify our solution, if we write

^:{-r+@}po:6 
(2.t7)

we, as a consequence, will have from (2.2) the following

! : 6,"1,- (A2lft1))-']^ ed' (2.18)
0zL(

o2u tt--d( -
az2 - t*. v - &zlkij-']..r "d' (2'19)

*: oltcz'{z - (k2lk1)}-"1.-re5t (2.20)
dtL(

and

e; : ,,ltez.{z - (k2/k)}-,),-re6t (2.21)

Thus, apparently, left-hancl side of (2.f ) becomes

{r,o*r. (kr"' - le2z) + u,n,r1 .2k1oz * ,n} 
"o'

i.e..

uo.(1 -lcln(a-1))edt

i.e.,

e**a*

where @ = 6lkzo{z - (kzlk)}-'1.-, edt : u,o. 

Utz ot

Since tao..2'(krr'-k2z)+woa1 '2klazluto'kya(a -l) :0, we have (2.3) for A+0, B:0 and

(2.4) for A:0, B f 0, respectively.

. Theorem 2.2. ^the homogeneous partial differential equation

!4 6r"'- k2z\ +* e*rr,")* u: o
oz" ' 02
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has the solution of the form

u(z,t) : lxz'{z - (kzlkr)}'")o_r)(z) .e}' (I l0)
where k,rt1,ic2 are arbitrary constants.

Theorem 2,3. Partial differential equation of Gauss type

Chena Ram and Pushpa

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.2e)

(2.30)

(2.31)

(2.32)

(2.33)

#e+4+#(2az*,-k)+u:^#;*uX, e+o,L) (2.22)

has the solutions

(i) u(z,t) : 
fC "rt"+ 1)-k eeB*^/B-r=Mot"''o'f 

,,_rr,",

where k,.4 and B are constants, for AB 10,

u(z,t) : lc "k1" 
+ 1)-k . eGo/B)(t))ru_r)("), A:0, B + o

o : u(u - l) - I, u being arbitrary.

Letu(z,t) : g(z)e\t () I 0). Hence

( ii)

and

(iii)

Proof,

and

Substituting (2.26) -

Choose .\ such that

i.e.,

Thus

4 = 6(z)Ae^t, # : 6e)\2e^t

# = o"''^"^'' u#: 
oz(")"^'

(2.28) into (2.22), we have

Oz. kz + z) + h. (2uz -t u - k) + O. (l -.4.\2 - a)) : 0

t-A^2-B\:o(u-l)

A)2+B\+(u(u-r)-1):o

^: {-, t{P-4A(,(u*r>r}/2,t, ea+o
eventually yield

4,2. G' * z) + il. (2uz * u - k) + O' u(u - l) : A

A solution of (2.33) is given by (cf. [3])

u(z,t):fc 
"o1"+t)-e. 

eG\/-lA)of 
(u_i)(z), 

A+0, B+o



On .Nishi'm,oto's co,l,culu,s to tht: solution.s oJ...

whit:li s'herr. aloug
follos,s, in r:ase

then

has the solution of the form

o:C[zt'(z+1) a],,_r

with (2.32). is substitutecl into (2.26), yielrl the reqrrirecl solution.
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(2.34)

The justification

^ 
: {-, + \@ - AA(r,b - t) - r)} nl: d (2.35)

(2.36)

(2.37)

(2.38)

ancl

02u -, r

#:o'lc.-^r,-* r) 
rl,, 

,,'''
which are clue to (2.23).

Fiually, the left-hand sicle of (2.22) is

( 2.3e)

{-o*, . ("2 + z) + a,.r.rt . (2uz -y 1, - A') -l roo } "d/

i.e.,

uo . (l - r(r., -- 1))ed/

.^. (A62 * B,i) ed/

i.e.,

et!. a9!a: 0t

using (2.38) and (2.39). rvhere f = C lzk(, + 1)-/'], _, edt : r.'..
Since'u'.12.(22+z) *rUorr '(2uz-tr,-k) *1/.,o.e(il- l):0.r,r,have(2.2.1) for A+A,B:0and

(2.25) for A :0, B f 0, respectively.

Similarly, we can establish the following theorem itr the context ol tlre hornogeneous equation. Solutiol
(being sirnilar to above) is avoided.

Theorem 2.4. The irornogeneous partial differential equation

d2t,. " 7tr .

Aj l"' + z) + *(2tz* u - l:) * rr : 0

u(z.t) : lc "*1r+ t)-ol "^' 
() I 0)

L J (u-l)(z)

! - lc zktz + t\-rl oatdz L J,,

02t,. r , ,lI ^ = lcz^('+t)-rl ,,6'
02" L lr,*l

4:,^lcr^r.+rt (l 
"6'dt L ' t,, r

where C is arbitrary constant.
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Abstract. In this paper we will show how to generate the wreath product A,,,urC* using a copy of the

symmetric group A,,, and an element of order 2k h A*., for all positive integers n = aTrt' 2 2 and all

positive integers /c > 2. we will also show how to generate A,,,wrcx symmetricall"v using n elements each

of order 2fr.

1. Introduction

Al-Amri [2] showed that Ar,+r and ,sm+r can be generated using a copy of the wreath product s^urco
and an element of order tiii" ,45211 and,56r,'1 for all n: arn) 2 and all positive integers & ) 2'

Moreover 46211 and 's6aa1 can be symmetrically generated by n permutations each of order k + 1' Further,

shafee [a] ruo*"a that .4r,+r and sr",+r can be generated using a copy of the wreath product s*usrco and

an element of order k 1l in -41*-.1 and ,s6,41 for all n : am)- 2 and all positive integers /c ) 2' Moreover

A6aa1 and .962a1 can be symmetrically generated using n elements each of order k * 1' In this paper, we

give permutations to show that the group G : lX,Y,fl\X,Y) : A*urC',Tk+r : lT'A^) : 1) is the

Ih"rnatioggroup46r.,lwhenkisaneveniutegerand,g6pllwhen&isoddforalln:ann>2'k>2'
Further, *1 p.* that G can be symmetrically generated by n permutations each of order & + 1 of the form

To,Tt, . . . ,Tn-r, where [ : ?"t , satisfying the condition that ?g commutes with the generators of 'An'

2. PreliminarY Results

Theorem 2,L,Let7<a*2a<nbeanyintegers. Letnbeanyinteger. LetGbethegroupgeneratedby

then-cycle (1,2,...,n) andthe&cycle (n,a,2a).lf n=amandif rnisanodd integer, then G: A^utrco'

Theorern 2,2, Let G be the group generated by the n - cycle (I,2, ",n) and A:- cycle (1,2,"' ,k)' If
I < k < n is an even integer, then G:,S..

Theorem 2.S. Let n be an odd integer and let G be the group generated by the n-cycle (1,2' ",n) and

/c-cycle (1,2, ",1c). If 1 < k < n is an odd integer, then G :A,'

Deffnition 2.1. Let A be a group of permutations cf a finite set 01 and B a group of permutations of a

finite set O2. Assume that neither of O1 nor O2 is empty and they are disjoint' The wreath product (som*

times called the complete or the unrestricted wreath product) of -4 and B definecl by A ur P : Ao',XeB

where is the direct product of I A2 | copies of A and E the mapping d, where 0: B -+ Aut(Aa'), is defined

by:0r(r) :tu,forallxe Al .ItfollowsthatlA u:rBl:(l /l)lo'?l lAl'

Definition 2.2.LetGbeagroupandf :{?0,?r,. .,r.-ribeasubsetof Gwhereeach4:?"'foraII
i : 0, 1, ... 1n - 1. Let .9n be the normalizer it G of the set l. we define I to be a symmetric generating

tric generating set, the wreath product'

AMS Subject Clasification : 20899'
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set of G if and only if G : (f) and S' permutes I doubly transitive by conjugation, i.e., I is realizable as
an inner automorphism.

3. Permutational generating set of Ap,rq.1 and S'*.+t

Theorem 3,L, A^utrCp can be generated using a copy of the svrnmetric grorryr ,{,r, aucl an element of orcler
2k it A;,n for all positive integers n : am > 2 and all positive irrtegers I ) 2.
Proof. Let X: (1,2,... ,n)(n.tt,n*2,... ,2")...((fr- l)n+1,(A-t)n.+2,... ,kn),1 :(a..2a,n)(n+
a,n*2a,2n)...((e-l)n*a,(e-l)nI2a,kn.) and?: (n,2n,...,kn,A:n+l) bet,herepermurations; the
first oforder n, the second oforder 3 and the third oforder k+1. Let 11 be the group generated by X and y.
By Tlreorem 2.l. the group f/ is the wreath product An,u,rCp. Let G be the group generated by X, Y and ?.
WeclaimthatGiseither,4T.,ll or,S&a+r. Toshowthis, let p:TX.It isciear that B: (1,2,. ,kn+l),
which is a cycle of length kn*L. Let o: ?9. Since a: (n*1,2n+ 1,...,(fr- l)n*1,&n+l,l)
then conjugating a by p we get the cycle q: (n+2,2n12,... ,(lc- l)n+2,1,2). Hence the commutator
lo'rll:$,2,n+l). LetG: l0,lo,,rr1),itisclearthatG!s4na1 or,46,11 depenclirrgonfteitherodcroreven
integer respectively, but if Ic is an odd integer, then X is an odd permutation and therefore G :G : S*n+r.
While if ,li is an even permutation, then G is generated by even elements. Hence G :G : A*n*r. L

4. Symmetric permutational generating set of Apn11 and ,56.11

Theorem 4.1. The groups :{6..1 atrd Sg211 can be 6lenerated symrnetrlcallv using n elements each of
order fr + l.
Proof. Let X,Y and 7 be the elements considered in theoren 3.1 above. Let f : {Tt,Tz, ,7,}forall n - anl> 2, where T;:7"'. SinceQ: (1,2 *1,2n+1,...,(ft-l)n *l,kn+l), T2:
(2,n+2,...,(k-1)n*2,kn+1),...,Tn:7,":l:(n,2n,Sn...,kn,ftn+1). LetH:(f).Weclaim
that 11 ? Am+r or.9r-41. To show this, consider the element o: fi7"'.It is not difficult to show that

i=1

a:Tr: (l,n *1,2n*1,...,(k-l)n*1,2,n*2,2n*2,.. ,(k-r)n+2,...,n,2n,...,kn,kn_t7),

whichisanelementof orderkn+1.LetH1 : (a1"1). Weclaimthat Ht?A*n+rorSrn+I. Toprove
this, let d be the mapping which takes the element in the position i of the cycle a into the elernent i of
the cycle (1,2,..,,&n * 1). under this mapping the group rr1 will be mapped into the group d(f11) :
((1,2,.-. ,kn* 1),(1,2,3,... ,k,kn + l)). Therefore by theorems (2.2) and (2.8) 0(H) = I1r is.46,.u1 or
,57",11 depending on whether k is even or odd integer respectively. Since I11 ( 11, then if ft. is an odd integer
Hr = H ! Sa+r. While if k is an even integer, then I contains even permutations. Hence a : (ff is
generated by even permutations. Hence ff1 * H E Apn 4 L.

Inordertogenerate Apr'r1 ot,9u+r,thesetl= {Tt,Tz,...,Tn} hastohaveatleastn elementseach
of order k + 1. The following theorem characterizes all groups founded if we remove rn - elements of the set
IforalllSm<n-1.

Theorem 4'2, Let 7 and X be the permutations which has been described above, rvhere ?e+1 : l. Lety : {7,,,T2," ' ,T^} for all n ) 2, where Ti -- T"'. If & is an even integer then if we relnove m-elements
of the set I for all L { m 4n - 2 then the resulting set generates A*6_^1+t.Whiie if ,h is an odd integer
then if we remove nz-elements of the set f for all 1 1 m 1 n - 2 then the resulting set generates St(n_m)+t .

If we remove (n - l) elements of the set I then the resulting set generates Cp11.
Proof. The proof is similar to the proof of Theorem  .2 iu [ ]. A.
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